Monotonicity results for solutions of nonlinear

Poisson equation in epigraphs

Nicolas Beuvin, LAMFA
MAP seminar

26 June 2025, Pau

joint work with Alberto Farina (LAMFA-UPJV) and Berardino Sciunzi (University of Calabria)

UNIVERSITE

de Picardie

]Mes ’

@LAMFA



Introduction

@ Introduction
@ Presentation of the problem
@ Existing works

Nicolas Beuvin, LAMFA

on of the problem

(s

Monotonicity results in epigraphs

1/37



Introduction Presentation of the problem

Existing works

Nonlinear Poisson equation :

—Au="f(u) in Q,
u>0 in Q, (NPE)
u=20 on 0,

where
o ue HL ()N C°Q) is a distributionnal solution.
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Introduction

of the problem
ks

u>0 in €, (NPE)
u=20 on 0,

where
o ue HL ()N C°Q) is a distributionnal solution.
e f:[0,4+00) — Ris a locally (or globally) Lipschitz continuous
function, with

£(0) > 0.

e Q c RV is an epigraph bounded from below, i.e
Q:={x=(,xn) € RY xy > g(x')},

where g : RV=1 — R is a continuous function and bounded

from below.
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Introduction Presentation of the problem

Existing works

Nonlinear Poisson equation :

@ Aim : Prove the monotonicity of the solution of (NPE) (that

ing"’V>OinQ).

o Why :
e Qualitatives properties (as one-dimensional symmetry),
e Liouville-type theorems.
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Introduction . .
Presentation of the problem

Existing works

o M.J.ESTEBAN-P.L.LIONS Existence and non-existence
results for semilinear elliptic problems in unbounded domains.
Proc. Roy. Soc. Edinburgh, 1982, 1-14.

Theorem (Esteban-Lions)

Let g € CY(RN™1) such that

lim ") = 400,
|X’\I~>+oo g(X ) o
and Q its epigraph. Let f € Lipjoc([0, +00)) and u € C%(Q) be a
classical solution of (NPE).
Then u is monotone, i.e., 887‘/’\, > 0in Q.

.
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Introduction

Presentation of the problem

Existing works

@ H. BERESTYCKI, LL.A. CAFFARELLI, .. NIRENBERGC.
Monotonicity for Elliptic Equations in Unbounded Lipschitz
Domains. Comm. Pure Appl. Math., 1997, 1089-1111.

Theorem (Berestycki, Caffarelli, Nirenberg. (1997))

Assume N > 2, f be an Allen-Cahn typeﬁfunction, Q be a globally
Lipschitz epigraph and u € C?(Q) N C°(Q) be a bounded solution of
(NPE).

Then u is monotone, i.e., aaTl;, > 0 in Q.
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v

y = f(x)

O EN 1 m T

y= (i().’l'
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Monotonicity for Elliptic Equations in Unbounded Lipschitz
Domains. Comm. Pure Appl. Math., 1997, 1089-1111.

Theorem (Berestycki, Caffarelli, Nirenberg. (1997))

Assume N > 2, f be an Allen-Cahn typeﬁfunction, Q be a globally
Lipschitz epigraph and u € C?(Q) N C°(Q) be a bounded solution of
(NPE).

Then u is monotone, i.e., aaTl;, > 0 in Q.

v

y = f(z)
Example :

[3) S0 81 m T f(X) =X — X3.

y= (i().’l'
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Introduction

Presentation of the problem

Existing works

o FARINA Some results about semilinear elliptic problems on
half-spaces. Mathematics in Engineering., 2020, 709-721.

Theorem (A. Farina (2020))

Assume N > 2, f € Lipjoc([0, +00)) such that £(0) > 0 and
ue C(RY)n CORY) be a solution of (NPE).
Suppose that

V>0 3C(t)>0, 0<u<C(t)inRVN1x]o,¢].

