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Notations:

RY = {z = (2/,zn) € RV X R | 2y > 0}, the open upper half-space of R".

| - | : the Euclidean norm.

B(z, R) : the Euclidean N-dimensional open ball of center = and radius R > 0.
B'(z', R) : the Euclidean N — 1-dimensional open ball of center 2’ and radius R > 0.
Bg := B(0,R) and B}, := B'((/, R), where 0 = (0/,0) € R¥~! x R is the origin of R".
HN~!: the N — 1-dimensional Hausdorff measure.

UC(X) : the set of uniformly continuous functions on X.

Lip(X) : the set of globally Lipschitz-continuous functions on X.

Lipioe(X) = the set of locally Lipschitz-continuous functions on X.

C*(U) : the set of functions in C*(U) all of whose derivatives of order < k have continuous
(not necessarily bounded) extensions to the closure of the open set U.

C%(U) : the vector space of bounded and globally a-Hélder-continuous functions i on
the open set U endowed with the norm :

h(z)—h
HhHCO’a(U) = ||h| ey + [h]COva(U) i= SUP,cp |M(7)] + SUD, yer oy % .

Cke(TU) : the vector space of functions in C*(U) all of whose derivatives of order < k
belong to C%*(U), endowed with the norm :

1Bl cre@) = Zo<ipi<k 107 Rl coa @ -
D'(U) : the space of distributions on the open set U.

vii
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H: (U) ={u:U — R, u Lebesgue-mesurable : v € H'(UN B(0,R)) VR > 0},
i.e., u is Lebesgue-measurable on the open set U and u € H' (V) for any open bounded
set V. CU.

Woe(U) = {u: U — R, u Lebesgue-mesurable : v € Wh°(U N B(0,R)) VYR >0},
i.e., u is Lebesgue-measurable on the open set U and u € W1*°(V) for any open bounded
set VCU.



Introduction

In this manuscript, we study properties of solutions to the semilinear Poisson equation

—Au= f(u) in €Q
u>0 in €, (SPE)
u=>0 on 02,

where f : R — R is a (locally or globally) Lipschitz-continuous function and Q c RY
(N > 2) is an unbounded open set.

This problem has been received a lot of attention in the last decades and is the origin
of several conjectures and open problems. In a series of articles (see [BCN93|, [BCN96],
[BCNO7a[, [BCN97h]) H. Berestycki, L.A. Caffarelli and L. Nirenberg study problem (SPE))
for different type of domains {2 and conjecture several results.

In [BCN97a], the authors deal with bounded solutions of (SPE) in the half-space and
prove the following result:

Theorem 0.0.1 (Berestycki-Caffarelli-Nirenberg). In the half-space @ = RY =
{(@,2n) € RN, zy > 0}, with N =2 or 3, let u be a bounded classical solution of (SPE).
If N =2 and f is locally Lipschitz-continuous, then u is symmetric (i.e. u = u(xy)) . If
N = 3, then the same conclusion holds, if one assumes, in addition, that f(0) > 0 and
that f is C'.

In order to prove this theorem, the authors show that f(supwu) = 0 and then, apply
the following Theorem (see [BCN93|):

Theorem 0.0.2 (Berestycki-Caffarelli-Nirenberg). Let u be a bounded classical
solution to (SPE) in the half-space RY , with f locally Lipschitz-continuous that satisfies

f(supu) <0.

ou

Then u is strictly increasing in the xx—direction, i.e., Do

on the variable xx and f(supu) = 0.

>0 in RY and u only depends

In view of these results, the authors formulated the following:

Conjecture A. If there is a bounded solution u to (SPE) with Q = RY then f(supu) =0
(so Theorem |0.0.4 applies) and consequently u is symmetric and monotone (i.e. a%\, > 0).

1



2 Introduction

In this respect, A. Farina and E. Valdinoci (see Theorem 1.11 in [F'V10]) prove
a symmetry result for bounded solutions of (SPE|) in RJI , with N < 5 for functions

f € C'(]0,4+00)) satisfying one of the following two conditions:
(a) f(t) >0, for any t > 0,

(b) there exists ¢ > 0, such that f(t) > 0 for any ¢t € [0,(] and f(t) < 0 for any
t € [¢,+00).

L. Dupaigne and A. Farina (|[DF22|) extended this result up to dimension 11 (see
Theorem in section [0.4). By exploiting (a) or (b), the authors prove that f(supu) = 0
and then they conclude by appyling Theorem [0.0.2] above.

In [BCN97a], the authors test Conjecture A by considering f(u) = u — 1 and they find
that in this case the conjecture is not true. Indeed, they observe that if there exists a
bounded solution u to with Q = RY and f(u) = u—1 then supu > 2, but f(¢) >0
for any ¢ > 2. This observation leads them to raise the following conjecture:

Conjecture B. There is no bounded solution of

—Au=u—1 in RY,
u>0 in RY,
u=0 on ORY.

In |[BCN97a|, H. Berestycki, L.A. Caffarelli and L. Nirenberg prove this conjecture in
dimensions 2 and 3 (see Proposition 1.6 in [BCN97a]). In 2016, in |[CEG16], C. Cortazar,
M. Elgueta and J. Garcia-Melian completely solve Conjecture B, namely, they prove the
following result:

Theorem 0.0.3 (Cortézar-Elgueta-Garcid-Melian). Assume N > 2. The only
classical solution, possibly unbounded, to problem

—Au=u—1 in RY,
u>0 in RY, (0.0.1)
u=0 on 8]1%_];7,

is the function
u(r) =1—cos(zy) for any x € RY.

This result was first demonstrated by A. Farina and B. Sciunzi in dimension 2 (see
[F'S16]).

The result above suggests that also the non-negative solutions to the homogeneous
Dirichlet problem for semilinear equations has to be taken into account. For this reason, in
this thesis, we also study non negative and possibly unbounded solutions to the following
problem (see subsection and section , where further motivations are also discussed):

—Au= f(u) in £,
u>0 in (SPE+)
u=>0 on Of).
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So far, the results and conjectures have been stated in the half-space ]Rf , and a natural
question arises: what happens when the geometry of ) is more complex?

A natural generalisation of the half-space is provided by the case of an epigraph, i.e.,
when () has the following form:

Q:={(z",zy) e RN 2y > g(z))}, (0.0.2)

where g : R¥~! — R is a continuous function.

For such domains, M.J. Esteban and P.L. Lions prove the following monotonicity result:

Theorem 0.0.4 (Esteban-Lions). Let g : R¥N™1 — R be a sufficiently smooth function
which is coercive,i.e., satisfying

lim g(z') = +oo, (0.0.3)

|z’ | =00

and let Q be its epigraph (see (0.0.2))). Then, if u € C?(2) is a solution to (SPE) with
f € Lipioc([0, +00)) and f(0) = 0, then

ou
— >0 in.
ox N
This is the first monotonicity result in epigraphs, and the question is whether the
theorem remains true when the epigraph 2 is no longer necessarily coercive and/or
when f(0) < 0. In this manuscript, we address this question.

In his seminal paper published in 1971 (see [Ser71]), J. Serrin, in order to answer a
question in fluids mechanics posed by R.L. Fosdick, is led to consider the classical solutions
of the following overdetermined problem:

—Au= f(u) in

u >0 in €,

u=0 on 052, (SOP)
@ =c¢=const. on OS2,
an

where () is a smooth bounded domain, 7 denotes the outward unit normal at 02 and f is
a Lipschitz-continuous function. To solve the problem, J. Serrin, in [Ser71], proves his
celebrate result:

Theorem 0.0.5 (Serrin). Let 2 be a bounded domain whose boundary is of class C*.
Suppose that there exists a function u € C?(Q) satisfying . Then € is a ball and u
has the following specific form:

B b2 _ |ZL’|2

where b is the radius of the ball and |x| the denotes distance from its center.
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To prove this beautiful result, J.Serrin introduced the PDE community to the celebrated
moving planes method (based on Alexandrov’s reflexion principle (see [Ale62])).

In [BCN97b|, H. Berestycki, L.A. Caffarelli and L. Nirenberg study problem (SOP))
when € is a smooth epigraph (see|0.0.2]) and f is an Allen-Cahn type function (see Def-
inition (0.1.1]). The authors employ the sliding method to prove the following rigidity result :

Theorem 0.0.6 (Berestycki-Caffarelli-Nirenberg). Let f be an Allen-Cahn type
function. Let g : RN=1 — R be a globally-Lipschitz continuous function of class C? which
satisfies the following condition:

for any 7 € RN~! lim glx+71)—g(z) =0, (0.0.4)

RN 1 |z|]—00

and let € be its epigraph. If there exists a bounded solution u to the problem (SOP|) then
Q is an upper half-space and u is symmetric and monotone.

Following this result, the authors of [BCN97b| formulate the following question:

Conjecture C. Assuming that  is a smooth domain with ¢ connected and that there
exists a bounded positive solution of for some Lipschitz-continuous function f,
then ) is either a half-space, a ball, the complement of a ball, or a circular-cylinder-type
domain: R x B with B a ball.

This question is known as the conjecture of Berestycki-Caffarelli-Nirenberg. Motivated
by Theorem [0.0.6}, in this thesis we address Conjecture C in the special case where 2 is an
epigraph, which leads to the following variant of Conjecture C:

Conjecture D. If f is a globally Lipschitz-continuous function and the overdetermined
problem (SOP|) admits a smooth and bounded classical solution on a smooth epigraph (1,
then Q0 must be an affine half-space.

All these conjectures and previous results led us to study geometric properties of
solutions to (SPE)) in various unbounded domains. In the remainder of this introduction,
we present in a unified manner, the results obtained during this thesis which we compare
with existing works in the literature. All these results are contained in three original
research articles that are the subject of chapters 1, 2 and 3 (see [BFS25|, [BE25b|, [BF25al).

Specifically:

1) In section |0.1} we introduce our new monotonicity results. In the first subsection,
we describe new monotonicity results for possibly unbounded solutions to (SPE)
in general epigraphs bounded from below and for any locally or globally Lipschitz-
continuous function satisfying f(0) > 0 (see subsection [0.1.1). The second subsection
is devoted to our monotonicity results that hold without any restriction on the sign
of f(0) (see subsection [0.1.2)). These results are established for possibly unbounded
solutions to (SPE]) or (SOP)) in various unbounded domains. In the third subsection,
we present extensions of our monotonicity results to a broad class of merely continuous
epigraphs, bounded from below (see subsection . The proof of all these results




Introduction 5

is based on some new comparison principles in unbounded domains. We shall
present and describe these new principles in the second section below. Finally, in
the last subsection, we provide a first applications of our monotonicity results to the
classification of bounded solutions of in epigraphs bounded from below (see

subsection |0.1.4)).

In section , we establish new comparison principles (see subsection for a
large class of unbounded Euclidean subsets, that we call sets with good sections (see
subsection . These comparison principles are used to initialise and to complete
a modified version of the moving plane procedure adapted to the geometry of the
epigraph €2. This is crucial for proving our monotonicity results described in the first
section. Finally, our new comparison principles allow us to prove some new results
of uniqueness and symmetry for solutions, possibly unbounded and sign-changing, to
the homogeneous Dirichlet BVP for the semilinear Poisson equation in fairly general

unbounded domains (see subsection [0.2.3)).

In section we prove the validity of Conjecture D in several cases. Specifically, we
consider Serrin’s overdetermined problem for a family of specified Allen-Cahn-
type nonlinearities. In this framework, we prove Conjecture D in any dimension
N > 2, for any solution to and for a large class of epigraphs bounded
from below (see subsection [0.3.1). Finally, we consider solutions to in a
smooth enough epigraph bounded from below where f is a general locally or globally
Lipschitz-continuous function. In this framework, we prove Conjecture D with N < 3,
for possibly unbounded solutions u (see subsection [0.3.2).

The last section (see section is devoted to present some new classification results
for possibly unbounded solutions to (SPE+) in the half-space.

(i) provide general natural conditions on f guaranteeing that the only classical
solutions, bounded or not, to (SPE-|) are necessarily one-dimensional;

(ii) supply sufficiently general assumptions on classical solutions to (SPE-+|) ensuring
their one-dimensional symmetry.

The flexibility of our approach enabled us to to extend some of the previous results to
the case of differential inequalities, even without imposing any boundary conditions.

0.1 Monotonicity results in unbounded domains

In this section, we present our new monotonicity results for solutions u (bounded or not)
to on unbounded domains included in a half-space, as well as for general (locally
or globally) Lipschitz-continuous non-linearities f. In particular, we are interested in the
case where () is an epigraph bounded from below, i.e.,

Q= {(2/,2n) €RY, 2y > g(2)},

with g : R¥~! — R a continuous function bounded from below.
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We recall that, when f(0) > 0, the maximum principle ensures that a solution to
(SPE+)) in any domain €2 is either identically equal to zero or positive and that, this
property fails when f(0) < 0 (see the example given by f(u) = u — 1 and Theorem [0.0.3).
In view of this observation, we have decided in this section to first present the results in
the case f(0) > 0, and then those that are valid regardless of the sign of f(0). The case
f(0) > 0 is discussed in subsection subsection [0.1.1] while the monotonicity results that
hold irrespectively of the sign of f(0) are located in subsection ((0.1.2)).

Subsection [0.1.3] is devoted to present some extensions of our monotonicity results to a
broad class of epigraphs which are merely continuous and bounded from below.

Finally, in the last subsection (see subsection , we describe a first application of our
new monotonicity results. This concerns the classification of bounded solutions to
in epigraphs bounded from below.

In each subsection, we first present the existing results in the mathematical literature, and
then our new results on monotonicity.

0.1.1 Monotonicity results when f(0) > 0

The case where f(0) > 0 is the most studied. The first result in this respect is due to
E.N. Dancer (|Dan92]). In this paper, the author studies problem (SPE)) in the half-space
and, thanks to the moving-plane method, he proves the following result:

Theorem 0.1.1 (Dancer). Assume that f is C*, with f(0) > 0 or both f(0) =0 and

f'(0) >0, and that u is a bounded solution of (SPE)). Then E%V(a:) >0 if v e RY.

Then, few years later H. Berestycki, L.A. Caffarelli and L. Nirenberg, in [BCN97a,
prove the following (see corollary 1.3 in [BCN97a):

Theorem 0.1.2 (Berestycki-Caffarelli-Nirenberg). In the half-space Q = RY, assume
that u is a solution of (SPE) where f is a globally Lipschitz-continuous function with
f(0) > 0. Then, the function u satisfies

ou

— >0 in Q.
Din m

This result applies to possibly unbounded solutions to (SPE|). However, the authors
assume that f is a globally Lipschitz-continuous function and therefore Theorem does
not apply to functions such as f(t) = t* (p > 1) or f(t) = t—t3 (which give respectively the
Lane-Emden equation and the Allen-Cahn equation). For this reason, the same authors,
in [BCN96|, raise the following question:

Open problem 0.1.1. Does the conclusion of Theorem [0.1.2 still holds for
unbounded solutions of (SPE) in the case where f is merely locally
Lipschitz-continuous 7

The proof of Theorem [0.1.2| relies on the moving plane method. To start this procedure,
the authors of [BCN97a] use one of their results established in [BCN96|, where they prove
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that positive solutions to (SPE) in Rf have at most exponential growth on finite strips
A result that crucially uses the global Lipschitz character of f.

In |[Far20|, A. Farina considers the problem (SPE) in the half-space, where f is only
locally Lipschitz-continuous and he gives a first answer to the open problem ((0.1.1]). Indeed,
he proves the following result:

Theorem 0.1.3 (Farina). Assume N > 2, Q =RY, f € Lipy.([0, +00)) with f(0) >0
and let u € C*(RY) be a solution to (SPE]). Assume that u is bounded on finite strips
RYN=1 x [0,t], for any t > 0, that is,

vt >0, 3C(t) > 0 such that 0 < u < C(t) in RY"! x [0,1].

Then u is strictly increasing in the x—direction, i.e, B%V >0 in Rf.

This result applies to any locally Lipschitz-continuous function, in particular to f(t) =
t —t* and f(t) = tP, but it requires u to be bounded on finite strips.

All the previous results are proven by crucially exploiting the fact that Q@ = RY.
Therefore, it seems to be interesting to know what happens when 2 is an unbounded
domain different from the half-space.

In this context, there are few results and the first contribution in this direction is due
to M.J. Esteban and P.L. Lions who, in 1982, considered problem (SPE|) for a particular
class of unbounded domains (see [EL82]).

Theorem 0.1.4 (Esteban-Lions). Let Q be a sufficiently smooth domain satisfying the
following conditions:

(i) If v = (x1, - ,zn) € Q then y = (y1,- -+ ,yn) € Q, for any yy > xy,
(ii) m = inf{zy| there exists ¥’ € RN™! such that x = (2/,zx) € Q} > —o0,
(7ii) for each X\ > 0, the set 3(\) == {xz € Qlaxy < A} is bounded.
Then, if u € C*(Q) is a solution to with f € Lipi(]0, +00)) and f(0) > 0, then

ou

— >0 in Q.
D m

It is easy to check that any coercive epigraph satisfies the assumptions (i), (ii) and (iii).

Later on, in [BCN97b], H. Berestycki, L.A. Caffarelli and L. Nirenberg deal with
the problem (SPE]) in a smooth globally Lipschitz continuous epigraph where f is an
Allen-Cahn type function, that is:

3i.e. u satisfies the following property : for any b > 0 there are a, 8 > 0, depending on b, such that

u(z',zn) < el for any (2, zy) € RV71 x [0, ).
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Definition 0.1.1. f : [0,400) — R is an Allen-Cahn type function if f is a locally
Lipschitz-continuous function and satisfies the following assertions:

Jpu >0 >0, >0 :
(I)y f>0 in(0,u), f <0 in [p,+00), (0.1.1)
(I1)  f(t) > 6t for any t € (0,0,), f is non-increasing in (g, pt).

The prototype of the function satisfying the previous definition is f(¢) =t — ¢3, which
gives the Allen-Cahn equation —Au = u — u? (see [ACT9]), hence the name ‘Allen-Cahn
type function’. For such functions, the authors prove the following Theorem:

Theorem 0.1.5 (Berestycki-Caffarelli-Nirenberg). Let Q2 be a globally Lipschitz-
continuous epigraph and let f : [0,+00) — R be an Allen-Cahn type function. If
u € C*(Q) N CQ) is a bounded solution of (SPE), then u is strictly increasing in
the xn—direction, i.e.,

ou

— n €.
Din >0 n

This result applies to any globally Lipschitz-continuous epigraphs, however the proof
is crucially based on the particular shape of f, which is of Allen-Cahn type, as well as on
the boundedness of u.

To prove this result, the authors use the sliding method (see Lemma 3.1 in [BCN97b])
which consists in showing that if two functions u and z are ordered in a ball B, with
B C €, and they satisfy:

—Au > f(u) in Q,

—Az < f(z) where z > 0 in B,
z<u in B,
z2<0 on 0B,

then, for any continuous one-parameter family of Euclidean motions (i.e., translations and
rotations) A(t) for 0 <t < T with A(0) = Id and A(t)B C D for any ¢, we have for all
tel0,7]:

zi(x) == 2(A(t)'x) < u(x) in B; == A(t)B.

We are now in position to state our new monotonicity results in epigraphs bounded
from below and for globally or locally Lipschitz-continuous functions f. Let us begin with
the case of uniformly continuous epigraphs:

Theorem 0.1.6 (B.-Farina-Sciunzi). Let 2 be a uniformly continuous epigraph bounded
from below. Assume f € Lip;,.([0,+00)) with
t

lim inf fi) > 0, (0.1.2)

t—0t
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and let u € C°(Q) N HL(Q) be a distributional solution to (SPE|) which is bounded and
uniformly continuous on finite stm’psﬁ Then u is strictly increasing in the xy-direction,
i.e., (%‘v >0 inQ

If f is globally Lipschitz-continuous, the same conclusion holds true only under the sole
assumption that u is uniformly continuous on finite strips.

The epigraphs covered by the previous result are very general, as shown by the
two-dimensional epigraph of the Weierstrass-type function

Goa(@) =D b cos(b ),
n=1

where b > 1 is an integer and o € (0,1). The function g, is uniformly continuous,
bounded and nowhere differentiable, hence it is not even locally Lipschitz-continuous.

The proof of Theorem [0.1.6| relies in part on the moving plane method adapted to the
geometry of epigraphs. To initialize this method, we must require the epigraphs to be
bounded from below. If we further assume that the epigraph satisfies a weak regularity
assumption, we can prove the monotonicity result for any (locally or globally) Lipschitz-
continuous function f satisfying f(0) > 0 (and this by also weakening the assumptions on

Theorem 0.1.7 (B.-Farina-Sciunzi). Let 2 be a uniformly continuous epigraph bounded
from below and satisfying a uniform exterior cone condition.

Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N H. () be a distributional
solution to with at most exponential growth on finite strips, i.e., for any R > 0,
there are positive numbers A = A(R), B = B(R) such that

u(z) < AePl! VeeQn{zy < R}.
Then u is strictly increasing in the xy-direction, i.e., (%‘v > 0 in €.

Let us recall the uniform exterior cone condition:

Definition 0.1.1 (Uniform exterior cone condition). An open set w C RY (not
necessarily an epigraph) satisfies a uniform exterior cone condition if for any xy € dw
there exists a finite right circular cone V,, with vertex z, such that wNV,, = {x¢} and
the cones V,, are all congruent to some fixed cone V. The cone V' is called the reference
cone.

It is easy to see that all globally Lipschitz-continuous epigraphs satisfy this property
and that, in this case, the reference cone depends on the Lipschitz constant of the function
defining the epigraph. However, the converse is not true, as shown by the following
examples. The epigraph defined by function x — ¥ satisfies the uniform exterior cone
condition and is not uniformly continuous. The epigraph defined by the function g below,
is %—Hélder—continuous satisfies the uniform exterior cone condition but it is not globally
Lipschitz-continuous (see figure ([1))).

4i.e, for any R > 0, u is bounded and uniformly continuous on the strip Q N {zy < R}
Continuous distributional solutions of —Au = f(u) in © belong to C?(Q2), by standard elliptic theory.



10 Introduction

A Q
0 if € (—o0,—4],
4—(x+2)? if xe[—4,0],
9(x) = .
4—(x—2) if z€]0,2],
if x€[2,4+00),

Figure 1: ¢

Note that Theorem recovers Theorem [0.1.2) of H. Berestycki, L.A. Caffarelli and
L. Nirenberg when €2 = Rf , since in this case, as already discussed above, the solution u
has at most exponential growth in finite strips (see [BCN96|).

We also study solutions to (SPE]) in an uniformly continuous epigraph bounded from
below when f is a locally Lipschitz-continuous function and we prove the following result:

Theorem 0.1.8 (B.-Farina-Sciunzi). Let Q be a uniformly continuous epigraph bounded
from below and satisfying a uniform exterior cone condition. B
Assume f € Lip,,.([0, +00)) with f(0) >0 and let u € C°(Q) N H. (Q) be a distributional

solution to (SPE|) which is bounded on finite strips, i.e., for any R > 0,

sup  u < 4o0. (0.1.3)
QN{zn <R}

Then w s strictly increasing in the xn-direction, i.e., 6271;\7 >0 in €.
When Q2 = Rﬂ\: , Theorem m recovers Theorem of A. Farina.

We also note that Theorem [0.1.8] and Theorem [0.1.7] cover the case of uniformly
continuous epigraphs bounded from below, which are not necessarily globally Lipschitz-
continuous, as illustrates by function g defined below (see figure :

Q
0 if e (—o0,—4],
4—(z+42)? it xe[-4,0]
9(@) =19 \Ja—(xz—2)2 if zel0,2],
2 if xe€[2,6],
r—4 if xe€[6,4+00).

