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Nonlinear Poisson’s equation :
−∆u = f (u) in Ω

u ⩾ 0 in Ω
u = 0 on ∂Ω

(1)

where
u ∈ C2(Ω) ∩ C0(Ω)
Ω ⊂ RN a domain bounded or not
f : R → R is Lipschitz continuous on R.
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Aims

Monotocity
Radial symmetry
One-dimensional symmetry
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Existing works

Theorem (Gidas,Ni and Nirenberg (79’))

Let u ∈ C2(B(0, 1)) ∩ C0(B(0, 1)) which solves (1), then u is
radial ; that is

u(x) = v(r) (r = |x |)

for some strictly decreasing function v : [0, 1] → [0, +∞).
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Title – Level line of the solution of −∆u = u − u3 (Freefem ++)
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Existing works

Theorem (J.Serrin, H.Zou (98’))
Let u ∈ C2(RN) which solves (1), moreover we suppose that

lim
∥x∥→+∞

u(x) = 0

f (0) ⩾ 0
f ∈ C0,1

loc ([0 + ∞)) and f is decreasing on [0, δ] with 0 < δ,

then either u ≡ 0 or u > 0 and u is radially symmetric about some
point and stricly radially decreasing.
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Theorem (Hopf’s lemma)

Let Ω ⊂ RN be a domain and u ∈ C2(Ω) ∩ C1(Ω) and c ∈ L∞(Ω) such that{
−∆u + cu ⩾ 0 in Ω

u ⩾ 0 in Ω

Then
1 If there exists x0 ∈ Ω such that u(x0) = 0 then

u ≡ 0 in Ω.

2 Ifnot
u > 0 in Ω,

and if y0 ∈ ∂Ω, u(y0) = 0, and Ω satisfies the interior ball condition at y0 then

∂u
∂ν

(y0) < 0.

where ν is the exterior unit normal to Ω at y0.
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Monotocity of the solution
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Theorem (A.Farina,2020)

Assume N ⩾ 2 and f ∈ C0,1
loc (R+) with f (0) ⩾ 0 and let

u ∈ C2(RN
+) be a solution of

−∆u = f (u) in RN
+

u > 0 in RN
+

u = 0 on ∂RN
+ = {xN = 0}.

Assume that u is bounded on the slabs RN−1 × [0, t] for every
t > 0. Then

u is monotone that is ∂u
∂xN

(x) > 0 ∀x ∈ RN
+.
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Definition/Notation

Let 0 < λ,we define
Pλ = {x ∈ RN , xN = λ}
Σλ = {x = (x ′, xN) ∈ RN , 0 < xN < λ}
uλ(x) = u(x1, · · · , 2λ − xN) the symmetric of u with respect
to Pλ
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Sketch of the proof
We want to prove that

Γ := {t > 0, u ⩽ uλ in Σλ ∀ λ ⩽ t} = (0, +∞).

Indeed, for t > 0, if we define on Σt , wt = ut − u then wt satisfy
−∆wt + Lf ,[0,∥u∥Σ2t ]wt ⩾ 0 in Σt

wt ⩾ 0 in Σt
wt = 0 on {x = (x ′, xN) ∈ RN , xN = t}.

By Hopf’s Lemma :

∀x ′ ∈ RN−1 − 2 ∂u
∂xN

(x ′, t) = ∂wt
∂xN

(x ′, t) < 0.
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Γ ̸= ∅
Theorem (Comparison principle in unbounded slabs of smalls
width)

Let N ⩾ 2, M > 0,f ∈ C0,1
loc (R+) and a < b. Let

u, v ∈ C2(RN−1 × [a, b]) satisfying
−∆u − f (u) ⩽ −∆v − f (v) in RN−1 × (a, b)

|u|, |v | < M in RN−1 × (a, b)
u ⩽ v on ∂(RN−1 × (a, b)).

Then there exist θ = θ(f , M) > 0 such that and any

0 < b − a < θ ⇒ u ⩽ v in RN−1 × (a, b).

We define
t̃ = sup{t > 0, u ⩽ uλ in Σλ ∀ λ ⩽ t}.
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if t̃ < +∞

Proposition

For every δ ∈ (0, t̃
2), there exists ε(δ) > 0 such that

∀ ε ∈ (0, ε(δ)) u ⩽ ut̃+ε in RN−1 × [δ, t̃ − δ].

so we have 
u ⩽ ut̃+ε on RN−1 × [δ, t̃ − δ]
u ⩽ ut̃+ε on RN−1 × [0, δ]
u ⩽ ut̃+ε on RN−1 × [t̃ − δ, t̃ + ε].
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Stable solution
Definition (Stable solution)

Let f ∈ C1(R) and let Ω denote an open set of RN , N ⩾ 1. A solution
u ∈ C2(Ω) of

−∆u = f (u) in Ω (2)

is stable if ∫
Ω

f ′(u)ϕ2dx ⩽
∫

Ω
∥∇ϕ∥2dx , ∀ ϕ ∈ C1

c (Ω).