Then u is monotone, i.e., 2% >0 in RY.
aXN +
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Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Monotonicity results

Theorem (B., Farina, Sciunzi, 2025)

Let Q2 be a uniformly continuous epigraph bounded from below,
f € Lip([0, +00)) with f(0) > 0 and let u € HL () N UC(Q) be
distributionnal solution of (NPE)

Then u is monotone, i.e., 6‘?7‘/’\, > 0 in Q.
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Monotonicity results

Theorem (B., Farina, Sciunzi, 2025)

Let Q2 be a uniformly continuous epigraph bounded from below,
f € Lip([0, +00)) with f(0) > 0 and let u € HL () N UC(Q) be
distributionnal solution of (NPE)

Then u is monotone, i.e., 2 ax > 0 in Q.

" HL(Q) :={u:Q+— R, umesurable : ue H(QNB(0,R)) VR >0}
= UC(S) the set of uniformly continuous functions defined on S.
= Weierstrass type functions :

8b,a(x) = Zb "% cos(b"mx), where b > 1 is an integer and « € (0, 1).

The function g o is uniformly continuous, bounded and nowhere
differentiable.
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Results and comments
Monotonicity results in an epigraph The moving plane method

Extensions to merely continuous epigraphs

Theorem (B., Farina, Sciunzi, 2025)

Let Q be a globally Lipschitz continuous epigraph bounded from
below.

Assume f € Lip([0, +00)) with f(0) > 0 and let

u € C%Q) N HE (Q) be a distributional solution to (NPE) such
that for any R > 0, there are positive numbers

A = A(R), B = B(R) such that

u(x) < AePXl vxeQn{xy <R}.

Then u is strictly increasing in the xy-direction, i.e., 887‘[’\/ > 0 in Q.
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Comments

I- If f € Lipioc([0, +00)) and u is bounded on finite strips, that is,
for any R > 0,

IC(R) >0, u(x) < C(R) VxeQn{0<xy<R}.

then the theorem holds true.
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2- If f is not locally Lipschitz continuous then the previous
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Comments

I- If f € Lipioc([0, +00)) and u is bounded on finite strips, that is,
for any R > 0,

IC(R) >0, u(x) < C(R) VxeQn{0<xy<R}.

then the theorem holds true.
2- If f is not locally Lipschitz continuous then the previous
theorem does not hold.

—

f a-hélder (0 < a < 1) Solution of —Au = f(u)
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Notations

e¥5 = {x = (') € RV : g(x) < xu < b},

TN

Q
o(x',2b—xy)

zy =b /\

X4 o(@',an)
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Notations

e¥5 = {x = (') € RV : g(x) < xu < b},

TN

o(x',2b—xy)
zy =b /\
B ; \-mzm/
o '

nVVx = (X,’XN) & Zi, Ub(X) = U(X/,2b — X/\[).

Aim : Prove that
N={t>0: u<uin £§,V0<0<t}=R
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Extensions to merely continuous epigraphs

o(a',b+h)

TNy =b+ '7‘

o ,b
st/ @)

and, since b + g € N\ we have

u(x) < ub+g(x) for all x € Zir,,.

2
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Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

o(a',b+h)

TNy =b+ '7‘

o ,b
st/ @)

and, since b + g € N\ we have

u(x) < ub+g(x) for all x € Zirg.

In particular, as (x', b) € £¢, we get u(x’, b) < u(x’, b+ h).
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Definition (Open sets with good section)

An open set Q C RN has a good section in direction ey if it
satisfies the following conditions :

1- For any R > 0; we have
Cey(R) = (B'(0/,R) x Rey) NQ is a bounded subset of RV,
2

sup (S):= sup (LY({X'} x Rey)NQ)) < 00

!
X' ERN-1 x'eRN-1
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o | .
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Assume 8, >0, N > 2 and let Q be an open subset of RN with good
section in the direction ey, such that

sup (/ |xN|25e27|X""de) < +o0. (1)
s

x'€RN—1

Let f € Lip(R), a> 0 and u,v € HL (Q) N C°(Q) such that

loc

—Au—f(u) < -Av—1f(v) in D(Q),
lul, |v| < alx|?e7I¥l in  Q,
u<v on OS2
Then, there exists € = €(L¢,~y) > 0 such that