Figure 2: ¢
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Note that ¢ is uniformly continuous, bounded from below, but not locally Lipschitz-
continuous. Moreover, it is easily seen that it satisfy a uniform exterior sphere condition
(of radius 3). Hence, it also satisfy a uniform exterior cone condition.

We now present some special cases of the previous results. Even in this weaker form,
they are new.

Corollary 0.1.1 (B.-Farina-Sciunzi). Let 2 be a uniformly continuous epigraph bounded
from below. Assume f € Lip,,.([0,+00)) with
t

lim inf () > 0, (0.1.4)
t—0+

and let u € C%*(Q) N C°(Q) be a classical solution of (SPE) such that Vu € L>*(Q). Then

w is strictly increasing in the xy-direction, i.e., a%v > 0 in .

Corollary 0.1.2 (B.-Farina-Sciunzi). Let ) be a globally Lipschitz-continuous epigraph
bounded from below. Assume f € Lip,,.([0,400)) with f(0) > 0 and let u € C*(Q)NC°(Q)
be a classical solution of (SPE|) such that Vu € L>(2). Then u is strictly increasing in

the xn-direction, i.e., % >0 in €.

Corollary 0.1.3 (B.-Farina-Sciunzi). Assume a € (0,1) and let 2 be a globally Lipschitz-
continuous epigraph bounded from below with g € C’llof‘(RN_l). Assume f € Lip,,.([0,4+00))

with £(0) > 0 and let u € C*(Q)NC°(Q) be a classical solution of (SPE]) which is bounded

on finite strips. Then wu is strictly increasing in the xy-direction, i.e., % >0 in Q.

0.1.2 Monotonicity results independent of the sign of f(0)

In this subsection, we present monotonicity results which hold regardless the sign of
f(0). Because of the lack of the strong maximum principle and the Hopf’s Lemma when
f(0) < 0, very few results are known.

Moreover, when f(0) < 0, we can have non-negative solutions to (SPE]) that are not
increasing in the xy direction, and sometimes they are the only non-negative solutions, as

shown by the case of f(u) =u —1 (see [FS16], [BCN97a], [CEG16], [FS13]).

The first result that we quote is a monotonicity and symmetry result due to H. Beresty-
cki, L.A. Caffarelli and L. Nirenberg. Indeed, in [BCN93|, they prove the following:

Theorem 0.1.9 (Berestycki-Caffarelli-Nirenberg). Let u € C*(RY) be a bounded
solution to in the half-space, with f a locally Lipschitz-continuous function which
satisfies

f(supu) <0.

Then w is strictly increasing in the xy—direction, i.e
on the variable xn and f(supu) = 0.

ou

D aey > 0 RY and u only depends

The boundedness assumption on wu is sharp, for instance, the unbounded, increasing
function u(xy,--- ,xn) = xye® solves (SPE) in the half space with f(u) = —u.
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In this context, H. Berestycki, L.A. Caffarelli and L. Nirenberg, in [BCN97a], prove
that the monotonicity result in Theorem remains true in R? for globally Lipschitz-
continuous function f, without any assumptions on u, precisely they show the following
result:

Theorem 0.1.10 (Berestycki-Caffarelli-Nirenberg). Let u € C*(R2) be a solution to
(SPE) in RZ, with f € Lip([0,+00)). Then,

ou .

In [FS17], A. Farina and B. Sciunzi prove the same monotonicity result for any locally
lipschitz continuous function f. In particular, their result provides a positive answer to
the open problem and it recovers Theorem which holds for globally Lipschitz-

continuous function. More precisely, they show the following Theorem:

Theorem 0.1.11 (Farina-Sciunzi). Assume f € Lipi.([0, +00)) and let u € C*(R%) be

a solution to (SPE]) in R?.
Then

ou .

The proof of Theorem [0.1.11]is based on a variant of the moving plane method which
is called rotating line method. This method consists in comparing solution u of and
its symmetric with respect to a straight line passing throught a point (zo, s) € R%r and of
slope tan(#) with 6 € (0, 7). By doing this construction, the triangle formed by this line
and the axes (Ox) and (Oy) is bounded, the fact that we are in dimension 2 comes into
play here. The authors can then use the maximum principle for bounded domains and for
domains of small volume (see [FS16], [F'S17]) to complete the procedure.

This construction is purely two-dimensional, and it does not seem possible to reproduce
it in higher dimensions. So, the case N > 3 remains an open problem.

When considering unbounded domains € different from RY, very few results are known.
In this respect, we quote a result of H. Berestycki, L.A. Caffarelli and L. Nirenberg (see
[BCN97b]) extending Theorem of M.J. Esteban and P.L. Lions (see [EL82]).

Theorem 0.1.12 (Berestycki-Caffarelli-Nirenberg). Suppose that Q C RN is a
smooth locally Lipschitz-continuous coercive epigraph. Let u be a solution of (SPE|) where
f € Lipi([0,4+00)). Then
ou
— >0 in
. in
We also study the case of coercive epigraphs. As a consequence of the method develop
in our first article (see chapter |1]), we prove the following result:
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Theorem 0.1.13 (B.-Farina-Sciunzi). Let () be a coercive continuous epigraph. Assume
[ € Lip,,.([0,400)) and let uw € C°(Q) N HL.(Q) be a distributional solution to (SPE]).
Then u is strictly increasing in the xy-direction, i.e., (%‘v >0 in €.

There is no assumption concerning the smoothness of 2 and the sign of f(0), hence, we
recover Theorem of M.J. Esteban and P.L. Lions and Theorem [0.1.12] of H. Berestycki,
L.A. Caffarelli and L. Nirenberg.

When f is a non-increasing continuous function, we also provide a monotonicity result
for solutions (bounded or not) to (SPE|) in domains  which are not necessarily epigraphs
but which satisfy the following property:

R :  contains the reflection (with respect to the hyperplane {zy = 6})
of all strips QN {xy < 6}.

More precisely, we have the following result:

Theorem 0.1.14 (B.-Farina-Sciunzi). Let Q be any unbounded domain included in a
half space, bounded from below which satisfies property R and let f : [0,00) — R be any
non-increasing function. Let u € C°(Q) N HL,(Q) be a distributional solution to
with subexponential growth on finite strips E|

Then u is non-decreasing, i.e., 8‘1—1;\] >0 n Q

Moreover, if f € Lip,,., then u is strictly increasing, i.e., 8‘1—1; >0 in .

This result applies to very general unbounded domains (which are not necessarily
epigraphs), as Qy = Upez{z € R? : |71 — (3 +4k)| <1, 2o > —1}U{x € R? : x5 > 0}
(see figure )(in fact, 4 is never an epigraph, that is, there is no unit vector v of R?
that allows it to be represented as an epigraph with respect to v), or the open orthant
Qs ={r eRY : 2, >0,..., zy > 0} which satisfies property R, but it is not an epigraph
with respect to ey.

6i.e., for any R > 0,

1
lim sup nu(z) <0.
| o0, ||
zeQN{zn <R}

T Note that u € C1(Q), since f(u) € L{®

loc

().
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Figure 3: Q4

We see that the above result actually caracterizes the euclidean proper domains for
which the homogeneous Dirichlet BVP (SPE])) admits a monotone solution. This can
be formulated in the following equivalent way : Problem (SPE|) with f non-increasing,
admits a monotone solution on a domain  C R, if and only if,  is contained in an
affine half-space (whose inner normal is denoted by v) and, for any = € Q the open
half-line {x + tv, t > 0} is contained in . That is, if and only if, Q is contained in an
affine half-space (whose inner normal is denoted by v) and 2 is v-invariant.

So far, we have seen that unless we make strong assumptions about the domain €2 or
about the nonlinearity f, we cannot establish results independent of the sign of f(0).

However, when we consider possibly unbounded solutions to (SOPJ), we can prove
monotonicity result for a broad class of epigraphs unbounded from below, regardless the
sign of f(0). This is the content of Theorem below. To this end, we introduce the

following class of functions:

Definition 0.1.2. Assume N > 2 and v € (0,1]. We denote by C'(R¥~1) the set of
functions h € C1(RY~1) such that VA is bounded and globally y-Holder continuous, i.e.,
such that

Hv}lHCO,w(RN—I) = ||VhHLoo(RN—1) + [Vh]COV’Y(RNfl)

= sup |Vh(z)|+  sup [Vilz) = VA(y)

zeRN-1 z,yERN=1 gty |.T - y|7

< +00.

For epigraphs defined by this type of functions, we prove the following result:

Théoréme 0.1.1 (B.-Farina). Assume N > 2, v € (0,1]. Let Q2 be an epigraph bounded
from below and defined by a function g € CHY(RN™1) and let f € Lip,.(R).
Let u € CY(Q) N C?() be a solution to (SOP)) with ¢ # 0 and such that Vu is bounded on
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finite stm’psﬁ Then, u is monotone, i.e.

ou

In particular, the above Theorem applies to bounded solutions to :SOP). Indeed,
bounded solutions to (SOP]) also have bounded gradient (see Corollary [2.5.2)), but the

converse is not true, as shown, by the harmonic function u(z) = azy (o > 0).

0.1.3 Extensions to merely continuous epigraphs bounded from
below

We notice that we can extend our monotonicity results to a larger class of epigraphs
bounded from below. Indeed, during our proofs, we are led to consider the sequence of
translation g,(-) = g(- + (z*)’) and to study the convergence of this sequence. This is
why, we define a new class of functions where the convergence of a such sequence is assumed:

Definition 0.1.3. Assume N > 2. We say that a continuous function g : R¥V-! — R
belongs to the class G, if it satisfies the following compactness property:

(P)  Any sequence (gi) of translations of g, which is bounded at some fized point of
RN=1 admits a subsequence converging uniformly on every compact sets of RN=1,

Before state the new monotonicity results, let us show how large the class G is. Hereafter,
we provide a wide (but non-exhaustive) list of members of G.

1. Uniformly continuous functions on R¥~! belong to G.
2. Coercive continuous functions on R¥~! belong to G.

In particular, any continuous function on RY~! such that limj,|, g(z) € (—00, +00]
belongs to G.

3. Let us denote by G(RY 1) the set of continuous functions g : R¥~1 — R enjoying
the following property : there exists a continuous bijection ¢ : R — R such that
pog€EeQ.

It is immediate to check that G(RY~!) C G.Moreover, the family G(RY™!) strictly
contains the one of uniformly continuous functions on RV~! and the one of coercive
continuous functions on RV~ as shown by the next examples.
N-1 ;
(3a) For instance, the functions gi(x1) = €™ if N =2, and g(z) = o1y 008 (25)
if N > 3, are neither uniformly continuous nor coercive on RV~ Nevertheless,
they belong to the class G(RY~!) (consider, for instance, the function

t if +<0,
‘W)_{ log(t +1) if >0,

8 ie., for any R > 0,

sup  |Vu| < +4oo.
QN{zny <R}
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in the previous definition and observe that ¢ o g € G is uniformly continuous,
e’

hence ¢ o g € G). The same argument also proves that g(z;) = €' and

N—-1 1
J .
z1+ E =2 cos (x]

g(z) = e° " do belong to G(RM~1). Since this argument can be
iterated, we see that the class G(RY™!) contains smooth functions, bounded
from below, that are neither uniformly continuous nor coercive, and with
arbitrary large growth at infinity. Also note that, g; being convex, its epigraph
satisfies a uniform exterior cone condition.

(3b) Assume N > 2 and let g € C?(RY~!) be any positive function such that Vg €
L>*(RN™1), then /g is globally Lipschitz-continuous on RN~! (see Lemma [
in [Gla63| for N = 2). Therefore, we have g € G(RY~!). More generally,
any g € C*(RV¥~1), bounded from below and such that Vg € L®(RY"!) is a
member of the class G(RV~1).

For instance, the function g = g(z1,...,znx_1) = (z1)> + [1}5 sin(jz;) belongs
to G(RN™1) for any N > 3.

4. For N = 2, any continuous function g : R — R such that ¢/_ := lim,., - g(x) €
(—00,+00] and £y := lim, o g(z) € (—00,+00] belongs to G. Therefore, any
quasiconvex (resp. quasiconcave) continuous function bounded from below belongs
to G. In particular, any monotone continuous function bounded from below and any
convex functions bounded from below belongs to G.

5. Assume 2 < n < N and let g : R"! — R be a member of G. Then, the function
G : RNt — R defined by g(z1,...,25-1) = g(x1, ..., 2,_1) satisfies the compactness
property (P), as a function on RV~1. Therefore, § € G, as a function on RV~1.

In particular, for N > 2, the functions g(xy,...,2x) = €' and g(xy,...,75) =
e" — 4arctan(x;) — 2 belong to G, are bounded from below and their epigraphs
satisfy a uniform exterior cone condition.

6. Assume N > 2. Let ¢ € G and let T : R¥~! — R¥~! be a transformation of the form
T(z) = Az + b, where A an invertible real matrix and b € R¥~1. Then, goT € G.
In particular, this results applies when 7' is an isometry of RV~1,

7. Assume N > 2 and A > 0. Let g, € G be bounded from below. Then, A\g € G and
g+geg.
In particular, for N > 2, the function g(zy,...,rx) = z] + €* belongs to G, is
bounded from below and its epigraph satisfies a uniform exterior cone condition.

8. By combining items (1)-(7), one can easily build further examples of functions g¢
belonging to G in any dimension N > 2. In particular, one can construct members
of G bounded from below, that are neither uniformly continuous nor coercive, with
arbitrary large growth at infinity, and such that their epigraphs satisfy a uniform
exterior cone condition.

In view of the above discussions, we can now state the monotonicity results for con-
tinuous epigraphs defined by functions g belonging to the class G. Let us start with the
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extension of Theorem [0.1.6] and Corollary [0.1.1]

Theorem 0.1.15 (B-Farina-Sciunzi). Let N > 2 and let Q be an epigraph bounded from
below and defined by a function g € G. Assume f € Lip,,.([0, +00)) with
lim mff(tt) > 0. (0.1.5)

t—0t

(i) If u € C°(Q) N HL.(Q) is a distributional solution to (SPE) which is bounded and
uniformly continuous on finite strips.

Then u is strictly increasing in the xn-direction, i.e., 8‘1—’; > 0 in €.

If f is globally Lipschitz-continuous, the same conclusion holds true only under the sole
assumption that u is uniformly continuous on finite strips.

(ii) If u € C?(2) N C°(Q) is a classical solution of (SPE) such that Vu € L>(Q). Then u

is strictly increasing in the xy-direction, i.e., a‘%\] > 0 in €.

If we also assume that the epigraph satisfies a uniform exterior cone condition, then
we can prove the following extensions of Theorem [0.1.7] and Theorem [0.1.§

Theorem 0.1.16 (B.-Farina-Sciunzi). Let N > 2 and let ) be an epigraph defined by a
function g € G. Also suppose that Q) is bounded from below and satisfies a uniform exterior
cone condition.

(i) Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q)N HL (Q) be a distributional
solution to (SPE|) with at most exponential growth on finite strips. Then u is strictly
increasing in the xy-direction, i.e., 8‘1—7;] >0 in €.

(ii) Assume f € Lip,,.([0,+00)) with f(0) >0 and let u € C°(Q) N HL.(Q) be a distribu-
tional solution to (SPE|) which is bounded on finite strips. Then w is strictly increasing in
the xy-direction, i.e., % > 0 in €.

Note that Theorems [0.1.15] and [0.1.16] apply to the explicite examples of functions
g provided in the above items (1)-(7). They also recover the results in the very recent
preprint |[GMS24], where the monotonicity is proved for some classical solutions to
with f(t) =t and ¢ > 1E|

We would like to point out that in all the results we have described before, we have
always assumed the Lipschitz character of f (local or global), except for Theorem [0.1.14}
this assumption is sharp, as illustrated by the following example:

Example 0.1.1. Assume N > 2 and let Q be the half-space {x € RY : x5 > 0}.
The bounded function

(0.1.6)

()_ 1—(1‘]\/—1)4 if OSCL’NSL
)= 1 if oy > 1,

91t is immediate to see that any semicoercive and continuous function is bounded from below and
belongs to our class G (see items (5) and (6) above). This observation and Lemma A.2 in [GMS24] also
show that the convex epigraph case is covered by the techniques we have developed in section
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is a classical C? solution to (SPE), where f is given by the following non-increasing

function
12 if t<0,

fy=3 12¢/T—1 if 0<t<1, (0.1.7)
0 if ¢>1.

Note that f is globally Holder-continuous, but not locally Lipschitz-continuous on R
and that a%v =0in {(«/,zy) € RN, 2y > 1}.

Furthermore, since f is non-increasing, this example proves that the first conclusion of
Theorem [0.1.14] namely that u is non-decreasing, is sharp.

0.1.4 Some applications to classification and non-existence re-
sults

In this subsection, we apply our monotonicity results to prove some classification and
nonexistence results for the problem

—Au = f(u) in €,
u>0 in Q, (SPE+)
u=>0 on 02,

where, €2 is an epigraph bounded from below.

In this context, the first result that we quote is due to M.J. Esteban and P.L. Lions.
Indeed, in [EL82|, they prove the following:

Theorem 0.1.17 (Esteban-Lions). Let Q) be a smooth enough coercive epigraph and
[ € Lipi.([0, +00)) such that f(0) > 0. Assume that there exists a solution u € C*(2) to
(SPE-+) satisfying
lim u(x)=0.
e,
|x|—o0

Then u = 0.

Later on, A. Farina, in [Far07], provide a classification for solutions to the Lane-Emden
equation —Au = u” in a smooth coercive epigraph in any dimension.

Theorem 0.1.18 (Farina). Let 0 < a <1 and let Q2 be a C?“ coercive epigraph. Let
u € C%*(Q) be a solution to

—Au=uP in £,
u>0 in €, (0.1.8)
u=>0 on 0f).
with
1 <p< 4o if N <10,
_9)2_ VN=T .
L<p<pu(N) = EZ55055— if N > 1L
Then,

u=0 1n .
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If one further assumes that u is a bounded solution to ((0.1.8]) and

l<p<4oo  ifN<I1I,
1<p<pJL(N—1) if N > 12.

Then,
u=0.

This Theorem is the first classification result of possibly unbounded solutions to (|0.1.8|)
in a smooth epigraph.

In [DF22|, L. Dupaigne and A. Farina consider bounded solutions of (SPE+]) in locally
Lipschitz-continuous coercive epigraph where f is a positive function of class C! for
2 < N < 11. In this framework, they prove the following:

Theorem 0.1.19 (Dupaigne-Farina). Let () C RY denote a locally Lipschitz-continuous
coercive epigraph and u € C*(Q) N C°(Q) be a bounded solution of (SPEH).

Assume that f € C1([0,+00)), f(t) >0 fort >0 and 2 < N < 11. Then f(0) =0 and
u=0

Differently from Theorem of M.J Esteban and P.L Lions above, in Theorem
0.1.19, there is no assumption on the smoothness of (2. Nevertheless, Theorem [0.1.19
applies to C* nonlinearity f and in dimensions 2 < N < 11.

Theorem [0.1.19|applies to f(t) = tP, hence it recovers the second conclusion of Theorem
for N < 11.

To prove this Theorem, the authors use the boundedness and the monotonicity of
solutions to (SPE+)) (which comes from Theorem |0.1.12)) in order to ensures that the
function

v(zy, - N_1) = leLnim uw(x', xy)

is a classical stabld'’| solution to —Av = f(v) in RV~!. The conclusion of Theorem [0.1.19
follows from a Liouville-type result valid in the whole space up to dimension 10 (see
Theorem 1 in [DF22]).

In our first article (see chapter , thanks to our monotonicity results established for
epigraphs defined by a function g € G (see in subsection [0.1.3)), we are able to use
the same idea to prove the following result:

Theorem 0.1.20 (B.-Farina-Sciunzi). Let Q) be an epigraph defined by a function g € G.
Also suppose that §2 is bounded from below and satisfies a uniform exterior cone condition.

Let w € C°(Q) N HL.(Q) be a bounded distributional solution to (SPE+) Assume that
f € CY]0,400)), f(t) >0 fort >0 and 2 < N <11, then w =0 and f(0) = 0.

Othat is, for every ¢ € CLH(RN~1), we have

RCE Y R
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The previous theorem remains true even for N > 12, if we add an assumption about
the behaviour of f at the origin. In this case, the desired conclusion is obtained by making
use of some Liouville-type theorems for stable solutions established in |[Far07], [DEF'10] and
[Far15]. The desired results are the content of Theorem and Theorem below.

Theorem 0.1.21 (B.-Farina-Sciunzi). Assume N > 12 and let Q be an epigraph defined
by a function g € G. Also suppose that 2 is bounded from below and satisfies a uniform
exterior cone condition.

Let u € C°%Q) N HL.(Q) be a bounded distributional solution to (SPE+]) where f €

loc
CH([0, +00)) satisfies f(t) >0 fort > 0 and liminf,_q+ ft(f) > 0, for some s € [0, %—:g)
Then uw=0 and f(0) = 0.

Notice that Theorem [0.1.20[ and Theorem [0.1.21] immediately imply the following
non-existence result when f(0) > 0.

Corollary 0.1.4 (B.-Farina-Sciunzi). Assume N > 2 and let Q@ C RN be a uniformly
continuous epigraph bounded from below and satisfying a uniform exterior cone condition.
If f € CY([0, +00)) satisfies f(t) > 0 fort >0, then problem does not admit any
bounded distributional solution of class C°(Q) N HL ().

The next result concerns the following natural class of nonlinearities introduced in
[DF10]:
f € CH([0,400)) N C*((0,+00)),  f(0) =0,

f >0, nondecreasing and convez in (0, +00) (0.1.9)

!/ 2

s.t. lim,, o+ % ‘=qo € [07 +OO]

where, in the latter, we agree to set f({;)(;?zu) = o0 if f"(u) = 0.

Notice that, we necessarily have ¢y € [1,400] (see Lemma 1.4 in [DF10]).

The typical representative of this class is given by the function f(u) = w?, p > 1. In this
f(’; /)(;L)?u) = p%l and so qo coincides with the conjugate exponent of p. Consequently, if
we define py € [1, +00] as the conjugate exponent of ¢ by p% + qio = 1, we have that the
exponent pg can be considered as a "measure" of the flatness of f at the origin.

Other members of the preceding class are provided by the functions f,(u) = e* — >}, %7

where n > 1 is an integer. It is easily seen that qo(f,) = “ and so po(fn) =n + 1.

T on

case

Theorem 0.1.22 (B.-Farina-Sciunzi). Assume N > 12 and let Q2 be an epigraph defined
by a function g € G. Also suppose that ) is bounded from below and satisfies a uniform
exterior cone condition.

Let u € C°(Q) N HE.(Q) be a bounded distributional solution to (SPE-+)) where f satisfies
0.1.9).

Suppose that py, the conjugate exponent of qo, satisfies

1 <py < pJL<N — 1), (0110)
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where pyy, is the Joseph-Lundgren stability exponent given by

(N —2)2—4N +8/N —1
(N-2)(N—10)

pi(N) =

Then uw = 0.

Note that the preceding theorem applies to f(u) = u? if 1 <p < p; (N —1) and to f, if

Next we state the following immediate consequence of Theorem [0.1.13

Corollary 0.1.5 (B.-Farina-Sciunzi). When the epigraph § is coercive, the conclusion
of Theorems and Corollary[0.1.4) holds true under the sole assumption of
continuity of g, i.e., we do not need to require the uniform exterior cone condition for the
epigraph.

Corollary [0.1.5] recovers and completes Theorem [0.1.18]

We conclude this subsection with the following classification result for solutions of

(SPE+) that tend to zero at infinity.