Proposition
Let u ∈ C2(Ω) solution of (2) such that,

∂u
∂xN

> 0 in Ω

Then u is stable.
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Stable solution

Theorem (L.Dupaigne and A.Farina (2020))

Let u ∈ C2(RN
+) be a bounded solution of

−∆u = f (u) in RN
+

u > 0 in RN
+

u = 0 on ∂RN
+.

(3)

Assume that f ∈ C1([0, +∞)) and non negative.
If 2 ⩽ N ⩽ 11 then u must be one-dimensional and monotone ( ie
u = u(xN) and ∂u/∂xN > 0 in RN

+).
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Stable solution
Theorem (L.Dupaigne and A.Farina (2020))

Assume that u ∈ C2(RN) is bounded below and that u is a stable
solution of

−∆u = f (u) in RN ,

where f ∈ C1([0, +∞)) is locally lipschitz and non negative.
If N ⩽ 10 then u must be constant.

Theorem (H.Berestycki, L.A.Caffarelli and L.Nirenberg (93’))

Let u ∈ C2(RN
+) be a bounded solution of (3). If

f (sup
RN

+

(u)) ⩽ 0

then

u is a function of xN .
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Epigraph

Coercive epigraph

Definition (Coercive epigraph)
A domain Ω is a coercive epigraph if there exists g ∈ C0(RN−1,R)
such that Ω = {x = (x ′, xN) ∈ RN , xN > g(x ′)} and

lim
∥x ′∥→+∞

g(x ′) = +∞.

Theorem (M.J.Esteban and P.L.Lions (82’))
Let Ω denote a coercive epigraph. If u > 0 solves (1) then

∂u
∂xN

> 0 in Ω.
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Epigraph

Theorem
Let N ⩾ 2, g ∈ UC(RN−1) such that g is bounded below . We
consider Ω the epigraph of g. Moreover, let f ∈ C0,1([0, +∞))
such that f (0) > 0. Let u ∈ UC(Ω) ∩ C2(Ω) ∩ H1

loc(Ω) a function
satisfying 

−∆u = f (u) in Ω
u = 0 on ∂Ω
u ⩾ 0 in Ω

then u is monotone, that is

∂u
∂xN

(x) > 0 ∀x ∈ Ω.
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Coercive epigraph
Epigraph

Definition/Notation

Let 0 < a < b and g ∈ C0(RN−1), we introduce
Pb = {x ∈ RN , xN = b}
Σg

b = {x = (x ′, xN) ∈ RN , g(x ′) < xN < b}
Σg

a,b = {x = (x ′, xN) ∈ RN , g(x ′) + a < xN < b}
ub(x) = u(x1, · · · , 2b − xN) the symmetric of u with respect
to Pb.

We define
Γ := {t > 0, u ⩽ uλ in Σg

λ ∀ λ ⩽ t}.
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Comparison principle
Theorem
Let N ⩾ 2 and Ω an open set included in a strip
{x = (x ′, xN) ∈ RN , a < xN < b} with a < b. Let f ∈ C0,1(R), γ > 0
and u, v ∈ H1

loc(Ω) ∩ C0(Ω) satisfy
−∆u − f (u) ⩽ −∆v − f (v) in D′(Ω)

|u|, |v | ⩽ γe∥x∥ in Ω
u ⩽ v on ∂Ω.

then there exist ε = ε(Lf ) > 0 such that

0 < L(Ω) < ε =⇒ u ⩽ v in Ω

where L(Ω) = sup
RN−1

(L1(({x ′} × R) ∩ Ω)).

We define
t̃ = sup{t > 0, u ⩽ uλ in Σg

λ ∀ λ ⩽ t}.
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If t̃ < +∞

Proposition

For every δ ∈ (0, t̃
2), there exists ε(δ) > 0 such that

∀ ε ∈ (0, ε(δ)) u ⩽ ut̃+ε in Σg
δ,t̃−δ

.

so we have {
u ⩽ ut̃+ε on Σg

δ,t̃−δ

u ⩽ ut̃+ε on Σg
t̃+ε

\Σg
δ,t̃−δ

.
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