Sey(Q) <e = u<vinQ.
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Let b < 1 and apply previous theorem with Q = Y%, v = uy,.
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Let b < 1 and apply previous theorem with Q = ¥%, v = uy,. Then

sup (/eN |xN|25e27‘XN|de) < e2Pp2*L for any 4,6 > 0.
x'€RN-1 SX/

and
—Au—f(u)=0=—Aup — f(up) in D’(Zg),
; b
|ul, lup| < alx| in Xg,
u < up on 822.
Q
o(2',20 — zy)
Ty =b

| k)
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

t:=sup/A\ = 400

Proposition (f < +00)

For every ¢ € (0, %) there is €(0) > 0 such that

Ve € (0,e(0)) u<ug, in Zgz_&

g Py

o' "
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Proof of Proposition

If the claim were not true, there would exist 0 € (0, %) such that
1 -
Vk>1 e e (o, k),ﬂxkeii%_é Dou(x¥) > iy (x9),

and so
0 < g((x")) < g((x*))+ 6 < xf <7—06.

thus X,’\‘, — Xoo-
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and so
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Proof of Proposition

If the claim were not true, there would exist 0 € (0, %) such that
1 -
Vk>1 e e (o, k),ﬂxkeii%_é Dou(x¥) > iy (x9),

and so
0 < g((x")) < g((x*))+ 6 < xf <7—06.

thus xX — x.Let gk(x') = g((x¥) + x'), we have

(gx)ken is uniformly equicontinuous on RN=1. since g € UC(RN™1),
0 < gk(0) < t.
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Proof of Proposition

If the claim were not true, there would exist 0 € (0, %) such that

1
Vk>1 Elske(O,k>,Eka€Z§%_5 Dou(x¥) > iy (x9),

and so
0 < g((x")) < g((x*))+ 6 < xf <7—06.

thus xX — x.Let gk(x') = g((x¥) + x'), we have

(gx)ken is uniformly equicontinuous on RN=1. since g € UC(RN™1),
0 < gk(0) < t.

By Ascoli-Arzela theorem, there exists g, € UC(RN™1) such that
8k — B N Clgc(RN_l)'
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Proof of proposition

We fix QK := {xy > gx(x")} and Q* := {xy > g (x’)}, and
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Proof of proposition

We fix QK := {xy > gx(x")} and Q* := {xy > g (x’)}, and

u(x) if xeqQ,
0 if RVM\Q.
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Proof of proposition

We fix QK := {xy > gx(x")} and Q* := {xy > g (x’)}, and

Jux) if xeq,
() =10 if RV\Q.

Then &1 € UC(RN) (since u € UC(R)) and the sequence
bk (x) := u((x*) + x', xy) satisfies

(i) ken is uniformly equicontinuous on RV,
U, (0',—1) = 0( since (0’, —1) € {xy < 0}).
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Proof of proposition

We fix QK := {xy > gx(x")} and Q* := {xy > g (x’)}, and

Jux) if xeq,
() =10 if RV\Q.

Then &1 € UC(RN) (since u € UC(R)) and the sequence
bk (x) := u((x*) + x', xy) satisfies

(i) ken is uniformly equicontinuous on RV,
U, (0',—1) = 0( since (0’, —1) € {xy < 0}).