Theorem 0.1.23 (B.-Farina-Sciunzi). Assume N > 2 and let Q2 be an epigraph defined
by a function g € G. Also suppose that € is bounded from below and satisfies a uniform
exterior cone condition.
Assume f € Lip,,.([0,+00)) and let u € C°(Q) N HL (Q) be a distributional solution to
(SPE4) such that

lim wu(x) =0. (0.1.11)

FASION
|z|—ro0

Then w =0 and f(0) = 0.
When the epigraph ) is coercive, the above conclusion holds true under the sole assumption
of continuity of g.

Note that, in the previous result, we make no assumptions on f (beside f € Lip,,.([0, +o0)))
or the boundedness of u.

The above result recovers and improves Theorem [0.1.17, where the conclusion has been
obtained for a smooth coercive epigraph.

0.2 New comparison principles in unbounded sets

Our new monotonicity results described in the previous section are based on the moving
plane method suitably adapted to the epigraph geometry. Let us explain this in more
detail.

If we consider a solution u to problem (SPE|), the moving plane method consists in
proving the following equality:

A={t>0: u<u in Xy, VO <0 <t} = (0,+00), (0.2.1)
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where ¥y = {x = (2/,zn) € Q, zn < 0} and up(z) = u(2’,20 — zy).

This means that, for any cap ¥;, t > 0, the solution u lies below u;, its reflection with
respect to the hyperplane of equation {zy = t}. It is easy to see that if is true,
then wu is non-decreasing in the xy— direction. Finally, the strict monotonicity of u follows
from the application of Hopf’s lemma.

In order to show ([0.2.1)), we first have to prove that A is not empty. When X, is
bounded, this is a consequence of a suitable application of the classical maximum principle.
In our situation, the cap ¥y might be unbounded (possibly disconnected and of infinite
measure) and u is not supposed to be bounded. To overcome these additional difficulties,
in our first article (see chapter [1]), we have proved some new comparison principles for
a large class of unbounded Euclidean subsets, that we call sets with good sections (see
subsection m below). In particular, these results generalize those already existing in
the special case of finite strips, which we recall below.

In [Far20|, A. Farina performs a new comparison principle for functions defined in
strips of the form RY~! x [a, b]. Indeed, he shows the following (see Theorem 2.1 in |[Far20]):
Theorem 0.2.1 (Farina).

1) Let N > 2, M > 0 and assume that f € Lip;.([0,+00)). Then there exists
e = ¢e(f,M) > 0 such that, for any (a,b) C R with 0 < b—a < € and any u,v €
C?*(RN™! x [a,b]) satisfying

—Au— f(u) < —Av— f(v) in RN x (a,b),
lul, |v] < M in RN=! x (a,b),
u<w on O(RN~! x (a,b)),

we have
u<v in RY7'x (a,b).

2) Let N > 2 and assume that f € Lip([0,+00)). Then there exists € = e(f) > 0 such
that, for any (a,b) C R with 0 < b —a < ¢ and any u,v € C*(RNV=! x [a,b]), with at most
polynomial growth at infinity and satisfying

{ —Au— f(u) < —Av— f(v) in R¥!x (a,b)
u<w on O(RN! x (a,b)),

we have
u<v in RN x (a,b).

3) Let N > 2 and assume that f € C°([0,+00)) is a non-increasing function. Then,
for any (a,b) C R and any u,v € C* (RN x [a,b]), with at most polynomial growth at
infinity and satisfying

{ —Au— f(u) < —Av— f(v) in R¥"!x (a,b)
u<w on O(RN! x (a,b)),

we have
u<v in RN x (a,b).
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In this context, H. Berestycki, L.A. Caffarelli and L. Nirenberg, in [BCN96|, describe
a maximum principle for 1inear operator and for functions with exponential growth
defined in strips:

Theorem 0.2.2 (Berestycki-Caffarelli-Nirenberg). In Q = RY~! x (a,b), suppose
w e WENQ) N COQ) is a function satisfying

—Aw+c(z,y)w <0 in Q, with|c| <7,
w <0 i 0fQ,

and
w < Ceulﬂﬁl7

for some positive constants v, C, and p. There is a constant 6, depending only on N,~y
and p, such that if
0<b—a<y,

then
w <0 in Q.

0.2.1 Sets with good sections
In this sub-section, we present the sets on which we establish our new comparison

principles.

Definition 0.2.1 (Sets with "good sections" in one direction). Assume N > 2. Let
Q2 be an open subset of R and let v be a unit vector of RY.

We denote by Rv the vector space spanned by the unit vector v and by {v}+ the orthogonal
complement of v in R,

(i) We shall say that € is locally bounded in the direction v if
VR >0 C,(R) = (B'(0/,R) x Rv)NQ is a bounded subset of RY.  (0.2.2)

Here B'(0', R) denotes the N — 1-dimensional open ball of radius R centered at the origin
0 of {v}t.

(ii) For every 2’ € {v}* let us define the set S¥, := ({2'} x Rv) N Q.

We shall say that (2 has bounded section in the direction v if

S,(Q):= sup L£(SY) < +oo, (0.2.3)

z'e{v}t
where £! denotes the 1-dimensional Lebesgue measure.

The positive number S, (€2) will be called the section of 2 in the direction v.

(iii) We shall say that 2 has good section in the direction v if it is locally
bounded in the direction v and if it also has bounded section in the direction v (that is, if

it satisfies both ((1.2.1)) and (1.2.2))).



24 Introduction

The class of sets defined above is very broad. Indeed, any open set contained in a
finite strip clearly has good section for a suitable direction, but we can also find more
sophisticated open sets not contained in strips like Q; = {(z,y) € R? : |z| — h(z) <y <
lz] +h(x)} U{(z,y) € R? : —|z|—h(z) <y < —|z|+h(z)}U{(z,y) € R? |y| < 1}, where
h(z) = sinh~' (e 1), (see Figure [4). This set is not contains in any affine half-space nor
any strips, besides it has infinite Lebesgue measure.

Y

Figure 4: €

We also note that conditions (i) and (ii) above are not equivalent. Indeed, if we consider
Qy = UnZI{(x,y) ER? :n<y< n+2%} and Q3 = {(z,y) € R? : 0 < y < 22}, then we
can prove that (25 has a bounded section in the direction ey (S,,(£22) = 1) but is not
bounded in direction e;. Conversely, the set 13 is locally bounded in the direction ey but
its section in never bounded since S& = 2.

0.2.2 New comparison principles

We are now ready to introduce our new comparison principles:

Theorem 0.2.3 (B.-Farina-Sciunzi). Assume N > 2. Let Q be an open subset of RY
and let v be a unit vector of RY.

(i) Assume that Q2 has good section in the direction v. Let f € Lip,,.(R), M > 0 and
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u,v € HL (Q)NC%Q) satisfying

—Au— f(u) < —-Av — f(v) in D'(Q),
lul, |v] < M in (0.2.4)
u<w on Of).

Then, there ezists € = e(f, M) > 0 such that
Su(Q)<e = u<wvinQ. (0.2.5)

(i) Assume that Q@ has good section in the direction v. Let f € C*(R) be a non-
increasing function, M > 0 and u,v € H. (Q) N C°(Q) satisfying

—Au— f(u) < —Av — f(v) in D'(Q),
lul, |[v] < M in ), (0.2.6)
u < on Of).

Then, u < v in €.

(7ii) Assume that Q) has bounded section in the direction v. Let f € Lip,,.(R), M >0
and u,v € Lip.(Q) satisfying

—Au— f(u) < —-Av— f(v) in D'(2),
ul, [v| < M imn Q,

\Vul, Vo] < M a.e. in €, (0-2.7)
u <o on 0f.
Then, there ezists € = (f, M) > 0 such that
S,(Q)<e = u<vin (0.2.8)

More generally, we have the following results:

Theorem 0.2.4 (B.-Farina-Siunzi). Assume v >0, § >0, N > 2 and let 2 be an open
subset of RN with good section in the direction ey, the last vector of the canonical base of
RY, such that

sup (/SeN |mN|2562”’|szxN> < +o00. (0.2.9)

z’'eRN-1 =

Let f = f1 + fa, with f1 € Lip(R) and fy : R +— R be a non-increasing function.
Let a >0 and u,v € H} (Q) N C°(Q) such that

—Au — f(u) < =Av— f(v) in D'(Q),
jul ol < alelPel T in @,
u<o on Of).

Then, there ezists € = e(Ly,,7v) > 0 such that
Sen(2) <e = u<wvin

Here, Ly, denotes the Lipschitz constant of f.
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The following remarks are in order:

(i) These Theorems recover and complete Theorems [0.2.1] and [0.2.2]

(ii) Any open set 2 included in a strip {z = (¢/,zy) € RY : a < zy < (8}, with
a, f € R, clearly satisfies the assumption ((0.2.9)) for every 7,0 > 0.

(iii) Notice that the preceding theorem applies to the set Q; (see figure (4))). Indeed, €,
satisfies the assumption (0.2.9) for any 6 > 0 and any v € [0,1/2]. .

The smallness assumption on the section of €2 is necessary for the validity of both
Theorem[0.2.3| (item (i) and item (z77)) and Theorem[0.2.4] Indeed, the functions u = sin(y)
and v = 0 satisfy —Au —u = 0 = —Av — v on the two-dimensional strip Q = {(z,y) €
R? : 0 <y <7} and u < v on 99, but the conclusion of the comparison principles fails.

When f is non-increasing on R, the comparison principle holds even without the
smallness assumption on the section of 2. More precisely we have the following

Theorem 0.2.5 (B.-Farina-Sciunzi). Assume N > 2 and let Q be an open subset of RY
bounded in the direction ey, the last vector of the canonical base of RN, Let f:R— R be
a non-increasing function and u,v € H} (Q) N C°(Q) such that

—Au— f(u) < =Av— f(v) in D(Q),
ul ol S alePer im0,
u<w on 051,

for some a >0, >0 and v € [0 ”).

7 4Se  (Q)ve—1
Then, u < wv in €.

That the growth assumption on u in Theorem[0.2.5]is necessary to ensure the comparison
principle is seen from the following classical example involving harmonic functions on
finite strips of R2, namely, when f = 0. It is well-known that, for any integer & > 1, the
function wuy(z,y) = X8 _,(e™* + ™) sin(ma) is harmonic on the strip Q = {(z,y) € R? :
0 <y < w} and vanishes on 0. Therefore, a restriction on the exponential growth must
be prescribed in order to get the desired results.

The proofs of these results is inspired from the proof of Theorem and rely on the
choice of good test functions and on a delicate application of a Lemma from [BFP24].

0.2.3 Applications of our new comparison principles
The role of our new comparison principles is twofold:

1) they are crucial for proving our new monotonicity results on epigraphs. They implies
that the moving plane method can be started regardless of the value of f(0) and for a
large class of unbounded domains. Specifically we have the following:

Corollary 0.2.1 (Starting the moving planes method). Assume N > 2. Let () be a
domain contained in the upper half-space Rf and also assume that ) satisfies property R,
that we recall below:
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R : € contains reflection (with respect to the hyperplane {xy = 0})
of all strips QN{zy <06}.

Let u be a distributional (resp. classical) solution to (SPE|). Suppose that one of the
following assumptions is in force :

(i) [ € Lip,,.([0,400)) and u is bounded on QN{xy < R};

(77) f € Lip(]0,+00)) (resp. a non-increasing function) and u has at most exponential
growth on QN {xy < R}.

Then there exists Ry € (0, R) such that QN {zy < Ro} # 0 and

ou ,
%>0 m Qﬂ{$N<R0}.

The above result extends the one proved in [Far20] for the special case of a half-space.

For sake of clarity (and simplicity) we have stated the above result in the case Q C Rﬂy .
Since the considered problem is invariant by isometry, it is clear that the same result holds
if 2 is contained in an affine open half-space H. In this case, the monotonicity will be
obtained with respect to v, the inner normal to H.

2) They allow us to prove some new results of uniqueness and symmetry for solutions
(possibly unbounded and sign- changing) to the homogeneous Dirichlet BVP for the
semilinear Poisson equation in fairly general unbounded domains.

Corollary 0.2.2 (B.-Farina-Sciunzi). Let Q and f be as in the statement of Theorem
(resp. Theorem or Theorem [0.2.5)). Then, the Dirichlet problem
{—Au = f(u) inD'(Q),

(0.2.10)
u=>0 on 0X,

has, at most, one solution u satisfying the regqularity and the growth conditions stated in

Theorem [0.2.5 (resp. Theorem or Theorem [0.2.5).

In particular, if f(0) =0, the function u = 0 is the only solution to the Dirichlet problem

(0.2.10).

The examples considered after Theorem [0.2.5], prove that the preceding result is no
longer true if either the assumptions on the size of €2 or those on the growth of u are not
met.

An immediate consequence of Corollary is the following general symmetry result
for solutions to the homogeneous Dirichlet problem ((0.2.10)).

Corollary 0.2.3 (B.-Farina-Sciunzi). Let Q, f be as in the statement of Corollary[0.2.9
and assume that the Dirichlet problem

—Au=f(u) inD(Q), (0.2.11)
w=0 on 082, B
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has a solution u satisfying the reqularity and the growth conditions stated in Corollary[0.2.3

Let p be an isometry of RN, N > 2. If Q is invariant with respect to p, i.e., ) satisfies
p(Q) = Q, then the solution u inherits the same symmetry, namely, u(z) = u(p(x)) for
any x € Q.

Let us illustrate the above result on the torsion problem for an infinite solid bar. Let
us start with the case of an infinite solid straight bar with spherical cross section. That is,
the study of the solutions to the problem

(0.2.12)
u=20 on 0,

{—Au =K inD'(Q),
where Q = Qg := RV"K x BE where 1 < K < N is an integer, and B denotes the
open ball of R¥ centered at the origin and of radius R > 0.

Since Qk g is invariant with respect to any translation in the variables x4, ..., 2ny_k
and also to any rotation in the variables xny_g.1, ..., 2N, Corollary ( applied with
the non-increasing function f = K.) tell us that the unique solution u of , with
subexponential growth at infinity, must be independent of x1,...,xy_g and radially
symmetric in the variables xn_gy1,...,2y. It is therefore easy to check that the function

R? — (2% .. 2
u(x) = (xN—K+21 +...+ $N)’ v € Qn

is the only solution to the problem (|0.2.12]) with subexponential growth at infinity.

The previous analysis extends to general infinite solid bars (not necessarily straight).
For instance, it applies to the following examples :

1) Q=RN"% x w, where 1 < K < N is an integer and w is an open bounded subset of
RE. In this case, the unique solution u of (0.2.12]) with subexponential growth at infinity,
depends only on the variables xn_g11,...,TnN.

2) Q= {(z1,22) € R? : —p(x1) < 29 < p(x1)}, where p : R — (0, +00) is a bounded
continuous function. In this case the solution v must be symmetric with respect to the
line x5 = 0.

3) Qis a domain of revolution of R¥ N > 3 ie., Q = {x ERN a3+ .. . +2% < gp(azl)},
where ¢ : R — (0,400) is a bounded continuous function. Here, v must have the form

u=u(zy,\/25+ ...+ 2%).

Also observe that, if ¢ is T-periodic, with T" > 0, then the solution u is T-periodic in
the z; variable.

It is clear that the above discussions and results also hold true for general non linear
function f satisfying the assumptions of Corollary [0.2.3]
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0.3 Flattening results for the Serrin’s overdetermined
problem (SOP) in epigraphs

Thanks to our new monotonicity results, we are able to provide new information
concerning the shape of (2 and the behavior of solution to the Serrin’s overdetermined

problem (SOP)), i.e. to the problem
—Au= f(u) in

u>0 in Q,

u=20 on OS2, (SOP)
@ =c¢=const. on Of2.
on

In particular, in this section, we focus on Conjecture D in epigraphs. In the following
subsections, we first present existing the works concerning this topic and then we introduce
our new results.

0.3.1 Serrin’s overdetermined problem with Allen-Cahn type
non-linearity

In this subsection, we consider problem (SOP)) where f is an Allen-Cahn type function
(see Definition [0.1.1)). In this framework, H. Berestycki, L.A. Caffarelli and L. Nirenberg,
in their article [BCN97b| prove the following result:

Theorem 0.3.1 (Berestycki-Caffarelli-Nirenberg). Let f be an Allen-Cahn type
function (see (0.1.1])). Let g : RN"! — R be a globally-Lipschitz continuous function of
class C? satisfying the following condition:

for any T € RV lim glx+71)—g(x)=0 (0.3.1)

T€RN 1 |z]—00

and let ) be its epigraph. If there exists a bounded solution u to problem (SOP|), then Q is

an upper half-space and u is symmetric and monotone.

This gives a partial answer to Conjecture D. Indeed, since problem (SOP) is invariant
by euclidean isometries, all the natural solutions of (SOP)) corresponding to the affine
functions g(z) = a-x + b, a # 0, are ruled out by the additional condition on ¢ at infinity.

The theorem above holds in any dimension, nevertheless the proof is crucially based
on the fact that f is an Allen-Cahn type function, as well as on the on the additional

condition (0.3.1]) on the epigraph at infinity.

In 2010, A. Farina and E. Valdinoci [FV10] introduced a new geometric tool that
allowed them to prove Conjecture D without any additional condition on g, but under the
dimensional constraint N < 3

Theorem 0.3.2 (Farina-Valdinoci). Let N = 2,3 and let Q be an epigraph of RN with
C3 and globally Lipschitz-continuous boundary. Let u € C*(Q) N L>®(Q) be a solution of
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(ISOP)) where f is an Allen-Cahn type function.
Then, we have that Q@ = RY up to isometry and that there exists ug : (0,400) — (0, 4+00)
in such a way that

w(zy, -+ ,xn) =uo(zy)  for any (zq, - ,xN) € RJJ\:.

Subsequently, the new geometric tool introduced in [FV10] has been used to study
Serrin’s overdetermined problem on general domains of a Riemannian manifold (see

[FMV13)).

In general, we cannot expect to prove Conjecture D in any dimension, since in [PPW15],
M. Del Pino, F. Pacard and J. Wei build a smooth epigraph €2 (which is not an affine
half-space) such that, if N > 9, the overdetermined problem admits a smooth,
bounded and monotone solution. Moreover, the authors of [PPW15] noticed that the
epigraph they built is not globally Lipschitz-continuous.

In [WW19], K. Wang and J. Wei investigate Conjecture D, where f is a specified
Allen-Cahn-type non-linearity, that is, whenf satisfies the following definition:

Definition 0.3.1. A function f is a specified Allen-Cahn-type non-linearity if the function

W(t) = /Olf(s)ds—/otf(s)ds, £>0,

belongs in C%(]0, +00)) and satisfies the following conditions :
Wl) W >0, W(1)=0 and W >0 in [0,1);
w2) W’ < 0in (0,1), and either W’(0) # 0 or

W'(0)=0 and W"(0) # 0;

W3) 362 € (0,1), 3k > 0 such that W” > k in [ds, 1];
w4) dp > 1,3¢ > 0 such that W'(t) > ¢(t — 1) for t > 1.

The typical representative of the class defined above is provided by f(t) =t — t3, the

Allen-Cahn nonlinearity. In this case, we have that W (t) = A= We also note that, a
specified Allen-Cahn-type non-linearity is a particular case of an Allen-Cahn type function

(see (0.L1)).

For this type of functions, in [WW19], K. Wang and J. Wei prove Conjecture D under
various assumptions on the epigraph €). Specifically, they prove the following result:

Theorem 0.3.3 (Wang-Wei). Assume N > 2 and let f be a specified Allen-Cahn type
nonlinearity. Let g be a sufficiently smooth globally Lipschitz-continuous function and let
Q be its epigraph. If Serrin’s overdetermined problem has a solution, then ) must
be a half-space and u is symmetric.
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This theorem holds true in any dimension. It also confirms that the epigraph previously
constructed by M. Del Pino, F. Pacard and J. Wei in dimension N > 9 cannot be globally
Lipschitz-continuous.

The authors of [WW19] also prove Conjecture D in dimension N < 8, when Q is a
smooth epigraph, not necessarily globally Lipschitz-continuous, but imposing that the
considered solution u is monotone.

Theorem 0.3.4 (Wang-Wei). Let [ be a specified Allen-Cahn type nonlinearity. Let
be a sufficiently smooth epigraph and let u € C?*(Q) be a solution of (SOP)) such that,

ou
— >0 in .
. > in

If N <8, then Q is a half space and there exists ug : [0, +00) — [0, +00) such that, after
a translation, u(x) = ug(x - €) for some unit vector e.

We are now ready to state our results. In our second article (see chapter [2)), we also es-
tablish new flattening results for specified Allen-Cahn non-linearities. Specifically, we prove:

Theorem 0.3.5 (B.-Farina). Assume N > 2 and let f € C([0,+00)) be a specified
Allen-Cahn type non-linearity. Let u € C*(Q) N C%(Q) be a solution to (SOP)) satisfying

ou

—_— Q. 3.2
axN(x) >0 Vo € (0.3.2)

Let Q C RY be an epigraph defined by a function g € CLRN™Y) and, if N > 9 let us also
assume that g satisfies :

a) 3C >0 for which
g(a') > —-C(1+12|) V2’ eRVY

or

b) 3C > 0 for which
gla)y <C1+|2) Vi’ eRV

Then, Q = RY up to isometry and there exists ug : [0, +00) — [0, +00) strictly increasing
such that

u(x) = up(ry) vz € RY.

The following remarks are in order :

(i) In the above Theorem we do not assume that u is bounded. Indeed, this property
is automatically satisfied by any solution to (SPE|) on general domains, possibly
unbounded, when f is a specified Allen-Cahn type non-linearity. See Corollary
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(i) When N < 8, the above Theorem recovers Theorem discussed above. We also
notice that, when g is globally Lipschitz-continuous, the monotonicity assumption
is automatically satisfied in any dimension N > 2 thanks to item (i) and
Theorem[0.1.5 Since the Lipschitz character of g implies the validity of the additional
condition a) (actually also b)), we see that the above Theorem also recovers Theorem
. When g is coercive, the monotonicity assumption ((0.3.2)) is automatically
satisfied in any dimension N > 2 thanks to Theorem of M.J Esteban and
P.L. Lions and, since the additional condition a) is clearly in force, we see that also
Theorem 1.3 in [WW19] is a particular case of Theorem above.

(iii) The additional assumptions for N > 9 have the following geometrical interpretation:
either RV \ © contains a cone or € contains a cone (or equivalenty, either the graph
of g lies above the graph of a cone or the graph of g lies below the graph of a cone).

(iv) The above remarks also show that the epigraph constructed by M. Del Pino, F. Pacard
and J. Wei in [PPW15] does not contain a cone (and neither does its complementary)
and therefore that this epigraph is neither globally Lipschitz-continuous (as already
observed in [PPW15]), nor contained in an affine half-space.

If we further assume that €2 is a smooth enough epigraph bounded from below, then
the monotonicity condition ((0.3.2]) is automatically satisfied, thanks to our Theorem [0.1.16|
Hence, we have the following result:

Theorem 0.3.6 (B.-Farina). Assume N > 2 and let Q) be an epigraph bounded from
below and defined by a function g € G N CHRN1).

Let f € CY([0,+00)) be a specified Allen-Cahn type non-linearity and let u € C1(Q)NC?(Q)
be a solution to .

Then, Q@ = RY up to a vertical translation and there exists ug : [0,4+00) — [0, +00) strictly
increasing such that

u(z) = up(zN) vz € RY.

Therefore, Theorem proves Conjecture D for a broad family of continuous
epigraphs bounded from below, not necessarily globally Lipschitz-continuous, when f is a
specified Allen-Cahn type function. A natural question is whether the same result can be
obtained for a more general function f.

0.3.2 Serrin’s overdetermined problem with general non-linearity

In the mathematical literature, there are few results concerning problem (SOP|) and
Conjecture D, when f is a general locally Lipschitz-continuous function.

In this respect, in [RRS17|, A. Ros, D. Ruiz and P. Sicbaldi solve Conjecture D in
dimension N = 2 for smooth enough epigraphs, precisely they show the following result:

Theorem 0.3.7 (Ros-Ruiz-Sicbaldi). Let g : R — R be a function of class C* and
let Q2 be its epigraph. Assume that there exists a bounded solution to problem (SOP)) for
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some locally Lipschitz-continuous function f :[0,+00) — R. Then Q is a half-plane and u
depends only on one variable.

The theorem describe in [RRS17] is more general, since it applies to domains 2 of class
O such that 99 is unbounded and connected.

In all the results presented above, as well as in Conjecture D, the solutions of the
problem are always assumed to be bounded (and this fact was important for carrying out
the proofs.) A first rigidity result concerning unbounded solutions of the problem (SOP)
was provided in [F'V10]|. The necessity to consider also unbounded solutions to Serrin’s
overdetermined problem comes from the fact that, for some natural functions
f, the only solutions to are unbounded. This is well illustrated by the case of
harmonic functions, that is when f = 0. In this case, there might be no bounded solution
to (SOP), whereas the function u(x) = z is a positive unbounded harmonic function on
the half-space RY, with zero Dirichlet boundary condition. In [FV10], authors establish
a rigidity result for possibly unbounded solutions to in dimension 2, indeed they
show the following theorem:

Theorem 0.3.8 (Farina-Valdinoci). Let g : R — R be a function of class C* and 2 be
its epigraph. Let [ be a locally Lipschitz-continuous function and u € C*() be a solution
of (SOP)), with |Vu| € L*(R2). Assume that u satisfies the following condition:

ou

— >0 in Q.
D2y i

Then, 2 must be a half-plane, and there exist w € S* and ug : R — (0, +00) in such a way
that w is normal to 02 and u(x) = ug(w - ) for any x € Q.

To prove their theorem, A. Farina and E. Valdinoci developed a new geometric approach
for problem (SOP)) that allow them to obtain a rigidity result for domains €2 which are
connected and of class C? (not necessarily epigraphs).

We are now ready to introduce our contributions about problem for a general
function f. They have been obtained in our second article (see chapter [2)), where we
proved new flattening and symmetry results for possibly unbounded solutions of in
epigraphs bounded from below in dimensions N < 3.

The proofs of the following results are obtained by combining the geometric approach
developed in [FV10] and our new monotonicity results described in the first section (see

01).

Let us begin with a rigidity result for bounded solutions to the overdetermined problem
(SOP)) in a globally Lipschitz-continuous epigraph bounded from below of R3:

Theorem 0.3.9 (B.-Farina). Let Q C R? be a globally Lipschitz-continuous epigraph
bounded from below and with boundary of class C3.
Let u € C*'(2) N C*(S2) be a bounded solution to (SOP)), where f € C'([0,400)) satisfies
f(0) >0 and

F(supu) = sup F(t), (0.3.3)

te[0,sup u)
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here F' denotes the primitive of f vanishing at 0.

Then, Q = R up to a vertical translation and there ezists ug : [0, +00) — (0, +00) strictly
increasing such that

u(r) = up(z3) Vo € R3.

Note that the assumption ((0.3.3)) is natural and somehow necessary. Indeed, if Conjec-
ture (D) is true, i.e., if  is an affine half-space, then the Unique Continuation Principle
(see Theorem 1 in [F'V13]) ensures that the solution u must be one-dimensional. Next, a
standard analysis of the first integral gives that F(supu) > F(t), for any t € [0,supu),

thus confirming the validity of (0.3.3]).

We observe that condition (0.3.3)) is clearly satisfied when:
(a) f(t) >0, for any ¢ > 0,

(b) there exist ¢ > 0, such that f(t) > 0 for any ¢ € [0,¢] and f(¢t) < 0 for any
t € [(,+00).

We also note that, for N = 2, the conclusion of Theorem remains valid without

condition (0.3.3]), even for unbounded solutions to (SOP)). Actually, a more general result
is true. This is discussed in the following theorem.

Theorem 0.3.10 (B.-Farina). Let Q C R? be a globally Lipschitz-continuous epigraph
bounded from below and with boundary of class C3 and let u € C1(Q)NC?(Q) be a solution
to (SOPJ|). Assume that one of the following hypotheses holds true:

f € Lip,,.([0,400)), f(0) >0 and Vu € L*=(Q); (H1)

f € Lipye([0,+00)),  f(0) 20, I¢>0: f(t) <0 in [, +00),

(H2)
Jae€0,1) :  u(z) =0(|z]*) as |z| — oc;
f € Lip([0,400)), f(0)>0, I¢>0: f(t)>0 in [(,+0o0),

(H3)
u(z) = o(In|zl), as |z] — oc;
f € Lip([0,+00)),  f(0) =0, [f(t)<0 in (0,+00),

(H4)

u(z) = o(jz]In? |z]),  as || — oo

Then, Q = R% up to a vertical translation and there ezists ug : [0, +00) — (0, +00) strictly
increasing such that

u(r) = ug(w2) Vo € RE.

We also establish a rigidity result for possibly unbounded solutions of (SOP)) in dimen-

sion 3.
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Theorem 0.3.11 (B.-Farina). Let Q C R? be a globally Lipschitz-continuous epigraph
bounded from below and with boundary of class C? and let u € C1(Q) N C?(Q) be a solution
to (SOP|). Assume that one of the following assumptions holds true:

f e Lip([0,+00)),  f(t) =0 forany >0,
(A1)

u(z) = o(In|z|), as |r] — oc;
f & Lip([0,+00)), 3¢=0: f(t) 20 on [0,¢] and f(t) <0 on [(,+00),

Jdae0,1) :  wu(z) =0(|z]*) as |z| — oo
(A2)
Then, Q = R? up to a vertical translation and there exists ug : [0, +00) — (0, +00) strictly
increasing such that

u(x) = up(z3) Vo € R3.

To the best of our knowledge, this is the first rigidity result for possibly unbounded
solutions to (SOP)) in epigraphs included in R?® and with natural general assumptions on

I3

Proofs of these Theorems are crucially based on the following result, which follows from
the use of the Poincaré-type formula and a detailed analysis of the level sets of solutions

(see [FV10])):

Theorem 0.3.12 (B.-Farina). Assume N = 2,3 and let Q@ C RY be a domain of class
C3. Let f € Lip,,.([0,400)) and let u € C*(Q) be a solution to (SOP)) such that

/B( . |Vu* = o(R*In R) as R — oo. (0.3.4)
0,R)N
If u is monotone, i.e.,
0
87“(1;) >0 VreQ, (0.3.5)
N

then, Q = RY up to isometry and there exists ug : [0, +00) — (0, 400) strictly increasing
such that
u(r) = up(ry) Vo e REY.

Note that this theorem remains true in any dimension, however energy condition ((0.3.4))
is less natural (and more difficult to be satisfied) in dimensions higher than three.

Thanks to our new monotonicity result (see Theorem [0.1.1]) established in a sufficiently
smooth epigraph bounded from below, and with ¢ # 0, Theorems [0.3.9} [0.3.10] and [0.3.11]
are still true, even if f(0) < 0. More precisely we have:

Theorem 0.3.13 (B.-Farina). Let ) C R? be a globally Lipschitz-continuous epigraph
bounded from below and defined by a function g € C3(R) N C(R).
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Let u € CY(Q) N C?(Q) be a solution to (SOP) with ¢ # 0 and assume that one of the
following hypotheses holds true:

f € Lip,,.([0,+00)), f(0) < 0 and Vu € L>(Q); (H1)

f € Lipe([0,+00)),  f(0) <0, I(>0: f(t) <0 in [(, +00), )
H2
Jdae[0,1) ¢ u(z)=0(|z|*) as |x| — oc;

Then, Q@ =R up to a vertical translation and there exists ug : [0, +00) — (0, 4+00)
strictly increasing such that

u(r) = up(ze) Vo € RZ.

Theorem 0.3.14 (B.-Farina). Let Q C R? be a globally Lipschitz-continuous epigraph
bounded from below and defined by a function g € C3(R?) N C*'(R?).

Let w € C1(Q) N C?(Q) be a bounded solution to (SOP)) with ¢ # 0.

Let f € CY([0,+00)) be such that f(0) <0 and

F(supu) = sup F(t).

t€[0,sup u]

Then, Q = R up to a vertical translation and there ezists ug : [0, +00) — (0, +00) strictly
increasing such that

u(r) = ug(xs) Vo e R3.

0.4 Classification results for solutions to semilinear
Poisson equation in the half-space

In this section, we present a classification of possibly unbounded solutions to the
following problem:
—Au= f(u) in RY,
u>0 in RY, (SPE+)
u=20 on ORY,

where f is a locally Lipschitz-continuous function on [0, +00).

As in the previous sections, we first present the existing works concerning this problem,
and then, we introduce our new results on this topic. These results are contained in our
third article (see chapter [3)).

Studying and classifying solutions to problem (SPE+|) is natural for various reasons:

(i) the half-space is the simplest unbounded domain with an unbounded boundary in
which one can study the Dirichlet problem for the semilinear Poisson equation.
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(ii) Problem (SPE+) arises as a limit problem, after a blow-up procedure near the
boundary, either when one wants to derive a priori estimates for positive solutions
to some subcritical semilinear uniformly elliptic BVPs on smooth bounded domains
(|[GS81a]), or when one studies uniqueness results for classical solutions to the singular
perturbation problem

—&*Av = f(v) in Q, v>0 in ©Q ov=0 on 09, (0.4.1)

where () is a smooth and bounded domain, f is a suitable smooth function and ¢ is
a small and positive parameter (see for instance [Ang85] and [Dan09]).

Notice that, when f(0) < 0, even if solutions v considered in ((0.4.1]) are positive, given
the absence of the strong maximum principle, the solution u of (SPE+| obtained
after the scaling procedure is "only" non-negative in RY.

This motivates the choice to consider the non-negative solutions of (SPE+)) (and
not only the positive ones).

Finally, the need to also consider unbounded solutions to (SPE+) is well illustrated by
the case of harmonic functions, that is when f = 0. In this case, it is well-known that all

the solutions to (SPE+|) are given by u(x) = axy, a > 0.

The first result concerning the complete classification of the solutions to (SPE+|) with
f # 0 was obtained by Gidas and Spruck in 1981. It concerns the function f(u) = u? and
it was motivated by the the first situation described in item (ii) above.

Theorem 0.4.1 (Gidas-Spruck). Assume N > 2 and let p be any real number satisfying
1l<p< % The only classical solution to
—Au=uP in Rf ,
uw>0 in RY,
u=20 on ORY,
isu=0.
The proof in |[GS81a] makes use of the moving spheres method. In 1993, Berestycki,
Caffarelli and Nirenberg ([BCN93]) observed that the proof in |GS81a] actually yields the
following result

Theorem 0.4.2 (Berestycki-Caffarelli-Nirenberg). Let u € C*(RY) be a solution of
(SPE-+) where f € Lipo.([0,+00)). If any of the two following conditions holds:

(i) N=2and f >0,
(it) N >3 and f satisfies
f@)

t— F(N+2)/(N-2)

is nonincreasing on (0, +00). (0.4.2)

Then, either u = 0, or there exists a function ug : [0, +00) — [0,400) such that

u(z) = up(zN) for any v € RY (0.4.3)
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and ug > 0, uy > 0 on (0, +00).

Solutions of the form (0.4.3]), that is, solutions depending only on the variable x, are
called one-dimensional since they inherit the symmetry of the underlying domain Rf .
Clearly, the profile uq solves the one-dimensional problem

(e

Note that we necessarily have f(0) > 0 in the above Theorem [0.4.2] Recently, the
following results about the one-dimensional symmetry of the solutions to (SPE+) have
been obtained. They also cover the case in which f(0) < 0.

Theorem 0.4.3 (Farina-Sciunzi). Let u € C?(R%) be a solution of (SPEL)) where
f € Lipi([0,400)). Then,

(i) if f(0) >0, then either w =0, or u is positive on R and strictly increasing in the
direction orthogonal to the boundary, i.e., 687“2 >0 on Ri;

(i) if f(0) <0, then either u >0 and 8‘9—;‘2 >0 onR2, or
u(zx) = up(zs) for any x € R%
for a unique, periodic function ug : [0, +00) — [0, +00);
(i) if for some p > 1,
lim 2\ ¢ (0, 400), (0.4.5)
then u is bounded and one-dimensionall]

(iv) if f € CY([0,4+00)) with f(0) < 0 and f'(t) > a > 0 for any t > 0, then u is
one-dimensional and periodic.

Theorem 0.4.4 (Cortézar-Elgueta-Garcia-Melidn). Assume N > 2. The only
classical solution to
—Au=u—1 1in Rf,
u>0 in RY,
u=>0 on ORY,
is the function

u(x) =1 —cos(zy) for any x € RY.

The case N = 2 in Theorem is due to [F'S16] (just apply item (iv) of Theorem
with f(u) =u — 1), while the case N > 3 is proven in [CEG16].

It is interesting to note that the one-dimensional symmetry results in the four theorems
above were obtained without any additional assumption on the non-negative solutions u.

" more precisely, u(x) = ug(a2) for any z € RZ and for some bounded function ug : [0, +00) — [0, +00)

solving (0.4.4)). Moreover, either ug is periodic (possibly identically equal to zero) or, ug > 0 and uj > 0
on (0, +00).



Introduction 39

It therefore seems natural to seek to broaden the class of functions f guaranteeing that
the only classical solutions, bounded or not, to (SPE+|) are necessarily one-dimensional.
On the other hand, such a one-dimensional symmetry result is not true for every locally
Lipschitz-continuous function f, as shown by the function u(z) = zye™*', which solves
(SPE-+) with f(u) = —u and N > 2. Hence, the following two research lines naturally
emerge :

(1) provide general natural conditions on f guaranteeing that the only classical solutions,
bounded or not, to (SPE+|) are necessarily one-dimensional,

(2) supply sufficiently general assumptions on classical solutions to ensuring
their one-dimensional symmetry (either independently of the considered function
f € Lipoe([0, +00)), or for an appropriate subclass of locally Lipschitz-continuous
functions).

The new results presented in this section are devoted to both lines of research. Before
stating our results, let us review those that exist in the literature and that relate to
research line (2) above.

With regard to the second line of research, various additional hypotheses on u have
been considered in the literature in order to establish one-dimensional symmetry of w.
They mainly concern the growth conditions of u or its qualitative or spectral properties,
such as monotonicity, stability and/or the Morse index. These conditions are natural,
as they are generally satisfied by the solutions that appear in applications and by those
constructed using variational or topological methods. In this regard, we present below the
main contributions found in the literature. We shall describe them in ascending order of
generality. Let us begin with the case of bounded solutions (see [BCN97a]).

Theorem 0.4.5 (Berestycki-Caffarelli-Nirenberg). Assume N = 2 or 3. Let u €

C2(RY) be a positive and bounded solution to (SPE+) where f € Lipi.([0, +00)).
If N = 2, u is one-dimensional and strictly increasing. If N = 3 the same conclusion
holds, if one assumes in addition that f(0) > 0 and that f is C*.

More recently, by combining Theorem |0.4.3 above and a geometric tool introduced in
[FV10], the authors of [FS16] improved the result of Theorem [0.4.5]in the two-dimensional
case. Indeed, the authors of |[FS16] prove the one-dimensional symmetry for any non-
negative solution and assuming only that v has a bounded gradient. More precisely,

Theorem 0.4.6 (Farina-Sciunzi). Let u € C*(R2) be a solution to (SPEL)) where
f € Lipi([0,400)). If u has bounded gradient, then it is one-dimensional.

Recall that, bounded solutions of have bounded gradient, but the converse is
not true, as shown by the (one-dimensional) harmonic function u(z) = xy. Furthermore,
Theorem [0.4.6] also covers the case of one-dimensional periodic solutions which, given the
homogeneous Dirichlet condition, must necessarily vanish somewhere in R? E

To conclude on the case of bounded solutions of (SPE+|) we mention the two following

12This fact is well illustrated by the explicit example discussed in Theorem M
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results. The first one deals with convex functions f with f(0) = 0, while the second one
applies, among other things, to any non-negative function f (see |[CLZ14] and [DF22]).

Theorem 0.4.7 (Chen-Lin-Zou). Assume N > 2 and let f € C'([0, +00))NC?((0, +0))
with f(0) =0 and f” > 0. The only bounded classical solution to (SPE+) is u = 0.

As an immediate consequence of Theorem one has

Corollary 0.4.1 (Chen-Lin-Zou). Assume N > 2 and let p > 1. The only bounded

classical solution to
—Au=u" in RY,
u>0 m Rf ,
u=>0 on 8Rf ,

s u=0.

Corollary was first proven for 1 < p < (N +1)/(N —3)" in [Dan92|, and then

for any 1 < p < py(N) in [Far07], where p;, is the Joseph-Lundgren stability exponent

‘ oy -
given by pyL(N) = (N(]\QZ)—Z)%]NV——ng)gT

Theorem 0.4.8 (Dupaigne-Farina). Let u € 02(@) be a bounded solution of (SPE-+]).
Assume f € CY([0,+00)) and

1. either f(t) >0 fort >0,
2. or there exists z > 0 such that f(t) >0 fort € [0,z] and f(t) <0 fort > z.
If2 < N < 11, then either u = 0, or u is positive, one-dimensional and strictly increasing.

To continue, recall that a solution to (SPE+) that is either strictly monotone in the
direction x or a local minimizer is automatically stable, which means that it additionally
satisfies

L 196 = £ > 0, (0-46)

for all ¢ € CHRY) (here we have supposed f € C).

Also, we shall say that u is stable outside a compact K C RY if the integral inequality
holds for any ¢ € C}H(RY \ K). Clearly, the stability implies the stability outside
a compact set (actually, any finite Morse index solution to is stable outside a
compact set of RY).

As for these classes of solutions to (SPE+]), we have (see [DSS22])

Theorem 0.4.9 (Dupaigne-Sirakov-Souplet). Assume N > 2. Let f € C*(]0,+00)) N
C?((0,+00)) be non-negative and convex function, with f(0) =0 and f # 0.

Let u be a classical solution of which is monotone in the xx direction, i.e. such
that % >0 on RY. Then, u=0.

In particular, w = 0 is the only classical solution to (SPE-+) which is bounded on finite

strips[T

13 When f(0) > 0, any positive solution to (SPE+]), which is also bounded on finite strips, is strictly
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As an immediate consequence of Theorem one has

Corollary 0.4.2 (Dupaigne-Souplet-Sirakov). Assume N > 2 and let p > 1. Let u be
a classical solution of
—Au=uP in ]Rf ,
u>0 in RY, (0.4.7)
u=>0 on ORY,

which is monotone in the xy direction. Then, u = 0.
In particular, uw = 0 is the only classical solution to (0.4.7) which is bounded on finite
strips.

Corollary recovers and improves upon Corollary above.
Very recently, Corollary has been improved in the work [DFP23|. Specifically,

Theorem 0.4.10 (Dupaigne-Farina-Petitt). Assume N > 2 and let p > 1. The only
classical solution to
—Au = [uPtu in RY,
u=20 on ORY,

which is stable outside a compact set of Rﬁ is u = 0.

Note that Theorem [0.4.10] holds for sign-changing solutions. It was first proven in
Far07] for all N < 10 and, if N > 10, for 1 < p < py(N) = (N_Q)Q:4N+f N1 the
(N—2)(N—10)
Joseph-Lundgren stability exponent.

We are now ready to present our results. The first theorem provides a contribution to
the first line of research above. It recovers and improves upon the result stated in item (iii)
of the previous Theorem It only requires that f behave at least linearly at infinity,

i.e., that f satisfy (0.4.8]) below.

Theorem 0.4.11 (B.-Farina). Let u € C?(R%) be a solution of (SPE+]) where f €
Lipie([0, +00)) satisfies

lim inf fit) > 0. (0.4.8)

t—+o00

Then there exists a bounded function ug : [0,+00) — [0,400) such that
u(z) = ug(z2) for any x € R%.

Moreover, either ug is periodic (possibly identically equal to zero) or, ug > 0 and uj > 0
on (0, +00).

Next we state our results concerning the second line of research above. Let us begin
with the case of solutions monotone in the z direction.

monotone in the zy direction (see Theorem 3.1 of [Far20]).
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Theorem 0.4.12 (B.-Farina). Assume 2 < N < 9 and let u € C*(RY) be a solution
of (SPE+) such that % > 0 on RY. Assume that f € C*([0,4+0)) is a non-negative
function satisfying
t
lim inf fi) > 0. (0.4.9)

t——+o0

Then, either w = 0, or there exists a bounded function ug : [0,+00) — [0,400) such that
u(z) = up(zy) for any x € RY

and uy > 0, uy > 0 on (0, +00).
Moreover, if f(t) > 0 for any t > 0, then necessarily u =0 in RY and f(0) = 0.

Although subject to a dimensional restriction, the previous result extends Theorem
to all non-negative functions f under the sole assumption that f behave at least
linearly at inﬁnity.ﬂ It would be interesting to know whether this result still holds for
N > 9.

If we further assume that f is convex or that f has at most polynomial growth, the
conclusions of Theorem [0.4.12) remain valid up to dimension N = 10. Specifically,

Theorem 0.4.13 (B.-Farina). Assume 2 < N < 10 and let u € C*(RY) be a solution
of such that a%, > 0 on RY. Assume that f € C*([0,+00)) is a non-negative,
convex function satisfying

ft)

t——+o0

Then, either w = 0, or there exists a bounded function ug : [0, +00) — [0,400) such that
u(z) = up(zy) for any x € RY

and uy > 0, uy > 0 on (0, +00).
Moreover, if f(0) =0, then necessarily u =0 in RY.

Unlike Theorem [0.4.7], the function f in Theorem [0.4.13|is not necessarily non-decreasing.
For instance, Theorem [0.4.13| applies to f(t) = |t — 1|P, p > 1.

We also note that, if we drop the assumption (0.4.10), then the full conclusion of
Theorem [0.4.13] would no longer be valid. Indeed, when f(t) = ¢!, which is positive and
convex, the unbounded and monotone function u(z) = In (1 + zx) solves (SPE+)) for any
N > 2.

This observation also applies to Theorem [0.4.12| above and to the following theorem.

Theorem 0.4.14 (B.-Farina). Assume 2 < N < 10 and let u € C*(RY) be a solution
of such that a%v > 0 on RY. Assume that f € C*([0,4+)) is a non-negative
function satisfying

ft) f(t)

l%ggrlglof — > 0, htril-fip 0 < +00, (0.4.11)

14 Note that, the convex function f in Theorem necessarily satisfies the assumption ((0.4.9).
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for some 6 > 1.
Then, either u = 0, or there ezists a bounded function ug : [0, +00) — [0, +00) such that

u(z) = up(zN) for any v € RY

and ug > 0, uy > 0 on (0, +00).
Moreover, if f(t) > 0 for any t > 0, then necessarily u =0 in RY and f(0) = 0.

As an immediate consequence of previous three theorems we can treat the case of
solutions that are bounded on finite strips.

Corollary 0.4.3 (B.-Farina). Let N, f be as in the statement of Theorem (resp.
Theorem or Theorem (0.4.14]) and let u be a classical solution of (SPE+|) which is

bounded on finite strips.

Then, the conclusions of Theorem (resp. Theorem or Theorem |0.4.14)) still

hold true.

The viewpoint we adopoted to prove the previous theorems can also be applied to
both stable solutions and stable solutions outside a compact. Below we present the
Liouville-type theorems corresponding to these two classes of solutions.

Theorem 0.4.15 (B.-Farina). Assume 2 < N < 4 and let u € C*(RY) be a stable
solution of (SPE+)) where f € C1([0,+00)) is a non-negative and non-decreasing function

satisfying
lim @ = +4o00. (0.4.12)

t—+oo
Then, u=0 in RY and f(0) = f'(0) =0

In the next result we replace the superlinearity condition (0.4.12)) on f with a growth
assumption on the solution w.