By Ascoli-Arzela theorem, there exists i, € CO(RN) such that

g — Gino in C2L(RN).
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Proof of proposition

Now, let Uy = Doomoo. Then uy, satisfies the following

s € C2(Q%°) N CO(Q)

—Auso = f(Uso) in Q%
Uy > 0 in Q%
Uso =0 on 00>,

Uoo(ola XOO) = uoo,f'(ola XOO)

The last inequality is due to
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Proof of proposition

Now, let Uy = Doomoo. Then uy, satisfies the following

s € C2(Q%°) N CO(Q)

—Auso = f(Uso) in Q%
Uy > 0 in Q%
Uso =0 on 00>,

Uoo(ola XOO) = uoo,f'(ola XOO)

The last inequality is due to
»u < upin X% hence @y < O3 in £¥*. Thus

oo < Uy 7 in X5 and (07, x5) € X5,
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Proof of proposition

Now, let Uy = Doomoo. Then uy, satisfies the following

s € C2(Q%°) N CO(Q)

—Auso = f(Uso) in Q%
Uy > 0 in Q%
Uso =0 on 00>,

Uoo(ola XOO) = uoo,f'(ola XOO)

The last inequality is due to
»u < upin X% hence @y < O3 in £¥*. Thus

oo < Uy 7 in X5 and (07, x5) € X5,

= 0 (07, %) = u(x¥) > vz, (x¥) = Up 110, (07, %) so, taking the
limit as k — 400, we have

UOO(O/aXI?IO) > uoo,?(olvxl?lo)'
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Proof of proposition

By the maximum principle, either

Uso = 0in Q°°, hence f(0) =0 =«
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Proof of proposition

By the maximum principle, either
Uso = 0in Q°°, hence f(0) =0 =«

or Uy, > 0 in Q.
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Results and comments
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Extensions to merely continuous epigraphs

Proof of proposition

By the maximum principle, either

Uso = 0in Q°°, hence f(0) =0 =«

Of Uso > 0 in 2°.In this case, w = Uy, 7 — Uso Satisfies

—Aw > —Lfw in X,
w>0 in X,
w (0, x0) = 0.

where X C Z?‘” is the connected component of Z?“’ containing
(0", X0 )-
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Extensions to merely continuous epigraphs

Proof of proposition

By the maximum principle, either

Uso = 0in Q°°, hence f(0) =0 =«
Of Uso > 0 in 2°.In this case, w = Uy, 7 — Uso Satisfies
—Aw > —Lfw in X,

w>0 in X,
w (0, xs) = 0.

where X C Z?‘” is the connected component of Z?“’ containing
(0, X0 ). Therefore

w=0in X, ie Ux =uUyzin X.
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Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Proof of proposition

QOO

('T’* 2f 7.9-30 (I{))

. Losooooooocoooosoocooo

(0", 20)

(27, goo (7)) /

Yoo

Nicolas Beuvin, LAMFA Monotonicity results in epigraphs 22/37



Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Summary

(0,e) € A,
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Summary

(0,e) € A,
t:=supA = +o0,
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Summary

(0,e) € A, N ou
~ — il >
t:: SUP/\:+OO, :>/\ R* = 8XN(X) _OfOrXEQ
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Summary

(0,e) € A, N ou
~ — il >
t:: SUP/\:+OO, :>/\ R* = 8XN(X) _OfOrXEQ

Now, we will prove that

ou

m(x) > 0 for any x € Q.
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Hopf's Lemma

Theorem (Hopf's lemma)

Let X a smooth domain, xg € OX and let v be the exterior unit
normal to X at xg. Let w € C3(X) N CY{(X N {xo}) such that

—Aw+cw >0 in X,
w >0 in X,
w(xp) = 0.