Theorem 0.4.16 (B.-Farina). Assume 2 < N < 4 and let u € C*(RY) be a stable
solution of where f € C'([0,+00)) is a non-negative, non-decreasing function
with f #0. If

u(z) = O(|$|% In'/?|z|) as |x| — 400, (0.4.13)

then, u=0 in RY and f(0) = f'(0) = 0.
The following two results deal with solutions which are stable outside a compact set of

RY.

Theorem 0.4.17 (B.-Farina). Assume 2 < N < 9 and let u € C*(RY) be a solution
of (SPE+) which is stable outside a compact set of RY. Let f € C*([0,+00)) be a non-

negative, convez function with f(0) =0 and f # 0.
Then, v =0 in RY and f'(0) = 0.

Theorem 0.4.18 (B.-Farina). Assume 2 < N < 10 and let u € CQ(@) be a solution
of (SPE+)) which is stable outside a compact set of RY, where f € C([0,+00)) is a
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non-negative and non-decreasing function satisfying

- f() . f(t)
tggloo = +o00, htrilfllop o < +00. (0.4.14)

for some 6 > 1.
Then, u =0 in RY and f(0) = f'(0) = 0.

In the case of monotone solutions, the flexibility of our approach allows us to extend
some of the previous results to the case of differential inequalities, even without imposing
any boundary conditions. More precisely, we have

Theorem 0.4.19 (B.-Farina). Assume N = 2,3 and let u € C*(RY) be a solution of

—Au > f(u) in RY,

u >0 in RY, (0.4.15)
Q>0 in RY,
TN

where f € C°([0,+00)) satisfies f(t) > 0 for any t > 0 and

lim inf @ > 0.
t—+oo

Then, u =0 in RY and f(0) = 0.

In particular, for N = 2,3 and for any p > 1, the only non-negative and monotone
solution to —Au > u? in Rf is the function identically zero.

We also note that the result above is sharp. Indeed, the function u(2’,zy) =

c(1 + \x’|2)_ﬁ satisfies —Au > u? and 2% = 0 in RY, when N > 4, p > =1 and
oxr N +

N-3
¢ > 0 is small enough. Nevertheless, we have the following sharp Liouville-type result.

Theorem 0.4.20 (B.-Farina). Assume N > 2, let p > 1 be a real number and let
u € C*(RY) be a solution of

—Au>uP in Rﬂf,

u>0 in RY, (0.4.16)
Qv >0 in RY,
TN
If1<p < p(N), where
o[ 400 if N=23,
p(N) { Nol o N >4 (0.4.17)

then, u =0 in RY.

If we restrict ourselves to solutions of the non-linear Poisson equation on ]RJI , but still
without imposing boundary conditions, the classification results above can be extended to
dimension N > 4. This is the content of the following two theorems.
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Theorem 0.4.21 (B.-Farina). Assume 2 < N <9 and let u € C*(RY) be a solution of

—Au= f(u) in RY,

u>0 in RY, (0.4.18)
>0 in RY,
N

where f € C'([0,+00)) satisfies f(t) > 0 for any t > 0 and

lim inf f(tt) > 0. (0.4.19)

t—+00
Then, either u =0 in RY, or there exists a function ug : RNt — (0, +00) such that
u(z) = uo(1, ..., tN_1) for any x € Rf.

If we further assume (0.4.11)), the above conclusion holds true even in dimension N = 10.

In the case of the Lane-Emden equation —Awu = uP, the above result can be improved
as follows

Theorem 0.4.22 (B.-Farina). Assume N > 2 and let u € C*(RY) be a solution of

—Au=u? in RY,

u>0 in RY, (0.4.20)
>0 in RY.
TN

If N =23, thenu=0 in Rf; while for N > 4 we have:
(i) if 1 <p< i, thenu=0inRY;
(it) if p= 375, then either u = 0 in RY or

N-3

u(z) = (a +blz’ — zp|*)" "= for any x = (2/,zy) € RY, (0.4.21)
for a,b > 0 satisfying 1 = ab(N — 1)(N — 3) and any x, € RN~L;

(1) if %—f; <p<ps(N—1), where pj,(N) = (N(_f])j;)%xf?o“)if_l is the Joseph-Lundgren
stability exponent, then

either u =0 in RY, or there exists a function ug : RN™1 — (0, +00) such that

w(x) = uo(z') for any x = (2',xy) € RY,

When N > 4, for any % < p < psr(IN—1), there exists a positive solution to (0.4.20))

depending only on the first N — 1 variables.m Also note that, the positive solutions in
items (7i) and (éi7) are unstable (see Theorem 5 and Remark 4 of [Far07]). Finally observe

15 For any N > 3 and p > {42 positive radial solutions to —Au = u? in RY always exist (see for

instance [GS81b|,[JL73|). If ug is such a function in dimension N — 1, then the function u(x) = ug(z’),
z = (2/,zy) € RY, provides the desired example.
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that, for N < 11, the result above provides the complete classification of the solutions to

(10.4.20) for any p > 1.

In the remainder of this manuscript, the reader will find a summary of this thesis in
French, followed by the chapters , and , which respectively contain the article [BFS25],
[BF25b] and [BF25a]. In these chapters, the reader will find not only the results set out in
this introduction, but also other new results, together with their detailed proofs.



Perspectives

During this thesis, we have highlighted new geometric properties concerning possibly
unbounded solutions of the following problem:

—Au= f(u) in €
u>0 in €, (SPE)
u=>0 on 02,

where f : R — R is a (locally or globally) Lipschitz-continuous function and Q c RY
(N > 2) is an unbounded open set.

Thanks to our new comparison principles and the moving plane method adapted to
the geometry of our domains, we proved new monotonicity results in various unbounded
domains contained in a half-space.

These new results allowed us to obtain new classification results for possibly unbounded
and non negative solutions to (SPE]) in the half-space RY with N < 10. We also studied

solutions to the Serrin’s overdetermined problem:

—Au= f(u) in €

u >0 in €,

u=70 on 0f), (SOP)
a—u = c¢=const. on OS2,
an

in epigraphs bounded from below in all dimensions and provided partial answers to the
following conjecture:

Conjecture D. If f is a globally Lipschitz-continuous function and the overdetermined
problem (SOP|) admits a smooth and bounded solution on a smooth epigraph 2, then 2
must be an affine half-space.

There are still open questions and conjectures, and we have compiled a non-exhaustive
list of these here:

1) In Theorem in subsection [0.1.2) we assumes that ¢ # 0. Is theorem true if

¢ =07

47
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2) In section , we proved symmetry results for possibly unbounded non negative
solutions to (SPE|) in Rf for N < 10. Can we prove symmetry results for possibly
unbounded solutions to (SPE]) in RY, in in dimensions higher than 107

3) Conjecture A and Conjecture D, as well as questions ((0.1.1]), remain open in dimensions
higher than 3.

In view of our work, it seems interesting to know whether the tools we have developed
can be used to study other open problems in mathematical literature, such as the following
two conjectures:

In 1978, E. De Giorgi formulated his famous conjecture (see [De 78|):

De Giorgi’s conjecture. Let u be a bounded solution of the equation
—Au=u—u®inRY,
such that a%‘v > 0 in RN. Then u is one dimensional, at least if N < 8.

In 1998, N. Ghoussoub and C. Gui (see [GGI8]) solved De Giorgi conjecture in dimension
2 and, in 2000, L. Ambrosio and X. Cabré, in [AC00| proved De Giorgi’s conjecture in
dimension 3. For N < 4, the original conjecture is still open.

In [Sav09], O. Savin proves De Giorgi conjecture for 4 < N < 8, under the additional
assumption
lei_)nioo u(x' zy) = +1.

The second conjecture is due to E.N Dancer, who proposed the following stable solution
conjecture (see [Danl0]):

Dancer’s conjecture. Assume N <7 and let u be a bounded stable solution to
~Au = f(u) in RY,

where f is a function of class C'. Then u is one dimensional.

In [Dan10|, E.N. Dancer originally states this conjecture for N < 8. Nevertheless, when
N > 8, F. Pacard and J. Wei (see [PW13]) have build a bounded stable solution of the
Allen-Cahn equation whose level sets are not hyperplanes. In view of this counterexample,
Dancer’s conjecture is now open only for N < 7.



Résumé en Francais

Dans ce manuscrit, on étudie les propriétés des solutions de 1’équation de Poisson
semi-linéaire suivante:

—Au = f(u) dans €,
u>0 dans €, (SPE)
u=0 sur  0f),

ol f: R+ R est une fonction (localement ou globalement) Lipschitzienne et  C RY est
un ensemble ouvert non borné (N > 2).

Ce probleme, récurrent dans la littérature mathématique, est a l'origine de plusieurs
conjectures et problemes ouverts.

Dans une série d’articles (voir [BCN93|, [BCN96|, [BCN97a], [BCN97b]) H. Berestycki,
L.A. Caffarelli et L. Nirenberg mettent en évidence de nombreuses propriétés géométriques
des solutions du probléme (SPE]) et ont conjecturé plusieurs résultats.

Dans [BCN97a], ils s’intéressent aux solutions bornées de (SPE|) dans le demi-espace
RY :={(a/,zn) € RN, zy > 0} et démontrent le résultat suivant:

Théoréme 0.4.1 (Berestycki-Caffarelli-Nirenberg). Dans le demi-espace, Q = RY,
avec N = 2 ou 3, soit u une solution bornée de . Si N = 2, alors u est symétrique
(i.e. w=wu(zy)). Si N =3, alors la conclusion reste vraie, si on suppose que f(0) > 0 et
que f est de classe C*.

Afin de prouver ce théoréme, les auteurs montrent que f(supu) = 0 et, appliquent
ensuite le théoréme suivant (voir [BCN93)):

Théoréme 0.4.2 (Berestycki-Caffarelli-Nirenberg). Soit u € C*(RY) une solution
bornée de dans le demi-espace, avec f une fonction localement Lipschitzienne qui
satisfait:

f(supu) <0.

Alors u est strictement croissante dans la direction xx (i.e, % > 0 dans RY) et u dépend
seulement de la variable xy et f(supu) = 0.

Au vu de ces résultats, H. Berestycki, L.A. Caffarelli et L. Nirenberg sont amenés a
faire la conjecture suivante:

49
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Conjecture A. S'il existe une solution bornée u de (SPE|) avec {2 = ]Rf alors f(supu) =0
et (en appliquant le résultat|0.4.2) u est symétrique et monotone dans la direction xy (i.e,

A cet égard, A. Farina et E. Valdinoci, dans [FV10], prouvent un résultat de symétrie
unidimensionnelle pour des solutions bornées de (SPE]) dans Rf , avec N < 5 et pour des
fonctions f € C*(]0, +00)) satisfaisant I'une des assertions suivantes:

(a) f(t) >0, pour tout t > 0,
(b) I existe ¢ > 0, tel que f(t) > 0 pour tout ¢ € [0,(] et f(t) < 0 pour tout t € [(, +00).

L. Dupaigne et A. Farina ([DF22]) ont étendu ce résultat jusqu’a la dimension 11 (voir
le théoreme [0.8.8). En exploitant (a) et (b), les auteurs prouvent que f(supu) = 0 (et
donc la conjecture A), et concluent alors en appliquant le théoréme ci-dessus.

Dans [BCN97al, les auteurs testent la conjecture A en prenant f(u) = u — 1 et ils
remarquent que dans ce cas la conjecture est fausse. En effet, ils observent que s’il existe
une solution u de (SPE]) avec Q = RY et f(u) =u — 1 alors supu > 2, or f(t) > 0 pour
tout t > 2. Ceci les conduit a formuler la conjecture suivante:

Conjecture B. Il n’existe pas de solution bornée au probléme suivant:

—Au=u—1 dans Rf,
u >0 dans RY, (0.4.22)
u=20 sur  ORY.

Dans [BCN97a], H. Berestycki, L.A. Caffarelli et L. Nirenberg démontrent cette conjec-
ture en dimension 2 et 3 (voir Proposition 1.6 dans [BCN97a]). En 2016, dans [CEG16],
C. Cortéazar, M. Elgueta et J. Garcia-Melidn résolvent completement la conjecture B.
Précisément, les auteurs démontrent le résultat suivant:

Théoréme 0.4.3 (Cortézar-Elgueta-Garcid-Melian). Supposons N > 2. L’unique
solution, potentiellement non bornée, du probleme

—Au=u—1 dans ]Rf,
u>0 dans ]R_]X ,
u=>0 sur  ORY,

est la fonction
u(r) =1—cos(zy) pour tout v € RY.

Ce résultat a d’abord été démontré par A. Farina et B. Sciunzi en dimension 2 (voir
[F'S16].

Le résultat ci-dessus suggere que les solutions positives au probleme de Dirichlet
homogene pour les équations de Poisson semi-linéaires doivent également étre prises en
compte. Pour cette raison, dans cette these, nous étudions également des solutions positives
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et éventuellement non bornées au probleme suivant (voir la sous-section et la section
0.3):
—Au = f(u) dans Q,
u>0 dans €2, (SPE+)
u=20 sur  OSL.

Jusqu’a présent les résultats et conjectures énoncés le sont dans le demi-espace et
une question naturelle se pose: Que ce se passe t-il lorsque la géométrie de 2 est plus
compleze?

Une généralisation naturelle du demi-espace est donnée par le cas d’'une épigraphe,
c’est-a-dire ou € a la forme suivante:

Q= {(2,2n) € RN, 2y > g(2')}, (0.4.23)
ot g : RV=! = R est une fonction continue.

Pour de tels domaines, M.J. Esteban and P.L. Lions, dans leur article [EL82], prouvent le
résultat de monotonie suivant:

Théoréme 0.4.4 (Esteban-Lions). Soit g : R¥=1 — R une fonction régulicre et coercive,
c’est-a-dire, qui satisfait
lim g(z') = +o0, (0.4.24)
|z’ | =400
et ) son épigraphe (voir ) Siu € C*Q) est une solution de (SPE) avec f €
Lipe([0, +00)) et £(0) > 0, alors

ﬁ >0 dans S).
8:1:N

C’est le premier résultat de monotonie établit dans un épigraphe, et la question est de
savoir si le théoréeme reste vrai quand 1’épigraphe €2 n’est plus supposé coercif et/ou
quand f(0) < 0. Dans ce manuscrit, on s’intéresse également a cette question.

Afin de répondre a une question de R.L. Fosdick concernant la mécanique des fluides,
J. Serrin est amené, dans son article fondateur publié en 1971 [Ser71|, & considérer les
solutions régulieres et bornées du probleme sur-déterminé suivant:

—Au = f(u) dans €,

u >0 dans €2,

u=0 sur 09, (SOP)
@ =c¢=const. sur  0f),
an

ou {2 est un domaine lisse et borné et n désigne le vecteur unitaire normal a 92 et f
est une fonction Lipschitzienne. Concernant ce probléme, J. Serrin prouve son célebre
résultat:
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Théoréme 0.4.5 (Serrin). Soit Q un domaine bornée de classe C*. Supposons qu’il
existe une fonction u € C%(Q) satisfaisant . Alors € est une boule et u a la forme
suivante:

b2 _ |ZE|2

ule) =

ot b est le rayon de la boule et |z| désigne la distance au centre de la boule.

Afin de prouver ce résultat, J. Serrin utilise, pour la premiere fois, la méthode des
hyperplans mobiles ("moving plane method" en anglais). Cette méthode est basée sur un
principe de réflexion de A. D. Alexandrov (voir [Ale62]).

Dans [BCN97b|, H. Berestycki, L.A. Caffarelli et L. Nirenberg s’intéressent au probléme
dans le cas cas ou {2 est un épigraphe régulier (voir et f est une fonction de
type Allen-Cahn. Les auteurs emploient la méthode du glissement ("sliding method" en
anglais) afin de prouver le résultat de rigidité suivant:

Théoréme 0.4.6 (Berestycki-Caffarelli-Nirenberg). Soit [ une fonction de type
Allen-Cahn. Soit g : RN=1 — R une fonction de classe C? qui satisfait la condition
sutvante:

Pour tout 7 € RN™! lim gx+71)—g(x) =0, (0.4.25)
z€RN -1 |z|]—00
et Q son épigraphe. S’il existe une solution bornée u au probléme (SOP)) alors €2 est un
demi-espace et u est symétrique et monotone.

A 1a suite de ce résultat, les auteurs formulent la question suivante:

Conjecture C. Supposons que € est un domaine lisse tel que Q° (le complémentaire de )
est connexe et qu’il existe une solution bornée de (SOP)) ou f est une fonction localement
Lipschitzienne. Alors Q2 est soit un demi-espace, soit une boule, soit le complémentaire
d’une boule ou d’un cylindre de la forme R? x B avec B une boule.

Cette question est connue sous le nom de "Conjecture de Berestycki-Caffarelli-Nirenberg".
Motivés par le théoreme [0.4.6 nous abordons la conjecture C dans le cas particulier ou {2
est un épigraphe, ce qui conduit a la variante de la conjecture D suivante :

Conjecture D. Si f est une fonction globalement Lipschitzienne et si le probléme sur-
déterminé (SOP)) posséde une solution réguliére et bornée définie sur un épigraphe réqulier
Q, alors 2 doit étre un demi-espace affine.

Toutes ces conjectures nous ont poussées a étudier les propriétés qualitatives et
géométriques des solutions de dans des domaines non-bornés variés. Dans le
reste de cette introduction, on présente de maniere unifiée, les résultats obtenus durant
cette theése que 'on compare avec les résultats existant dans la littérature. Tout ces

résultats sont contenus dans 3 articles de recherche qui sont respectivement 1'objet des
chapitres [1] [2] et [3] (voir [BFS25], [BF25b], [BF254]).

Les prochaines sections s’organisent comme suit:
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1)

Dans la premiere section (voir , on introduit nos nouveaux résultats de monotonie.
Dans la premiere sous-section, on décrit les résultats de monotonie pour des solutions
potentiellement non bornées de dans des épigraphes minorés et pour des
fonctions f localement ou globalement Lipschitzienne satisfaisant f(0) > 0 (voir
la sous-section . La seconde sous-section est dédiée a la présentation de nos
résultats de monotonie sans restriction sur le signe de f(0) (voir la sous-section [0.5.2)).
Dans ce cadre, les résultats sont établis pour des solutions, potentiellement non
bornées de (SPE]) ou (SOP)) dans des domaines non bornés variés. Dans la troisieme
sous-section, on présente des extensions de nos résultats de monotonie a une vaste
classe d’épigraphes continus, minorés (voir la sous-section . La démonstration
de tous ces résultats repose sur de nouveaux principes de comparaison dans des
domaines non bornés. Nous présenterons et décrirons ces nouveaux principes dans
la deuxiéme section ci-dessous. Finalement, dans le derniere sous-section, on donne
les premieres applications de nos résultats de monotonie sur la classification des
solutions bornées de dans des épigraphes minorés et en toutes dimensions
(voir la sous-section [0.5.4).

Dans la section nous établissons de nouveaux principes de comparaison (voir la
sous-section pour une grande classe de sous-ensembles euclidiens non bornés,
que nous appelons ensembles avec des bonnes sections (voir la Sous—section. Ces
principes de comparaison servent a initialiser et a compléter une version modifiée de
la méthode des hyperplans mobiles, adaptée a la géométrie de I’épigraphe €2. Ceci est
crucial pour démontrer nos résultats de monotonie décrits dans la premiere section.
Enfin, nos nouveaux principes de comparaison nous permettent de prouver quelques
nouveaux résultats d'unicité et de symétrie pour des solutions, éventuellement non
bornées et pouvant changer de signe, au probleme de Dirichlet homogene pour
I'équation de Poisson semi-linéaire dans des domaines non bornés généraux (voir la

sous-section [0.6.3]).

Dans la troisieme section (voir , nous démontrons la validité de la conjecture D
dans plusieurs cas. Plus précisément, nous considérons le probleme sur-déterminé
de Serrin pour une famille de non-linéarités spécifiques de type Allen-Cahn.
Dans ce cadre, nous démontrons la validité de la conjecture D en toute dimension
N > 2, pour toute solution de et pour une grande classe d’épigraphes minorés
(voir la sous-section . Enfin, nous considérons les solutions de dans des
épigraphes réguliers et minorés ou f est une fonction localement ou globalement
Lipschitzienne. Dans ce cadre, nous prouvons la conjecture D avec N < 3, pour des
solutions u éventuellement non bornées (voir la sous-section [0.7.2).

La derniére section (voir section est consacrée a la présentation de nouveaux
résultats de classification pour les solutions potentiellement non bornées de (SPE-+)
dans le demi-espace. Nos résultats ont été obtenus en suivant les deux axes de
recherche ci-dessous :

(I) fournir des conditions naturelles générales sur f garantissant que les seules
solutions classiques, bornées ou non, de (SPE+{) sont nécessairement unidimen-
sionnelles.
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(IT) Fournir des hypotheses suffisamment générales sur les solutions classiques de
(SPE+| garantissant leurs symétries unidimensionnelles.

0.5 Reésultats de monotonie dans des domaines non
bornés

Dans cette section, nous présentons nos nouveaux résultats de monotonie pour les
solutions (bornées ou non) de définies dans des domaines non bornés inclus dans un
demi-espace, ainsi que pour des non-linéarités (localement ou globalement) Lipschitziennes.
En particulier, nous nous intéressons au cas ou €2 est un épigraphe minoré, c’est-a-dire,

Q:={(2,vy) €RY, zy > g(2)},
ol g : RV~ — R est une fonction continue et minorée.

On rappelle que, lorsque f(0) > 0, le principe du maximum affirme qu’une solution
de dans tout domaine ) est soit identiquement égale a zéro, soit strictement
positive et que cette propriété n’est plus vraie lorsque f(0) < 0 (voir 'exemple donné
par f(u) = u— 1 et le théoréme [0.4.3)). Au vu de cette observation, nous avons décidé,
dans cette section, de présenter d’abord les résultats dans le cas f(0) > 0, et ensuite ceux
valables quel que soit le signe de f(0). Le cas f(0) > 0 est discuté dans la sous-section
[0.5.] tandis que les résultats de monotonie qui sont valables quel que soit le signe de f(0)
sont situés dans la sous-section ((0.5.2)).

La sous-section est consacrée a présenter quelques extensions de nos résultats de
monotonie a une large classe d’épigraphes minorés.

Enfin, dans la derni¢re sous-section (voir sous-section [0.5.4]), nous décrivons une
premiere application de nos nouveaux résultats de monotonie. Il s’agit de la classification
des solutions bornées de (SPE+|) dans des épigraphes minorés.

Dans chaque sous-section, nous présentons d’abord les résultats existants dans la
littérature mathématique, puis nos nouveaux résultats sur la monotonie.

0.5.1 Résultats de monotonie lorsque f(0) > 0

Le cas ou f(0) > 0 est le plus étudié dans la littérature mathématique. Le premier
résultat a cet égard est dit & E.N. Dancer ([Dan92]). Dans cet article, 'auteur étudie
le probleme dans le demi-espace et, grace a la méthode des hyperplans mobiles,
démontre le théoreme suivant:

Théoréme 0.5.1 (Dancer). Supposons que f est de classe C*, avec f(0) > 0 ou f(0) =0

et f'(0) > 0. Soit u € C*(RY) une solution bornée de (SPE) dans le demi-espace. Alors

%(:p)>03ix€Rf.