Then 5
w
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Extensions to merely continuous epigraphs

Hopf's Lemma

Let (x/, b) € Q and let r > 0 such that B((x’, b),r) C Q

ZynB((x',b),1)

Q

,\

[ @b \ {zn = b}

v e
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Results and comments
Monotonicity results in an epigraph The moving plane method
Extensions to merely continuous epigraphs

Hopf's Lemma

Applying the Hopf’s lemma with X = ¥ N B((x', b), r),
xo = (X', b), v = ey and w = up — u which satisfies

w >0 in X, (since A =R} and by the maximum principle.)
and

—Aw = —Aub —+ Nu = f(ub) — f(u) 2 —LfW in Zi
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Hopf's Lemma

Applying the Hopf’s lemma with X = ¥ N B((x', b), r),
xo = (X', b), v = ey and w = up — u which satisfies

w >0 in X, (since A =R} and by the maximum principle.)
and
—Aw = —Aup + Au = f(up) — f(u) > —Lew in T&.
As w(x’, b) =0, we have

ow ., ou , ,
O>M(X,b)— 28XN(X,b).
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Hopf's Lemma

Applying the Hopf’s lemma with X = ¥ N B((x', b), r),
xo = (X', b), v = ey and w = up — u which satisfies

w >0 in X, (since A =R} and by the maximum principle.)
and
—Aw = —Aup + Au = f(up) — f(u) > —Lew in T&.

As w(x’, b) =0, we have

ow ., ou , ,
0> M(X7b)_ 2m(x,b)
Therefore 5
od
D (x',b) > 0.
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Definition of class G

Definition (Class G)

Assume N > 2. We say that a continuous function g : RN-1 5 R
belongs to the class G, if it satisfies the following compactness
property

(P)  Any sequence (gx) of translations of g, which is bounded at
some fixed point of RN=1 admits a subsequence converging
uniformly on every compact sets of RN~

Example :
e Uniformly continuous functions on RV-1.
e Coercive continuous functions on RNV-1,

o Functions g : RV=1 — R such that there exists a continuous
bijection ® : R — R such that o g € G. As

x — e,
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Theorem (B., Farina, Sciunzi, 2025)

Let Q be a uniformly continuous epigraph bounded from below,
f € Lip([0, +00)) with f(0) > 0 and let u € HL () N UC(Q) be
distributionnal solution of (NPE)

Then u is monotone, i.e., aaTL,’V >0 in Q.

€

Theorem (B., Farina, Sciunzi, 2025)

Let N > 2 and let Q) be an epigraph bounded from below and
defined by a function g € G. Assume f € Lip([0, +00)) with
f(0) > 0. If u € UC(Q) N HL(Q) is a distributional solution to
(NPE).

Then u is strictly increasing in the xy-direction, i.e., 3‘97‘[’\/ >0 in Q.

V.
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Theorem (B., Farina, Sciunzi, 2025)

Let Q be a globally Lipschitz continuous epigraph bounded from
below. Assume f € Lip([0,+00)) with f(0) > 0 and let

u € C°(Q) N HE () be a distributional solution to (NPE) with at
most exponential growth on finite strips.

Then u is strictly increasing in the xy-direction, i.e., 5)7‘;\/ >0 in Q.

v

Theorem (B., Farina, Sciunzi, 2025)

Let N > 2 and let Q be an epigraph defined by a function g € G.
Also suppose that ) is bounded from below and satisfies
a uniform exterior cone condition.

Assume f € Lip([0,+00)) with f(0) > 0 and let

u€ C%Q) N HE(Q) be a distributional solution to (NPE) with at
most exponential growth on finite strips. Then u is strictly
increasing in the xy-direction, i.e., E?TL/IV > 0 in Q.
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Idea of the proof

We define in Q,

it satisfies

—Avk = Loéfkvk) = fk(vk) in Qk,

Vi = 0 in an,
vie(0/, x%) = 1.

Exterior cone condition implies that v, € Co(¢&(0/, R/2, T))

and ||VkHC0,a(W) < C (11 pages)
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QOO

{zy = f}

(0, 259) 9 (0, R/2,T)

Ih(k>ka)

K= B'(0), R/2) x |-T,T)
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We fix K := B'(0’,R/2) x [-T, T] and
o vk(x) if x e & (0,R/2,T),
0 if xeK\C&(0,R/2,T).
By Ascoli-Arzela, there exist vo, € C%%(K) such that ¥ — v in
Co(K) and it solves.