Quelques années plus tard, H. Berestycki, L.A. Caffarelli et L. Nirenberg, dans [BCN97a],
démontrent le résultat suivant (voir corollaire 1.3 dans [BCN97a]):
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Théoréme 0.5.2 (Berestycki-Caffarelli-Nirenberg). Dans le demi-espace Q = RY,
supposons que u est une solution de (SPE|) ou f est une fonction globalement Lipschitzienne
avec f(0) > 0. Alors, la fonction u satisfait

ﬂ >0 dans (.
8xN

Ce résultat s’applique aux solutions potentiellement non bornées de avec
f£(0) > 0, et recouvre le théoreme . Cependant, les auteurs supposent que f est une
fonction globalement lipschitzienne. Par conséquent, le théoréme [0.5.2] ne s’applique pas
aux fonctions telles que f(t) = t? (p > 1) ou f(t) =t — t3 (qui donnent respectivement
I’équation de Lane-Emden et I’équation d’Allen-Cahn). De ce fait, les mémes auteurs,
dans [BCN96|, soulevent la question suivante:

Probléme ouvert 0.5.1. La conclusion du théoreme ((0.5.2)) est-elle toujours valable pour
les solutions non bornées de (SPE|) dans le cas ou f est localement Lipschitzienne?

La preuve du théoreme [0.5.2 repose sur la méthode des hyperplans mobiles. Pour
démarrer cette procédure, les auteurs utilisent un de leurs résultats établis dans [BCN96),
ou ils démontrent que les solutions positives de dans Rﬁ ont une croissance
exponentielle sur des bandes finies m Ils utilisent notamment le caractere lipschitzien de

1.

Dans [Far20], A. Farina considere également le probleme (SPE|) dans le demi-espace ol
f est localement Lipschitzienne et donne, ainsi, une premiere réponse au probleme ouvert
(0.5.1). En effet, il démontre le résultat suivant:

Théoréme 0.5.3 (Farina). Soient N > 2, Q =RY, f € Lipy,([0, +00)) avec f(0) >0 et
soit u € C*(RY) une solution de (SPE). Supposons que u est bornée sur les bandes finies
RYN=1 x [0,t], pour tout t > 0, c’est-a-dire,

vt >0, 3C(t) > 0 tel que 0 <u < C(t) dans RV x [0,1].

Alors u est strictement croissante dans la direction xy, i.€, a%v > 0 dans Rf.

Ce résultat s’applique a toutes les fonctions localement lipschitziennes tel que f(t) =
t —t% ou f(t) = tP, mais il demande que u soit bornée sur des bandes finies.

Tous les résultats ci-dessus sont démontrés en exploitant de maniere cruciale le fait
que = Rﬂ . Il semble donc intéressant de savoir ce qui se passe lorsque €2 est un domaine
non borné différent de RY.

Dans ce contexte, les résultats sont peu nombreux et le premier résultat en ce sens est
dt a M.J. Esteban et P.L. Lions qui, en 1982, se sont intéressés au probleme (SPE|) dans

16

i.e. u satisfait la propriété suivante: pour tout b > 0, il existe o, 8 > 0 dépendant de b, tel que

u(x,y) < aefl®l pour tout (z,y) € RV71 % [0,b].
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un domaine non borné particulier (voir [EL82]).

Théoréme 0.5.4 (Esteban-Lions). Soit Q2 un domaine régulier satisfaisant les conditions
suivantes:

(i) Six=(x1, - ,xn) € Qalors y = (y1,--- ,yn) € Q, pour tout yy > =,
(ii) m = inf{xy| il exviste ¥’ € RN tel que x = (2, zy) € Q} > —o0,
(7ii) pour tout A > 0, l'ensemble X(\) := {z € Q|xzn < A} est borné .
Siu € C?(Q) est une solution de (SPE) avec f € Lipiye([0, +00)) et f(0) >0, alors

ﬁ >0 dans €.
al‘N

I1 est facile de voir que si §2 est un épigraphe coercif, alors les hypotheses (i), (i7) et
(7i7) sont satisfaites.

Plus tard, dans [BCN97b|, H. Berestycki, L.A. Caffarelli et L. Nirenberg traitent du
probleme (SPE|) dans un épigraphe globalement Lipschitzien régulier ou f est une fonction
de type Allen-Cahn, c’est-a-dire :

Définition 0.5.1. f : [0, +00) — R est une fonction de type Allen-Cahn si f est localement
Lipschitzienne et satisfait les assertions suivantes:

Jpu > 09 >0 >0 :
()  f>0 dans (0,pu), f <0 dans [u,+00), (0.5.1)
(IT)  f(t) > 6t pour tout t € (0,4y), f est décroissante dans (dg, ).

Le prototype de fonction satisfaisant la définition précédente est f(t) =t — ¢, qui
donne I'équation d’Allen-Cahn —Au = u — u?® (voir [ACT79]), d’ott le nom de "fonction de
type Allen-Cahn". Pour de telles fonctions, les auteurs démontrent le théoreme suivant:

Théoréme 0.5.5 (Berestycki-Caffarelli-Nirenberg). Soit 2 un épigraphe globalement
Lipschitzien et f : [0,+00) — R une fonction de type Allen-Cahn. Siu € C*(Q2) N C°(Q)
est une solution bornée de (SPE), alors u est strictement croissante dans la direction xy,
c’est-a-dire,

87u >0 dans €.
al’N

Ce résultat s’applique a tout épigraphe globalement Lipschitzien, cependant la preuve
est basée de maniere cruciale sur la forme de f, qui est de type Allen-Cahn ainsi que sur
le caractére borné de wu.

Pour prouver ce résultat, les auteurs utilisent la méthode du glissement ("sliding
method" en Anglais) (voir le lemme 3.1 dans [BCN97b]) qui consiste & montrer que si
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deux fonctions v et z sont ordonnées dans une boule B telle que B est contenue dans €2 et
qu’elles vérifient les propriétés suivantes:

—Au > f(u) dans Q,

—Az < f(z) ouz>0dans B,
z<u dans B,
2 <0 sur 0B.

Alors, pour toute famille continue de mouvements euclidiens & un parametre Lc’est—ém—dire
de translations et de rotations) A(t) pour 0 <t < T avec A(0) = Id et A(t)B C D pour
tout ¢, nous avons pour tout t € [0, 7] :

z(x) = 2(A(t)'2) < u(z) dans B, := A(t)B.

Nous sommes maintenant en mesure d’énoncer nos nouveaux résultats de monotonie
obtenus pour des épigraphes minorés et pour des fonctions f localement ou globalement
Lipschitziennes. Commencons par le cas des épigraphes uniformément continus:

Théoréme 0.5.6 (B.-Farina-Sciunzi). Soit 2 un épigraphe uniformément continu et
minoré. Supposons f € Lip,,.([0,+00)) avec
t

lim inf & > 0,

t—0+ ¢
et soit u € C°(Q) N HE () une solution distributionnelle de (SPE|) qui est bornée et
uniformément continue sur des bandes finies'!| Alors u est strictement croissante dans la
direction xy, c’est-a-dire que a%v > 0 dans €2
Si f est globalement Lipschitzienne, la méme conclusion est vraie sous la seule hypotheése
que u est uniformément continue sur des bandes finies.

Les épigraphes considérés sont tres généraux, par exemple si 'on prend 1’épigraphe
d’une fonction de Weierstrass, c’est-a-dire un épigraphe défini par

oo

Goa(2) =D b7 cos(bma),
n=1
ot b > 1 est un entier et « € (0, 1), alors notre résultat est vrai pour une solution de (SPE])
définie dans cet épigraphe, car g, est une fonction uniformément continue, bornée, mais
nulle part différentiable (voir [Harl6]) donc elle n’est méme pas localement Lipschitzienne.

La preuve du théoréme [0.5.6| repose en partie sur la méthode des hyperplans mobiles
adaptée aux épigraphes. Pour initialiser cette méthode, nous devons exiger que les
épigraphes soient minorés.

Si nous supposons en outre que 1’épigraphe satisfait une hypothese de régularité (voir la
définition ((0.5.2))), nous pouvons prouver le résultat de monotonie pour toutes fonctions f

17¢’est-a-dire, pour tout R > 0, u est bornée et uniformément continue sur la bande Q N {xx < R}
18 es solutions distributionnelles continues de —Au = f(u) dans  appartiennent & C?(£2), selon la

théorie elliptique standard.
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(localement ou globalement) Lipschitziennes satisfaisant f(0) > 0 (et cela en affaiblissant
également les hypotheses sur u).

Théoréme 0.5.7 (B.-Farina-Sciunzi). Soit Q2 un épigraphe uniformément continu et
minoré satisfaisant la condition du cone extérieur uniforme.

Supposons f € Lip([0,+00)) avec f(0) > 0 et soit u € C°(Q) N HL.(Q) une solution
distributionnelle de avec, au plus, une croissance exponentielle sur les bandes finies,
i.e., pour tout R > 0, il existe deux réels positifs A = A(R), B = B(R) tel que:

u(z) < AePl! VeeQn{zy < R}.

Alors u est strictement croissante dans la direction xy, i.¢., (%‘fv > 0 dans €.

Nous pouvons maintenant définir la condition du cone extérieur uniforme:

Définition 0.5.2 (Condition du coéne extérieur uniforme). Un ouvert w C RY (pas
nécessairement un épigraphe) vérifie une condition de cone extérieur uniforme si, pour
tout o € Jw, il existe un cone fini V,,, de sommet xg, tel que wN V,, = {zo} et que les
cones V,, soient tous congrus a un cone fixe V. Le cone V est appelé cone de référence.

Il est facile de voir que tous les épigraphes globalement Lipschitziens vérifient cette
propriété et que, dans ce cas, le cone de référence dépend de la constante de Lipschitz de la
fonction définissant I’épigraphe. Cependant, I'inverse n’est pas vrai comme le montrent les
exemples suivants. L’épigraphe défini par la fonction x — e* vérifie la condition de cone
extérieur uniforme (par convexité), mais n’est pas uniformément continu. L’épigraphe
définie par la fonction g ci-dessous, est %—Hélderien et satisfait la condition de cone extérieur
uniforme mais il n’est pas globalement Lipschitzien (voir la figure (f])).

) Q
0 si z € (—o0,—4],
4—(x+2)2 si ze[-4,0],
g(x) =
4—(x—2)% si z€]0,2],
si x € [2,400),

Figure 5: g

Notons que 'on retrouve ici le théoreme de H. Berestycki, L.A. Caffarelli et
L. Nirenberg dans le demi-espace, puisque dans ce cas, comme nous l'avons déja dit la
solution u croit exponentiellement sur les bandes finies (voir [BCN96]).

Nous étudions également les solutions de (SPE|) dans un épigraphe uniformément
continu minoré lorsque f est une fonction localement Lipschitzienne et nous prouvons le
résultat suivant:
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Théoréme 0.5.8 (B.-Farina-Sciunzi). Soit Q un épigraphe uniformément continu et
minoré satisfaisant la condition du cone extérieur uniforme. Supposons f € Lip,,.([0,4+00))
avec f(0) > 0 et soit u € CO(Q) N HL_(Q) une solution distributionnelle de (SPE) qui est
bornée sur les bandes finies. i.e., pour tout R > 0,

sup  u < +o00.
Qﬁ{Z‘N<R}

Alors u est strictement croissante dans la direction xy, i.e., 8‘% > 0 dans SQ.

Si Q= Rf alors nous retrouvons le théoreme de A. Farina puisque, Rf est un
épigraphe uniformément continu et minoré et il satisfait la condition du céne extérieur
uniforme.

Notons que le théoreme [0.5.7] et le théoreme [0.5.8] couvrent le cas des épigraphes
uniformément continus minorés, qui ne sont pas nécessairement globalement Lipschitzien.
En effet, le théoréme s’applique a ’épigraphe définit par la fonction g ci-dessous (voir

la figure @:

Q
0 si x e (—o0,—4],
4—(x+2)? si ze|-40],
g@) =9 Ja—(z—2)2 si z€][0,2],
2 si x € [2,6],
x—4 si x € [6,400).

Figure 6: g

Notons que g est uniformément continue, minorée, mais n’est pas localement Lips-
chitzienne. De plus, on peut voir qu’elle satisfait la condition du cone extérieur uniforme.

Nous allons maintenant présenter quelques corollaires directs des résultats précédents,
qui sont nouveaux méme dans leur forme plus simple.

Corollaire 0.5.1 (B.-Farina-Sciunzi). Soit Q un épigraphe uniformément continu,
minoré. Supposons que f € Lip,,.([0,+00)) avec
t
lim inf & > 0,
t—0+ t
et soit u € C%(Q) N C°Q) une solution classique de (SPE) telle que Vu € L>°(Q). Alors
u est strictement croissante dans la direction xy, c’est-a-dire que % > 0 dans Q2.

Corollaire 0.5.2 (B.-Farina-Sciunzi). Soit () un épigraphe globalement Lipschitzien
minoré. Supposons f € Lip,,.([0,+00)) avec f(0) > 0 et soit u € C*() N C°(Q) une
solution classique de telle que Vu € L®(Q). Alors u est strictement croissante
dans la direction xy, c’est-a-dire que 6%\; > 0 dans 2.
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Corollaire 0.5.3 (B.-Farina-Sciunzi). Supposons a € (0,1) et soit  un épigraphe
globalement Lipschitzien minoré avec g € Cpu* (RN, Supposons f € Lip,,. (|0, +o0)) avec
f(0) > 0 et soit u € C*(2) NC%Q) une solution classique de qui est bornée sur
des bandes finies. Alors u est strictement croissante dans le direction xy, i.e., 6%; >0

dans §Q.

0.5.2 Résultats de monotonie indépendament du signe de f(0)

Dans cette sous-section, nous présentons des résultats de monotonie valables quelque
soit le signe de f(0). En raison de 'absence du principe du maximum fort et du lemme de
Hopf lorsque f(0) < 0, trés peu de résultats sont connus.

De plus, lorsque f(0) < 0, il peut exister des solutions supérieures ou égales a zéros de
(SPE]) qui ne sont pas croissantes dans la direction xy et ce sont parfois les seules, comme
le montre f(u) =wu — 1 (voir [FS16], [BCN97a|, [CEG16], [FS13]).

Le premier résultat que nous citons est un résultat de monotonie et de symétrie dii a
H. Berestycki, L.A. Caffarelli et L. Nirenberg. En effet, dans [BCN93|, ils démontrent le
théoreme suivant:

Théoréme 0.5.9 (Berestycki-Caffarelli-Nirenberg). Soit u € C*(RY) une solution
bornée de dans le demi-espace, avec f une fonction localement Lipschitzienne qui
satisfait:

f(supu) <0.

Alors u est strictement croissante dans la direction xy (i.e, B%LV > 0 dans RY ) et u dépend
seulement de la variable xy et f(supu) = 0.

L’hypothese sur le caractere borné de u est optimale, par exemple, la fonction croissante
u(xy, -+ ,xn) = xye® est solution (SPE) dans le demi-espace avec f(u) = —u.

Dans ce contexte, H. Berestycki, L.A. Caffarelli et L. Nirenberg, dans [BCN97a],
prouvent que le résultat de monotonie du théoréme reste vrai dans R?, sans aucune
hypothese sur v pour f globalement Lipschitzienne. Précisément, ils montrent le résultat
qui va suivre:

Théoréme 0.5.10 (Berestycki-Caffarelli-Nirenberg). Soit u € C?(R%) une solution
de (SPE]) dans R?%, avec f € Lip([0, +00)). alors,

ou
a—x2>0 dans Ri.

Dans |[FS17], A. Farina et B. Sciunzi démontrent un résultat de monotonie pour les
solutions éventuellement non bornées de pour une fonction f localement Lipschitzi-
enne. En particulier, ce résultat donne une réponse positive au probléeme ouvert et
recouvre le théoréme qui est vrai pour une fonction f globalement Lipschitzienne.
Plus précisément, ils démontrent le théoréme suivant:
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Théoréme 0.5.11 (Farina-Sciunzi). Soit f € Lipi,([0,+00)) et u € C*(R%) une
solution de (SPE]) dans R3. Alors

ou
a—%>0 dans Ri.

La preuve du théoreme [0.5.11] est basée sur une variante de la méthode des hyperplans
mobiles qui est appelée méthode du plan rotatif ("rotating plane method" en Anglais).
Cette méthode consiste a comparer la solution u de et sa symétrique par rapport
& une droite passant par un point (zg,s) € R et de pente tan(f) avec 6§ € (0,%). En
réalisant cette construction, le triangle formé par cette droite et les axes (Oz) et (Oy)
est borné, le fait que nous soyons en dimension 2 jouant ici un role. Les auteurs peuvent
ensuite utiliser le principe du maximum pour des domaines bornés et pour des domaines

de petit volume (voir [FS16], [FS17]) pour compléter la procédure.

Cette construction est purement bidimensionnelle et il ne semble pas possible de la
reproduire en dimensions supérieures. Le cas N > 3 reste donc un probleme ouvert.

N

Lorsque I'on considere des domaines non bornés ) différents de RY', trés peu de résul-

tats sont connus. A cet égard, nous citons un résultat de H. Berestycki, L.A. Caffarelli et
L. Nirenberg (voir [BCN97b|) étendant le théoreme de M.J. Esteban et P.L. Lions
(voir [EL82]) qui n’est valable que lorsque f(0) > 0. Précisément, ils prouvent le théoreme
suivant:

Théoréme 0.5.12 (Berestycki-Caffarelli-Nirenberg). Supposons que Q C RY est un
épigraphe régulier, localement Lipschitzien et coercif. Soit u une solution de (SPE|) ou
f € Lip([0,4+00)). Alors

ﬁ >0 dans S.
81’]\[

Nous étudions également le cas des épigraphes coercifs. Grace a la méthode développée
dans notre premier article (voir chapitre , nous prouvons le résultat suivant:

Théoréeme 0.5.13 (B.-FarinE-Sciunzi). Soit  un épigraphe coercif. Supposons [ €
Lip,,.([0,+00)) et soit u € C°(Q) N HL.(Q) une solution distributionnelle de (SPE). Alors

u est strictement croissante dans la direction xy, i.e., a%‘v > 0 dans €2.

Il n’y a aucune hypothese concernant la régularité de Q et le signe de f(0), par
conséquent, nous retrouvons le théoreme de M.J. Esteban et P.L. Lions et le théoreme
[0.5.12] de H. Berestycki, L.A. Caffarelli et L. Nirenberg,.

Lorsque f est une fonction continue et décroissante, nous mettons également en évi-
dence un résultat de monotonie pour les solutions (bornées ou non) de dans des
domaines €2 qui ne sont pas nécessairement des épigraphes mais qui satisfont la propriété
suivante:
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R :  contient la réflection (par rapport & 1l’hyperplan {xy = 60}) de
toutes les bandes QN {zxy < 0}.

Plus précisément, nous énongons le résultat suivant :

Théoréme 0.5.14 (B.-Farina-Sciunzi). Soit 2 un domaine non borné minoré satisfaisant
la propriété R et soit f :7[0, 00) — R une fonction décroissante et localement Lipschitzienne.
Soit u € C°(Q) N HL.(Q) une solution distributionnelle de (SPE]) avec une croissance

loc
sous-exponentielle sur les bandes finies, i.e., pour tout R > 0,

1
lim sup nu(z) <0.
|| o0, ||
zeQN{zny <R}

alors u est strictement croissante dans la direction xy, i.e., a‘%‘v > 0 dans 2.

Ce résultat s’applique a des domaines non bornés treés généraux (qui ne sont pas
nécessairement des épigraphes), comme Q4 = Upez{r € R* : |1 — (3 +4k)| < 1, x9 >
—1}U{z € R? : x5 > 0} (voir figure ([7)))(en fait, 4 n’est jamais un épigraphe, c’est-a-dire
qu’il n’existe pas de vecteur unitaire v de R? permettant de le représenter comme un
épigraphe par rapport a v), ou Uorthant ouvert Q5 = {x € RY : 21 > 0,..., 25 > 0} qui
vérifie la propriété R, mais ce n’est pas un épigraphe par rapport a ey.

Q4

O

Figure 7: €y

Nous voyons que le résultat ci-dessus caractérise les domaines euclidiens propres pour
lesquels le probleme de Dirichlet homogene (SPE]) admet une solution monotone. Ceci peut
étre formulé de la maniere équivalente suivante: le probleme avec f décroissante,
admet une solution monotone sur un domaine Q C R, si et seulement si, Q est contenu
dans un demi-espace affine (dont la normale intérieure est notée v) et, pour tout x € ), la
demi-droite ouverte {z + tv, t > 0} est contenue dans Q. C’est-a-dire, si et seulement si,
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Q2 est contenu dans un demi-espace affine (dont la normale intérieure est notée v) et {2 est
v-invariant.

Jusqu’a présent, nous avons vu qu’a moins de faire des hypotheses fortes sur le domaine
Q (voir le théoreme ou sur la non-linéarité f (voir le théoréme [0.5.14)), nous ne
pouvons pas établir de résultats de monotonie indépendants du signe de f(0). Cependant,
lorsque nous considérons des solutions éventuellement non bornées du probléme ,
nous pouvons prouver un résultat de monotonie pour une large classe d’épigraphes minorés,
quel que soit le signe de f(0). C’est le contenu du théoreme ci-dessous. Pour cela,
nous introduisons la classe de fonctions suivante:

Définition 0.5.3. Soient N > 2 et v € (0, 1]. On désigne par C17(RY~1) 'ensemble des
fonctions h € CHRY1) tel que Vh est borné et globalement y-Hélderien, i.e., tel que:

"Vh"0077(RN_1) = thHLOO(]RN_I) + [Vh]COW(RN_l)

h(x) — Vh
= sup |Vh(z)|+  sup [Vhiz) = Vi)l < +o0.
zeRN-1 z,y€RN =1 gty |aj - y|’Y

Pour les épigraphes définis par ce type de fonctions, nous prouvons le résultat suivant:

Théoréme 0.5.15 (B.-Farina-Sciunzi). Supposons que N > 2, v € (0,1]. Soit Q un
épigraphe minoré et définit par une fonction g € CYV(RN=1Y) et soit f € Lip,,.(R).

Soit u € C1(Q2) N C?(Q) une solution de avec ¢ # 0 et tel que Vu est borné sur les
bandes finies. Alors, u est strictement croissante dans la direction xy, i.e.

ou
—() >0 vV € Q.
5 xN( )

En particulier, le théoreme ci-dessus s’applique aux solutions bornées de (SOPJ|). En
effet, les solutions bornées de (SOP|) ont également un gradient borné (voir le corollaire
9.5.9).

Lorsque f(0) > 0, le théoréme [0.5.15 est une application du théoreme m En effet,
si g € CY7(RYN~1) alors g est globalement Lipschitzienne, et comme Vu est borné sur des
bandes finies, u est borné sur les bandes finies. Le théoreme [0.5.8| s’applique donc.

0.5.3 Extensions aux épigraphes de classe G et minorés

Nous avons noté que nous pouvions étendre nos résultats de monotonie a une classe
plus large d’épigraphes minorés. En effet, lors de nos preuves, nous sommes amenés a
considérer les suites de translatées gi.(+) = g(- + (2¥)’) et en étudier la convergence. C’est
la raison pour laquelle, nous définissons une nouvelle classe de fonctions ou la convergence
d’une telle suite est directement supposcée.

Definition 0.5.1. Soit N > 2. On dit qu'une fonction continue g : R¥~! s R appartient
a la classe G, si elle satisfait la propriété de compacité suivante:
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(P)  Toute suite (gi) de translatées de g, qui est bornée en un point fize de RN ™1

admet une sous-suite convergeant uniformément sur tout compact de RVN=1.

Avant d’énoncer les nouveaux résultats de monotonie, montrons a quel point la classe
G est grande. Ci-apres, nous donnons une liste longue (mais non exhaustive) des membres

1. Les fonctions uniformément continues sur RY~! appartiennent a G.

2. Les fonctions coercives sur RV ! appartiennent a G.

En particulier, toute fonction continue sur RY=! tel que ll‘im g(x) € (—o0,+o0]
|00

appartient a G.