—AvVoo = (Vo) in €8=(0,R/2, T),
Voo >0 in  @&=(0,R/2, T),
Voo =0 in {XN = goo(xl)} nkK,
Voo (0, x¥) =1 and  veo(0', x*°) = v (07, x*)

By the maximum principle apply v, we have
Voo > 0 in €8=(0', R/2, T).
By the maximum principle apply to v ; — Voo We have

— Vv -in3&
Voo = Voo i IN 237 NK.
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© Liouville-type result
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Liouville-type result

Theorem (B., Farina, Sciunzi (2025))

Let Q c RN be a globally Lipschitz continuous epigraph bounded
from below, and u € C?(2) N C°(Q) be a bounded solution to

—Au="f(u) in Q,
u>0 in  Q,
u=20 on O0f).

Assume that f € C*([0,+o0)), f(t) > 0 for t > 0 and
2< N <11, then u=0 and f(0) = 0.
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Liouville-type result

Theorem (B., Farina, Sciunzi (2025))

Let Q c RN be a globally Lipschitz continuous epigraph bounded
from below, and u € C?(2) N C°(Q) be a bounded solution to

—Au="f(u) in Q,
u>0 in  Q,
u=20 on O0f).

Assume that f € C*([0,+o0)), f(t) > 0 for t > 0 and
2< N <11, then u=0 and f(0) = 0.

Let 2 < N <11 and Q C RN be a globally Lipschitz continuous epigraph
bounded from below.

If f € C}([0,+00)), satisfies f(t) > 0 for t > 0 then problem (NPE)
does not admit any classical solutions of class C*(2) N C°(Q).
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By the maximum principle, either u = 0 and f(0) = 0 and the
proof is complete, or
u>0in €.
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Liouville-type result

By the maximum principle, either u = 0 and f(0) = 0 and the

proof is complete, or
u>0in Q.

Hence 5 - o> 0OinQandas0<u<M:= supu the function

v(x') = lim u(x’, xp) exists and solves
XN — 00
v e C2(RN-Y)
—Av ="f(v) in RN-1
0o<v< M in RN’l,
M = sup v.
RN-1
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Liouville-type result

By the maximum principle, either u = 0 and f(0) = 0 and the

proof is complete, or
u>0in Q.

Hence 8‘97‘,’\/ >0in Q and as 0 < u < M := sup u, the function
Q

v(x') = lim u(x’, xp) exists and solves
XN —>00
v e C2(RN-Y)
—Av ="f(v) in RN-1
0o<v< M in RN’l,
M = sup v.
RN-1

and v is stable, ( fpn-1 F'(v)¢? < [en-1|V|?).
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Liouville-type result

Theorem (Dupaigne, Farina, 2022)

Assume that u € C?(RP) is bounded below and that u is a stable
solution of

—Au=f(u) inRP.

where f : R :— R is locally Lipschitz and nonnegative. If
1 < p <10, then u must be constant.
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Theorem (Dupaigne, Farina, 2022)

Assume that u € C?(RP) is bounded below and that u is a stable
solution of

—Au=f(u) inRP.

where f : R :— R is locally Lipschitz and nonnegative. If
1 < p <10, then u must be constant.

Therefore, v =M > 0 and f(M) =0 =<«.
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Liouville-type result

Theorem (Dupaigne, Farina, 2022)

Assume that u € C?(RP) is bounded below and that u is a stable
solution of
—Au=f(u) inRP.

where f : R :— R is locally Lipschitz and nonnegative. If
1 < p <10, then u must be constant.

Therefore, v =M > 0 and f(M) =0 =<«.

Remarks : This theorem is sharp. Indeed if p > 11, for f(u) = uk,
k sufficiently large, there exists nontrivial positive bounded stable
solution to the equation. (see [5]).
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