. On désigne par G(RV~1) I'ensemble des fonctions g : RV~ — R satisfaisant la
propriété suivante: Il existe une bijection continue ¢ : R — R tel que po g € G.

Il est immédiat de vérifier que G(RY~!) C G. De plus, la famille G(RY~!) contient
strictement celle des fonctions uniformément continues sur RN~ et celle des fonctions
continues et coercives sur RV~!, comme illustrer par les exemples suivant:

(3 . oy o o $1+ZN:;1 cosj(xj)

a) Par exemple, les fonctions gy (z1) = €™ si N =2, et g(x) = e i

N > 3, ne sont ni uniformément continues, ni coercives sur R¥~!. Pourtant,
elles appartiennent a la classe G(RY~!) (on peut prendre par exemple, la
fonction:

si

t si t<0,
¢<t)_{ log(t+1) si t>0,

dans la définition précédente et observer que ¢ o g € G est uniformément
continue, donc ¢ o g € G). Le méme argument montre également que les

. x1+ J.V771 cosj(x~)
fonctions g(z;) = e et glz) = e 2= " appartiennent a4 G(RV1).

Puisque cet argument peut étre itérer, on voit que la classe G(RV~!) contient
des fonctions régulieres, minorées, qui ne sont jamais uniformément continues
ou coercives, et avec une croissance large a l'infini. Notons également que la
fonction g; étant convexe, son épigraphe satisfait la condition du cone extérieur
uniforme.

(3b) Supposons N > 2 et soit g € C*(RV~!) une fonction strictement positive telle
que VZg € L®(RN~1) alors la fonction /9 est globalement Lipschitzienne sur
RYN=1 (voir le lemme I dans [Gla63] pour N = 2). Ainsi, on a g € G(RV™1).
Plus généralement, toute fonction g € C?(RY~1), minorée et tel que Vg €
L®(RN~1) est un membre de la classe G(RYV™1).

Par exemple, la fonction g = g(x1,...,xxy_1) = (x1)2+]_[§y:_21 sin(jx;) appartient
a G(RN=1) pour tout N > 3.

. Pour N = 2, toute fonction continue g : R — R tel que {_ := lim g(x) € (—o0, +)]
et 0, = ll)r_{l g(x) € (—o0,+o0] appartient a G. Ainsi, toute fonction continue

quasi-convexe (resp. quasi-concave) minorée appartient a la classe G. En particulier,
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les fonctions continues monotones et minorées ainsi que les fonctions convexes et
minorées appartiennent a G.

5. Supposons 2 < n < N et soit g : R" ! — R un élément de G. Alors, la fonction
g : RY=! — R définie par §(x1,...,2n_1) = g(x1,..., 7, 1) satisfait la propriété de
compacité (P), comme étant une fonction définie sur RV~ Ainsi, g € G, comme
étant une fonction définie sur RV~

En particulier, pour N > 2, les fonctions g(z1,...,zy) = ¢ et g(xy,...,25) =
e™ —4 arctan(zy) — 2 appartiennent a G, et sont minorées et leurs épigraphes satisfont
la condition du cone extérieur uniforme.

6. Supposons N > 2. Soient g € G et T : RV~! — R¥~! yne transformation de la
forme T'(z) = Az + b, ol A est une matrice réelle inversible et b € R¥=1. Alors,
goT € G. En particulier, ce résultat s’applique quand 7" est une isométrie de RV 1.

7. Supposons N > 2 et A > 0. Soit g, ¢ deux fonctions minorées appartenant a G. Alors,
AgeGetg+gegd.

En particulier, pour N > 2, la fonction g(xy,...,zy) = x] + € appartient a G, elle
est minorée et son épigraphe satisfait la condition du cone extérieur uniforme.

8. En combinant les items (1)-(7), on peut facilement construire des exemples de
fonctions g appartenant a G pour toute dimension N > 2. En particulier, on peut
construire des éléments de G minorés, qui ne sont jamais uniformément continus
ni coercifs, avec des croissances larges a l'infini et dont les épigraphes satisfont la
condition du cone extérieur uniforme.

Au vu des discussions ci-dessus, nous pouvons maintenant énoncer les résultats de
monotonie pour des épigraphes continus et minorés définis par des fonctions g appartenant
a la classe G. Commencons par 'extension du théoreme [0.5.6| et du corollaire [0.5.1]

Théoréme 0.5.16 (B-Farina-Sciunzi). Soient N > 2 et Q un épigraphe minoré et défini
par une fonction g € G. Supposons f € Lip,,.([0,+00)) avec:
t
lim mffy > 0. (0.5.2)

t—0t

(i) Siu e C°(Q) N HE.(Q) est une solution distributionnelle de qui est bornée et
uniformément continue sur les bandes finies.

Alors u est strictement croissante dans la direction xy, i.€., a%jv > 0 dans 2.

Si f est globalement Lipschitzienne, la méme conclusion reste vraie sous la seule hypothése

que u est uniformément continue sur les bandes finies.

(ii) Siu € C*Q)NC°Q) est une solution classique de (SPE)) tel que Vu € L>®(Q). Alors
u est strictement croissante dans la direction xy, i.€., a%v > 0 dans 2.

Si on suppose, en plus, que ’épigraphe satisfait la condition du cone extérieur uniforme,
alors on peut également étendre les résultats [0.5.7 et aux épigraphes définis par des
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fonctions g € G minorées.

Théoréme 0.5.17 (B.-Farina-Sciunzi). Soient N > 2 et ) un épigraphe défini par une
fonction g € G. Supposons également que €2 est minoré et satisfait la condition du cone
extérieur uniforme.

(i) Supposons f € Lip([0,+0)) avec f(0) > 0 et soit u € C°(Q) N HL (Q) une solution
distributionnelle de (SPE|) avec une croissance au plus exponentielle sur les bandes finies.

Alors u est strictement croissante dans la direction xy, i.e., 8‘1—1; > 0 dans S2.

(ii) Supposons f € Lip,,.([0,+00)) avec f(0) > 0 et soit u € C°(Q) N HL.(Q) une solution
distributionnelle de (SPE|) qui est bornée sur les bandes finies. Alors u est strictement

croissante dans la direction xy, i.e., %}‘V > 0 dans (2.

Notons que les théoremes|0.5.16| et [0.5.17|s’appliquent aux exemples de fonctions décrits
dans les items précédents (1)-(7). Ils recouvrent également le résultat parut récemment
dans le preprint [GMS24] ou les auteurs prouvent la stricte monotonie des solutions
classiques de (SPE) avec f(t) =t? et ¢ > 1@

Nous voudrions maintenant faire remarquer que tout les résultats énoncés précédem-
ment le sont pour des fonctions f globalement ou localement Lipschitzienne, a I'exception
du théoreme [0.5.14] Cette hypothese est optimale, comme le montre I'exemple suivant:

Exemple 0.5.1. Supposons N > 2 et soit Q le demi-espace {z € RY : 2y > 0}.
La fonction bornée

u(2) :{ I—(zy—1D* si 0<aoy <1, (0.5.3)

1 siay > 1,
est une solution classique de (SPE)), ot f correspond a la fonction décroissante suivante:

12 si t<0,

flt)y=¢ 12¢/1—t si 0<t<1, (0.5.4)
0 si t>1.

La fonction f est globalement Holderienne, mais n’est pas localement Lipschitzienne sur
R et 25 = 0 sur {(2/,2y) € RN, ay > 1.

0.5.4 Quelques applications sur la classification et les résultats
de non-existence
Dans cette sous-section, on présente les premieres applications des résultats de monotonie

décrits dans la section précédente. Elles concernent la classification des solutions du
probleme suivant:

1911 est évident que toute fonction semi-coercive et continue est minorée et appartient a notre classe G
(voir les points (5) et (6) ci-dessus). Cette observation et le lemme A.2 de [GMS24] montrent également
que le cas de I’épigraphe convexe est couvert par les techniques développées dans notre premier article.
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—Au = f(u) dans Q,
u>0 dans €2, (SPE+)
u=0 sur  0f),

ol, 2 est un épigraphe minoré et f une fonction localement Lipschitzienne.

Le premier résultat que 'on cite est un résultat de type Liouville dit a M.J. Esteban
et P.L. Lions (voir [EL82|), qui considérent les solutions de (SPE+|) dans un épigraphe
régulier et coercif et prouvent:

Théoréme 0.5.18 (Esteban-Lions). Soit €2 un épigraphe coercif régulier et f € Lipioe([0, +00))
tel que f(0) > 0. Supposons qu’il existe une solution u € C?*(Q) de (SPE+|) satisfaisant:

;16%1 u(z) = 0.
|x]—o0

Alors u = 0.

Plus tard, A. Farina, dans [Far07], fournit une classification des solutions de I’équation
de Lane-Emden —Awu = u? dans des épigraphes coercifs et pour toutes dimensions. Plus
précisément, il démontre le résultat suivant:

Théoréme 0.5.19 (Farina). Soient 0 < a <1 et ) un épigraphe coercif de classe c?e,
Soit u € C*(Q2) une solution de

—Au =uP dans (),
u>0 dans €, (0.5.5)
u=>0 sur  0S2.

avec
1 <p<4o0 st N < 10,
1< p<pu(N)=E2EEL i N > 11,
Alors,
u=0 dans €.

Si, on suppose en plus que u est une solution bornée de (0.5.5)) et

1 <p<+o0 st N <11,
l<p<py(N—-1) si N >12.

Alors,
u = 0.
L’exposant p;;, est appelé exposant de stabilité de Joseph-Lundgren.

Ce théoreme est le premier résultat de classication des solutions éventuellement non-
bornées de ’équation de Lane-Emden dans des épigraphes coercifs réguliers.
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Dans [DF22|, L. Dupaigne et A. Farina considérent les solutions bornées de (SPE-+])
dans des épigraphes seulement localement Lipschitzien et avec une fonction f strictement
positive de classe C'. Dans ce cadre, les auteurs démontrent le résultat suivant:

Théoréme 0.5.20 (Dupaigne-Farina). Soient Q C RN un épigraphe coercif localement
Lipschitzien et u € C*(2) N C°(Q) une solution bornée de (SPE+]).

Supposons que f € CH([0,+0)), f(t) >0 pourt >0 et 2 < N < 11. Alors f(0) =0 et
u=0.

Ce résultat s’applique a f(t) = P, ainsi il recouvre le second point du théoréme [0.5.19| en
dimension N < 11.

Contrairement au théoréme de M.J Esteban et P.L Lions, dans le théoreme
0.5.20], il n’y a pas d’hypothese sur la régularité de ’épigraphe 2. Cependant, le théoreme
0.5.20| s’applique a des fonctions f de classe C! et est limité par la dimension N comprise
entre 2 et 11.

Pour prouver ce théoreme, les auteurs utilisent le caractere borné et la monotonie des

solutions de (SPE+|) (qui provient du théoreme |0.5.12)) afin d’assurer que la fonction

— o !
v(xy, - an_) = mNh_)IrJlroou(x TN,
existe, et qu’elle est une solution classique et stablﬂ de I'équation —Av = f(v) dans
RY=1. La conclusion du théoréme [0.5.20| est une application du théoréme de type Liouville
de A. Farina et L. Dupaigne, qui est valable dans ’espace entier jusqu’a la dimension 10
(voir le théoréeme 1 dans [DF22]).

Dans notre premier article, (voir le chapitre [1]), grace a nos résultats de monotonie
dans des épigraphes définis par des fonctions appartenant a la classe G (voir dans
la sous-section , nous avons pu utiliser la technique décrite ci-dessus et mettre
en évidence des résultats de type Liouville qui recouvrent et completent ceux énoncés
précédemment.

Commencons par un résultat de classification des solutions bornées de (SPE+|) en
dimensions 2 < N < 11:

Théoréme 0.5.21 (B.-Farina-Sciunzi). Soit Q un épigraphe minoré definit par une
fonction g € G et satisfaisant la condition du cone extérieur uniforme.

Soit u € C°(Q) N H} () une solution distributionnelle et bornée de Supposons
que f € C'([0,+00)), f(t) >0 pourt>0et2< N <11, alorsu =0 et f(0) =0.

Le théoreme précédent reste vrai pour N > 12, si on ajoute une hypothese sur le
comportement a l'origine de f.

20i.e, pour tout ¢ € CH(RV~1), on a

[ rees [ vk
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Théoréme 0.5.22 (B.-Farina-Sciunzi). Supposons N > 12 et soit ) un épigraphe
minoré définit par une fonction g € G et satisfaisant la condition du cone extérieur
uniforme.

Soit u € C°(Q) N HE.(Q) une solution distributionnelle et bornée de (SPE+) ou f €
CH[0, +00)) satisfait f(t) > 0 pourt > 0 et liminf, o+ L& > 0, pour un réel s [0 M)

ts ' N=5
alors u =0 et f(0) = 0.

Notons que le théoréme et le théoréme [0.5.22] impliquent immédiatement le
résultat de non-existence lorsque f(0) > 0 suivant:

Corollaire 0.5.4 (B.-Farina-Sciunzi). Soient N > 2 et Q C RY un épigraphe minoré,
uniformément continu et satisfaisant la condition du cone extérieur uniforme.

Si f € CY(]0,4+00)) satisfait f(t) > 0 pourt > 0, alors le probléme ne posséde
pas de solution distributionnelle bornée de classe C°(Q) N HL.(€).

Le prochain résultat concerne la classe naturelle de non-linéarités introduite dans
[DF10]:
f € CH([0,+00)) N C*((0, +00)),  f(0) =0,

f >0, croissante et conveze dans (0, +00) (0.5.6)

: fr(w?
s.t. ulggh T = @ € [0, +00]

NER T "(u)? .
ou 'on pose % = 400 si f(u) = 0.
Notons que 'on a nécessairement gy € [1,4+00] (voir le lemme 1.4 dans [DF10]).

Le représentant typique de cette classe est donné par la fonction f(u) = u?, p > 1.
Dans ce cas, % = z% et donc ¢y coincide avec ’exposant conjugué de p. Par
conséquent, si on définit py € [1, +00] comme I'exposant conjugué de go par p%) + q% =1,
on a que I'exposant py peut étre vu comme la "mesure" de la planéité de f a l'origine.
Les fonctions f,(u) = e* — Y}, 1;7]7 sont également des éléments de la classe définie
ci-dessus. 1l est facile de voir que qo(f,) = "TH et donc po(fn) =n+ 1.

Pour cette classe de non-linéarités, nous avons montrer le résultat suivant:

Théoréme 0.5.23 (B.-Farina-Sciunzi). Supposons N > 12 et soit ) un épigraphe
minoré définit par une fonction g € G et satisfaisant la condition du cone extérieur
uniforme.

Soit u € C°(Q) N HL_(Q) une solution distributionnelle et bornée de ou f satisfait
(10.5.6]).

Supposons que pg, l’exposant conjugué de qq, satisfait:

1 <po<psr(N—-1), (0.5.7)
ol pyr, est Uexposant de stabilité de Joseph-Lundgren définit par

(N —2)2—4N +8yN —1

P N) = TN — 10
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Alors u=0.

Notons que le théoréme précédent s’applique a f(u) =uP si 1 <p < py(N —1) et a f, si
n+1<ps(N—1).

Les preuves des théoremes [0.5.22] et [0.5.23| sont basées sur la méthode décrite juste apres
le théoreme [0.5.20] et sur 1'utilisation des résultats de type Liouville pour des solutions
stables établis dans [Far07], [DF10] et [Farl5].

Le résultat suivant est une conséquence immédiate du théoreme [0.5.13]

Corollaire 0.5.5 (B.-Farina-Sciunzi). Lorsque [’épigraphe Q est coercif, la conclusion
des théorémes|0.5.21 et du corollaire [0.5.4) reste vraie sous la seule hypothése de

continuité de g. Nous n’avons pas besoin d’exiger la condition de cone extérieur uniforme
pour l’épigraphe.

On conclut cette sous-section avec un résultat de classification pour des solutions de

(SPE+) qui tendent vers zéro a l'infini.

Théoréme 0.5.24 (B.-Farina-Sciunzi). Soient N > 2 et Q) un épigraphe définit par
une fonction g € G. Supposons également que S est minoré et satisfait la condition du
cone extérieur. Supposons f € Lip,,.([0,+00)) et soit u € C°(Q) N HL,.(Q) une solution

loc
distributionelle (SPE+|) tel que:
lim wu(x)=0. (0.5.8)

z€eQ,
|z|—o0

alorsu =0 et f(0) =0.
Lorsque ’épigraphe € est coercif, la conclusion ci-dessus est vraie sous la seule hypothése
de continuité de g.

Notons que dans le résultat précédent, on ne fait aucune hypotheése que f (autre que
f € Lip,,.([0,40))) et sur le caractere bornée de u.

0.6 Nouveaux principes de comparaison dans des en-
sembles non-bornés
Nos nouveaux résultats de monotonie décrits dans la section précédente reposent sur la

méthode des hyperplans mobiles, adaptée a la géométrie de 1'épigraphe. Expliquons cela
plus en détail.

Si on considére une solution u du probléme (SPE)), la méthode des hyperplans mobiles
consiste a montrer 1'égalité suivante:

={t>0 : u<uy dans ¥y, VO <0 <t} = (0,400). (0.6.1)
ou Yy ={z=(2,2n) € Qan <0} et ug(x) =u(2',20 — xy).

Cela signifie que, pour tout >, ¢t > 0, la solution u se trouve sous u,, sa réflexion par
rapport a I'hyperplan {xy = t}.
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On peut voir que si 1'égalité ((0.6.1) est vraie alors u est croissante dans la direction
xn. On obtient la stricte croissance en utilisant le lemme de Hopf.

Pour démontrer 1'égalité (0.6.1)), il faut d’abord prouver que A n’est pas vide. Lorsque
Yg est borné, c’est une conséquence d’une application appropriée du principe du maximum
classique. Dans notre cas, ¥y pourrait étre non borné (éventuellement non connexe et de
mesure infinie) et a priori u n’est pas bornée.

Pour surmonter ces difficultés supplémentaires dans notre premier article (voir chapitre (1),
nous avons prouvé quelques nouveaux principes de comparaison pour une grande classe
de sous-ensembles euclidiens non bornés, que nous appelons ensembles a bonnes sections
(voir sous-section ci-dessous). En particulier, ces résultats généralisent ceux déja
existants dans le cas particulier des bandes finies, que nous rappelons ci-dessous.

Dans [Far20], A. Farina développe des principes de comparaison pour des fonctions
définies sur des bandes de la forme RV~ x [a,b]. En effet, il montre le théoréme suivant:

Théoréme 0.6.1 (Farina).

1) Soit N > 2, M > 0 et supposons f € Lipy.([0,4+00)). Alors il existee = (f, M) > 0
tel que, pour tout (a,b) C R avec 0 < b—a < ¢ et tout u,v € C*(RN~! x [a,b]) satisfaisant:

—Au— f(u) < —Av— f(v) dans RN~ x (a,b),
lul, |v] < M dans RN"! x (a,b),
u<w sur  O(RN™! x (a,b)),

on a,
u<v dans RY7!x (a,b).

2) Soit N > 2 et supposons f € Lip([0,+00)). Alors il existe ¢ = e(f) > 0 tel que,
pour tout (a,b) C R avec 0 < b—a < ¢ et tout u,v € C*(RN~1 x [a,b]), avec, au plus, une
croissance polynomiale a l’infini et satisfaisant:

—Au— f(u) < —Av — f(v) dans RY"! x (a,b)
u<wv sur  O(RN~! x (a,b)),

on a
w<v dans RY7!'x (a,b).

3) Soit N > 2 et supposons f € C°(|0,+00)) une fonction décroissante. Alors, pour
tout (a,b) C R et tout u,v € C*(RN~1 x [a,b]), avec, au plus, une croissance polynomiale
a l'infini et satisfaisant:

—Au— f(u) < —Av — f(v) dans RY"! x (a,b)
u<wv sur  O(RN~! x (a,b)),

on a
w<v dans RY7'x (a,b).
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Dans ce contexte, H. Berestycki, L.A. Caffarelli et L. Nirenberg, dans [BCN96|, décrivent
un principe du maximum pour un opérateur linéaire et pour des fonctions définies sur
des bandes ayant une croissance exponentielle:

Théoréme 0.6.2 (Berestycki-Caffarelli-Nirenberg). Dans Q = R¥~1 x (a,b), sup-
posons que w € Wi (Q) N C(Q) est une fonction satisfaisant

—Aw + c(xz,y)w <0 dans , avec |c| <7,
w <0 dans 051,

et
w < Ceulx\7

ot vy, C, et p sont des constantes positives. Il existe une constante §, dépendant seulement
de N,~ et u, tel que si
0<b—a<é,

alors
w < 0 dans (.

0.6.1 Ensembles avec une bonne section

Dans cette sous-section, nous présentons les ensembles sur lesquels nous mettons en
évidence nos nouveaux principes de comparaison:

Définition 0.6.1 (Ensembles avec une "bonne section" dans une direction).
Soit N > 2 et soient 2 un ouvert de RY et v un vecteur unitaire de RY. On note Rv

I'espace vectoriel généré par le vecteur v et par {v}+ I'espace vectoriel orthogonal de Rv
dans RY.

(i) On dira que 2 est localement borné dans la direction v si
VR>0 C,(R)=(B(0,R) x Rvy)NQ est un sous ensemble borné de RY. (0.6.2)

Ici B'((, R) désigne la boule ouverte de RN~! de rayon R centrée a l'origine 0’ de {v}*.
(ii) Pour tout 2’ € {v}*, on définit 'ensemble S%, := ({z'} x Rv) N Q.

On dira que €2 a une section bornée dans la direction v si

S, () := sup L£'(S%) < +oo, (0.6.3)

CL"E{V}L

ou L£! désigne la mesure de Lebesgue de R.
Dans la suite, le réel positif S,(2) sera appelé section de 2 dans la direction v.

(iii) On dira que € a une bonne section dans la direction v s’il est localement borné
dans la direction v et aussi s’il possede une section bornée dans la direction v (c’est-a-dire,

s'il satisfait les deux conditions (0.6.2)) et (0.6.3))).
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Pour des raisons de simplicité et comme le probleme (SPE]) est invariant par rotation,
on considérera dans la suite, que les ensembles ont une bonne section dans la direction ey.

La classe d’ensembles définie ci-dessus est tres large. En effet, tout ouvert contenu dans
une bande finie possede clairement une bonne section, mais on peut aussi trouver des ouverts
plus sophistiqués non contenus dans des bandes, comme Q; = {(z,y) € R? : |z| — h(z) <
y < [2]+h(2)} U{(z,y) € R? : —[a]—h(z) <y < —|a|+h(z)}U{(z,y) € R, |y| < 1}, ot
h(z) = sinh~'(e71*!), (voir la ﬁgure. Cet ensemble n’est contenu dans aucun demi-espace
affine, ni dans aucune bande. De plus, sa mesure de Lebesgue est infinie.

1
2 Y

Figure 8: ()

Notons que les conditions (i) et (ii) ne sont pas équivalentes. En effet , si on considere
ngunzl{(:ﬁ,y) e R? : n<y<n+2%} et Q3 = {(z,y) e R? : 0 < y < 2%}, alors , on
peut prouver que {2y a une section bornée dans la direction ey (S.,(€22) = 1) mais n’est
pas borné dans la direction e;. Inversement, ’ensemble 23 est borné dans la direction e
mais sa section n’est jamais bornée puisque S = 22, pour tout x € R.

0.6.2 Nouveaux principes de comparaison

Dans notre premier article (voir chapitre [1]), nous mettons en évidence des nouveaux
principes de comparaison pour des fonctions définies sur des ensembles avec des bonnes
sections. C’est le contenu des résultats suivant:

Théoréme 0.6.3 (B.-Farina-Sciunzi). Soit N > 2. et Q un ouvert RY et soit v un
vecteur unitaire de RV
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(i) Supposons que 2 a une bonne section dans la direction v. Soit f € Lip,,.(R),
M >0 etu,ve H(Q)NCYQ) satisfaisant:

—Au — f(u) < =Av — f(v) dans D'(RQ),
lul, v < M dans €, (0.6.4)
u <o sur 0.

Alors, il existe e = e(f, M) > 0 tel que

Su(Q) <e = u<wv dans . (0.6.5)

(7i) Supposons que Q0 a une bonne section dans la direction v. Soit f € C°(R) une
fonction décroissante, M > 0 et u,v € HL (Q) N C°(Q) satisfaisant:

—Au — f(u) < —=Av — f(v) dans D'(RQ),
lul, |[v]| < M dans €, (0.6.6)
u<v sur  OS).

Alors, u < wv in €.

(iii) Supposons que 0 a une section bornée dans la direction v. Soit f € Lip,,.(R),
M >0 et u,v € Lip,.(2) satisfaisant:

—Au — f(u) < —Av — f(v) dans D'(),

lul, |[v]| < M dans Q,
\Vul, |[Vu| < M p.p. dans $, (0.6.7)
u <o sur of2.
Alors, il existe e = e(f, M) > 0 tel que
Su(Q) <e = u<wv dans Q. (0.6.8)

Ce résultat recouvre le résultat de comparaison de A. Farina dans [Far20]. Cepen-
dant, pour démontrer nos résultats de monotonie, nous devons comparer des fonctions qui
ont des croissances au plus exponentielle. C’est la raison pour laquelle, nous prouvons
également le résultat suivant:

Théoréme 0.6.4 (B.-Farina-Sciunzi). Supposons que v >0, 6 >0, N > 2 et soit Q un
ouvert de RN avec une bonne section dans la direction ey, le dernier vecteur de la base
canonique de RY, tel que:

sup (/ |xN|25627$N|de> < +o0. (0.6.9)
x/eRN-1 Si{v
Soit f = f1 + fa, avec f1 € Lip(R) et fo: R +— R une fonction décroissante.
Soit a >0 et u,v € HL ()N C%Q) tel que:
—Au — f(u) < =Av — f(v) dans D'(R),
lul, [v] < alz|’e7® dans €,
u<wv sur  0SQ.
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Alors, il existe ¢ = e(Ly,,7y) > 0 tel que:
Sen() <e = u <w dans .

Ici, Ly, correspond a la constante de Lipschitz de f.

Les remarques suivantes s’imposent:
(i) Ces théoremes recouvrent et completent les théoremes et (0.6.2]

(ii) Tout ensemble 2 inclus dans une bande {x = (z/,zy) € RY : a < zy < B}, avec
a, B € R, satisfait clairement ’hypothese pour tout v,6 > 0.

(iii) Notons que le théoréme précédent s’applique & I'ensemble QO (voir la figure (§)). En
effet, € satisfait I'hypothese pour tout § > 0 et tout v € [0,1/2].

L’hypothese concernant la taille de la section de €2 est nécessaire pour la validité du
théoréme [0.6.3] (item (i) and item (i) et du théoréme [0.6.4] En effet, les fonctions
u = sin(y) et v = 0 satisfont —Au —u = 0 = —Av — v dans la bande Q = {(z,y) € R? :
0<y<m}etu<wvsurd, mais u et v ne sont pas ordonnées.

Lorsque f est décroissante sur R, le principe de comparaison est vrai méme sans

I’hypothese concernant la taille de la section de 2. Plus précisément, nous avons:

Théoréme 0.6.5 (B.-Farina-Sciunzi). Supposons N > 2 et soit Q un ouvert de RN
borné dans la direction ey, le dernier vecteur de la base canonique de RY. Soit f :R+— R
une fonction décroissante et u,v € H (Q) N CY(Q) tel que:

—Au— f(u) < —=Av — f(v) dans D'(Q),

ul, |v| < alz|’e! dans €,
u<wv sur 082,
) o> t — ).
ova>0,0>0etvye [0, TR 6_1>
Alors,
u < v dans (2

L’hypothese sur la croissance de u dans le théoreme |0.6.5] est nécéssaire pour assurer
la validité du principe de comparaison. En effet, considérons la fonction harmonique
ug(z,y) = X8 _, (™ + e7™) sin(ma) pour tout entier k > 1. Cette fonction s’annule sur
le bord de la bande Q := {(z,y) € R? : 0 < y < 7} mais pourtant u;, change de signe
sur €. Il faut donc imposer une restriction sur la croissance exponentielle des fonctions a
comparer pour obtenir le résultat.

0.6.3 Applications de nos nouveaux principes de comparaison
Le role de nos nouveaux principes de comparaison est double:

1) Ils sont cruciaux pour prouver nos nouveaux résultats de monotonie sur des
épigraphes. Ils permettent de montrer que la méthode des hyperplans mobiles peut
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étre initialisée indépendamment du signe de f(0) et pour une large classe de domaines
non bornés. Specifiquement, nous avons le résultat suivant:

Corollaire 0.6.1 (B.-Farina-Sciunzi). Supposons N > 2. Soit ) un domaine contenu
dans le demi-espace Rf satisfaisant la propriété R que l'on rappelle ici:

R : Q contient la réflection (par rapport d l’hyperplan {xy = 0}) de
toutes les bandes QN {zy < 6}.

Soit u une solution distributionnelle (resp. classique) (SPE|). Supposons que l'une des
assertions suivante est vérifiée:

(i) f € Lip,,.([0,400)) et u est bornée sur QN {xy < R},

(11) f € Lip([0,+00)) (resp. une fonction décroissante) et u a, au plus, une croissance
exponentielle sur QN {zy < R}.

Alors, il existe Ry € (0, R) tel que QN {xn < Ro} #Z0 et

Ou >0 dans QN{xy < Ry}.
8xN

Ce résultat étend celui prouvé dans [Far20] pour le cas spécial du demi-espace.

Pour des raisons de clarté (et de simplicité), nous avons établis le résultat précédent
dans le cas o Q C RY. Puisque le probléme considéré est invariant par isométrie, il est
clair que le méme résultat reste vrai si {2 est contenu dans un demi-espace affine H. Dans
ce cas, la monotonie sera alors obtenue dans la direction v, la normale intérieure de H.

2) Ils nous permettent également de prouver des nouveaux résultats d’unicité et de
symétrie pour des solutions (éventuellement non bornées et pouvant changer de signe) du
probléme de Dirichlet homogene de I’équation de Poisson semi-linéaire dans des domaines
non bornés généraux .

Corollaire 0.6.2 (B.-Farina-Sciunzi). Soit Q) et f comme dans les énoncés des théorémes

- 0.6.5 (resp. (0.6.4) - 07’-) Alors, le probleme de Dirichlet
{ —Au = f(u) dans D'(Q),

u=20 sur  0S, (0.6.10)

admet, au plus, une solution u satisfaisant les conditions de régqularité et de croissance

énoncées dans les théoremes[0.6.9 (resp. or[0.6.5).

En parliculier, si f(0) =0, alors la fonction uw = 0 est ['unique solution du probléeme de
Dirichlet (0.6.10]).

Les exemples évoqués a la suite du théoréme [0.6.5, montrent que le résultat précédent
n’est plus vrai si les hypotheses concernant la taille de §2 ou la croissance de u ne sont pas
respectées.

Une conséquence immédiate du corollaire [0.6.2] est le résultat de symétrie général pour
les solutions du probleme de Dirichlet homogene ((0.6.10)) suivant:
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Corollaire 0.6.3 (B.-Farina-Sciunzi). Soient 2, f comme dans l’énoncé du corollaire
et supposons que le probléme de Dirichlet

{ —Au= f(u) dans D'(Q), (0.6.11)

u=20 sur 082,

admet une solution u satisfaisant les conditions de réqularité et de croissances énoncés
dans le corollaire [0.6. 2.

Soit p une isométrie de RN, N > 2. Si Q est invariant par rapport d p, i.e., Q0 satisfait
p(Q) = Q, alors la solution u hérite des mémes symétries, c’est-a-dire, u(x) = u(p(zx))
pour tout x € €.

[llustrons ce dernier résultat par le probleme de torsion d’une barre solide infinie.
Commencons par le cas d’une barre droite solide infinie de section sphérique. C’est-a-dire,
étudions les solutions du probleme:

{ —Au =K dans D'(Q), (0.6.12)

u=0 sur Of),

ot Q= Q=R x BE ‘avec 1 < K < N un entier, et BS désigne la boule de R¥
centrée a 'origine et de rayon R > 0.

Puisque Qg g est invariant par rapport a toute translation dans les variables z1, ..., znx_x
et aussi a toute rotation dans les variables xnx_x.1,..., 2N, le corollaire W (appliqué a
la fonction décroissante f = K.) nous dit que 'unique solution u de (0.6.12]), avec une
croissance sous-exponentielle a I'infini, doit étre indépendant de x4, ..., zy_g et radiale
dans les variables xn_gi1,...,2n. On peut donc vérifier que la fonction

B~ (thy gy + oot 1)
2 b

u(z) = xr € Qgr

est la seule solution du probleme (0.6.12]) avec une croissance sous-exponentielle a ’'infini.

L’analyse précédente s’applique aux barres solides infinies générales (pas nécessairement
droites). Elle s’applique par exemple aux exemples suivants:

1) Q=RN"Exw oul<K <N est un entier et w est un ouvert borné de R¥. Dans
ce cas, I'unique solution u de ((0.6.12]) avec une croissance sous-exponentielle a 1'infini,
dépend seulement des variables tn_g11,...,2N.

2) Q= {(z1,13) ER? : —p(x1) < w9 < p(x1)}, 011 ¢ : R — (0, +00) est une fonction
continue bornée. Dans ce cas, la solution u doit étre symétrique par rapport a la droite
To = 0.

3) Q est un domaine de révolution de RV N > 3 i.e., Q = {x eERYN : \Jad+ ... +2% < gp(a:l)},

ou ¢ : R — (0,+00) est une fonction continue et bornée. Ici, u doit avoir la forme

u=u(zy, /23 + ...+ 2%).

Observons également que si ¢ est T-périodique, avec T > 0, alors la solution u est
T-périodique dans la variable z;.
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Il est clair que les discussions et résultats ci-dessus sont également valables pour des
non-linéarités f générales, satisfaisant les hypotheses du corollaire [0.6.3

0.7 Reésultats de rigidité pour le probleme sur-déterminé
de Serrin (SOP)) dans des épigraphes

A T’aide de nos résultats de monotonie, nous pouvons apporter de nouvelles informations
concernant la forme de €2 et le comportement des solutions du probleme sur-déterminé de

Serrin, (SOP)), i.e,

—Au= f(u) dans €,

u>0 dans €,

u=0 sur 09, (SOP)
87u =c¢=const. sur  0f),
on

Ainsi dans cette section, des avancées concernant la conjecture D dans des épigraphes
sont apportées. Dans les sous-sections suivantes, on présente d’abord les théoremes
existants sur le sujet, et ensuite on introduit nos nouveaux résultats.

0.7.1 Le probleme sur-déterminé de Serrin avec une non-linéarité
de type Allen-Cahn

Dans cette sous-section, on s’intéresse au probleme (SOP)) ou f est une fonction de
type Allen-Cahn (voir |0.5.1]). Dans ce cadre, H. Berestycki, L.A. Caffarelli et L. Nirenberg

ont prouvé le résultat suivant (voir [BCN97b]):

Théoréme 0.7.1 (Berestycki-Caffarelli-Nirenberg). Soit f une fonction de type Allen-
Cahn, c’est-a-dire qui satisfait les conditions (0.5.1)). Soit g : RN™1 — R une fonction de
classe C? satisfaisant la condition suivante:

pour tout 7 € RN ™1 lim glx+7)—g(z)=0 (0.7.1)

TERN 1 |z]—00

et Q0 son épigraphe. S’il existe une solution bornée u au probléeme (SOP)) alors Q est un
demi-espace supérieur et u est symétrique et strictement monotone.

Ceci donne une réponse partielle a la conjecture D. En effet, comme le probleme
est invariant par isométries euclidiennes, toutes les solutions naturelles de
correspondant aux fonctions affines g(z) = a -z + b, a # 0, sont exclues par la condition
supplémentaire sur ¢ a l'infini.

Ce théoreme est valable dans toutes les dimensions, néanmoins la preuve est basée de
maniere cruciale sur le fait que f est une fonction de type Allen-Cahn, ainsi que sur la
condition supplémentaire ((0.7.1)) sur I’épigraphe a l'infini.
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En 2010, A. Farina et E. Valdinoci ont introduit dans leur article [F'V10] un nouvel outil
géométrique qui leur permet de montrer la conjecture D sans hypothese supplémentaire
sur I’épigraphe (2, mais sous la contrainte de dimension N < 3.

Théoréme 0.7.2 (Farina-Valdinoci). Soient N = 2,3, et Q un épigraphe de RY de
classe C? et globalement Lipschitzien. Supposons que u € C*(Q) N L>(Q) est une solution
de (SOP)) avec f une fonction de type Allen-Cahn.
Alors, on a Q@ =RY a une isométrie prés et il existe une fonction ug : (0, 400) — (0, +00)
tel que:

u(wy, -+, xn) = up(zyn) pour tout (zq,--- ,xy) € RY.

Par la suite, le nouvel outil géométrique introduit dans [FV10] a été utilisé pour étudier
le probleme surdéterminé de Serrin sur des domaines généraux d’une variété riemannienne

(voir [FMV13]).

En général, on ne peut pas espérer prouver la conjecture D en toutes dimensions car
dans [PPW15], M. Del Pino, F. Pacard et J. Wei ont construit un épigraphe régulier  (qui
n’est pas un demi-espace) tel que, si N > 9, le probleme sur-déterminé admet une
solution réguliere, bornée et monotone. Les auteurs notent également que cet épigraphe
n’est pas globalement Lipschitzien.

Finalement, dans [WW19|, K. Wang et J. Wei étudient la conjecture D, ou f est une
non-linéarité de type Allen-Cahn spécifique, c’est-a-dire lorsque [ satisfait la définition
suivante:

Définition 0.7.1. Une fonction f est une non linéarité de type Allen-Cahn spécifique, si
la fonction

W(t) = /01 F(s)ds — /Otf(s)ds, £>0,
est de classe C*(]0,4+00)) et satisfait les conditions suivantes:
Wwl) W >0, W()=0 et W >0 dans [0,1);
w2) W' < 0 dans (0,1), et soit W’(0) # 0 ou
W' (0)=0 et W"0)#0;

W3) 395 € (0,1),Ix > 0 tel que W” > k dans [ds, 1];
w4) 3p>1,3¢> 0 tel que W(t) > ¢(t — 1)? pour ¢ > 1.

Le représentant typique de la classe définie ci-dessus est fourni par f(t) = t — 3,

la non-linéarité d’Allen-Cahn. Dans ce cas, nous avons W(t) = %. Nous notons
également qu’une non-linéarité de type Allen-Cahn spécifique est un cas particulier d’'une

fonction de type Allen-Cahn (voir (0.5.1)).

Pour ce type de fonctions, K. Wang et J. Wei prouvent la conjecture D, sous différentes
hypotheses sur 1’épigraphe €2; Plus précisément, ils démontrent le résultat de rigidité
suivant:
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Théoréme 0.7.3 (Wang-Wei). Supposons N > 2. Soit g une fonction globalement
Lipschitzienne et €2 son épigraphe. Si le probleme sur-déterminé de Serrin (SOP)) admet
une solution alors 2 est nécessairement un demi-espace et u est symétrique.

Ce théoreme est vrai en toute dimension. Cela confirme également que 1’épigraphe
précédemment construit par M. Del Pino, F. Pacard et J. Wei en dimension N > 9 ne
peut pas étre globalement Lipschitzien.

Les auteurs de [WW19| démontrent également la conjecture D en dimension N < 8,
lorsque €2 est un épigraphe régulier, pas nécessairement globalement Lipschitzien, mais en
imposant que la solution considérée u soit monotone.

Théoréme 0.7.4 (Wang-Wei). Soit Q0 un épigraphe régulier et u € C%(Q) une solution

de (SOP), tel que,

ou

— >0, dans .

Ba:N
Si N <8, alors Q) est un demi-espace et il existe une fonction ug : [0, +00) — [0,400) tel
que, u(x) = ug(x - €), aprés une translation et e est un vecteur unitaire.

Ce résultat recouvre et complete le théoréme[0.7.2] car au vu du théoréme de monotonie
de H. Berestycki, L.A. Caffarelli and L. Nirenberg, les solutions de (SOP]|) dans les
épigraphes globalement Lispchitziens sont strictement croissantes dans la direction xy.

Nous sommes maintenant prét a énoncer nos résultats. Dans notre deuxieme article
(voir le chapitre , nous ¢établissons également de nouveaux résultats de rigidité pour des
non-linéarités de type Allen-Cahn spécifiques. Plus précisément, nous prouvons:

Théoréme 0.7.5 (B.-Farina). Supposons N > 2 et soit f € C'([0,+00)) une fonction
de type Allen-Cahn spécifique. Soit u € C*(Q) N C?(Q) une solution de (SOP) satisfaisant

ou

. () >0  Vzel (0.7.2)

Soit Q C RN un épigraphe définit par une fonction g € CH(RN=1) et, si N > 9, supposons
également que g satisfait:

a) AC > 0 pour lequel:

g(z') > =C(1 + |2']) Vo e RV-L

ou

b) 3C > 0 pour lequel:
gl@)y <C+|2) Vva e RV
Alors, Q) = Rﬁ a une isométrie pres et il existe ug : [0,400) — [0,+00) strictement

croissante tel que:
u(z) = up(zn) vz € RY.
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Les remarques suivantes s'imposent:

(i) Dans le théoreme ci-dessus, nous ne supposons pas que u est borné. En effet,
cette propriété est automatiquement satisfaite par toute solution de sur des
domaines généraux, éventuellement non bornés, lorsque f est une non-linéarité de
type Allen-Cahn spécifique. Voir le corollaire [2.5.1}]

(ii) Lorsque N < 8, le théoréme ci-dessus recouvre le théoréme [0.7.4] présenté au-dessus.
On remarque également que, lorsque g est globalement Lipschizienne, I’hypothese de
monotonie est automatiquement satisfaite en toute dimension N > 2 gréce
au point (i) et au théoréme [0.5.5] Comme le caractére Lipschitzien de g implique
la validité de la condition a) et b), nous voyons que le théoréme ci-dessus recouvre
également le théoreme . Lorsque g est coercive, '’hypothese de monotonie ((0.7.2))
est automatiquement satisfaite en toute dimension N > 2 grace au théoréme de
M.J Esteban et P.L. Lions et, comme la condition supplémentaire a) est clairement

satisfaite, on voit aussi que le théoréeme 1.3 de [WW19] est un cas particulier du
théoréme [0.7.4] ci-dessus.

(iii) Les hypotheses supplémentaires pour N > 9 ont I'interprétation géométrique suivante:
soit RV \ © contient un cone, soit € contient un cone (ou de maniére équivalente,
soit le graphe de g se trouve au-dessus du graphe d’un cone, soit le graphe de g se
trouve en dessous du graphe d’un cone).

(iv) Les remarques ci-dessus montrent aussi que 1’épigraphe construit par M. Del Pino,
F. Pacard et J. Wei dans [PPW15| ne contient pas de cone (et son complémentaire
non plus) et donc que cet épigraphe n’est ni globalement Lipschitzien (comme déja
observé dans [PPW15]), ni contenu dans un demi-espace affine.

Si nous supposons en outre que {2 est un épigraphe suffisamment régulier et minoré,
alors la condition de monotonie (0.7.2]) est automatiquement satisfaite, grace au théoreme
démontré dans notre premier article. Ainsi, nous avons prouvé le résultat suivant:

Théoréme 0.7.6 (B.-Farina). Supposons N > 2 et soit Q) un épigraphe minoré définit
par une fonction g € GNCH RN, Soit f € C'([0,+00)) une non-linéarité de type
Allen-Cahn spécifique et soit u € C*(Q) N C*(Q) une solution de (SOP)).

Alors, Q = RY; d une translation verticale prés et il existe ug : [0,+00) — [0, +00)

strictement croissante, tel que:

u(z) = ug(zy) vz € RY. (0.7.3)

Par conséquent, le théoreme prouve la conjecture D pour une large famille
d’épigraphes continus et minorés, pas nécessairement globalement Lipschitzien, lorsque f
est une fonction de type Allen-Cahn spécifique. Une question naturelle est de savoir si le
méme résultat peut étre obtenu pour une fonction f plus générale.
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0.7.2 Le probléme sur-déterminé de Serrin avec une non-linéarité
générale

Dans la littérature mathématique, il existe peu de résultats concernant le probleme
(SOP)) et la conjecture D dans le cas ou f est une fonction localement Lipschitzienne
générale.

Dans ce contexte, A. Ros, D. Ruiz et P. Sicbaldi (voir [RRS17]) résolvent la conjecture
D en dimension N = 2 pour des épigraphes suffisamment réguliers. Précisément, ils
montrent le résultat suivant:

Théoréme 0.7.7 (Ros-Ruiz-Sicbaldi). Soit g : R — R une fonction de classe C1*
et Q) son épigraphe. Supposons qu’il existe une solution u bornée au probléme (SOP)) ou
f:[0,4+00) — R est une fonction localement Lipschitzienne. Alors Q) est un demi-plan et
u ne dépend que d’une variable.

Notons que le théoreme énoncé dans [RRS17] est plus général car il s’applique a des
domaines réguliers () tel que 02 est non borné et connexe.

Dans tous les résultats présentés ci-dessus, ainsi que dans la conjecture D, les solutions
du probleme sont toujours supposées bornées (et ce fait est important pour effectuer
les preuves). Un premier résultat de rigidité concernant les solutions non bornées du
probléme est établi dans [FV10]. La nécessité de considérer également des solutions
non bornées au probleme sur-déterminé de Serrin vient du fait que, pour certaines
fonctions naturelles f, les seules solutions a sont non bornées. Ceci est bien illustré
par le cas des fonctions harmoniques, c¢’est-a-dire lorsque f = 0. Dans ce cas, il pourrait ne
pas y avoir de solution bornée a (SOP)), alors que la fonction u(x) = zx est une fonction
harmonique positive non bornée sur le demi-espace Rf , avec une condition de Dirichlet
nulle.

Dans ce contexte, les auteurs de [FV10] ont établi un résultat de rigidité pour des
solutions éventuellement non bornées de (SOPJ|) en dimension 2:

Théoréme 0.7.8 (Farina-Valdinoci). Soit g : R — R une fonction de classe C3 et Q)
son épigraphe. Soit  une fonction localement Lipschitzienne et u € C*(Q) une solution
de (SOP)), tel que |Vu| € L>(Q). Supposons que u satisfait la condition suivante:

% >0, dans (.
6.1'2

Alors, Q doit étre une demi-plan, et il existe w € St et une fonction ug : R — (0, +00) tel
que w est normale a 0 et u(z) = up(w - ) pour tout x € Q.

Pour prouver leur théoreme, A. Farina et E. Valdinoci ont développé une nouvelle
approche géométrique du probléme (SOP)) qui permet d’obtenir un résultat de rigidité
pour des domaines  connexes et de classe C*® (pas nécessairement des épigraphes).

Nous sommes maintenant préts a présenter nos contributions concernant le probleme
(SOP)) pour une fonction générale f. Elles ont été obtenues dans notre deuxiéme article
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(voir le chapitre , ou nous avons démontré de nouveaux résultats de rigidité pour
des solutions potentiellement non bornées de (SOP|) dans des épigraphes minorés et en
dimensions N < 3.

Les preuves des résultats suivants sont obtenues en combinant I'approche géométrique
développée dans [FV10] et les résultats de monotonie décrits dans la premiere section (voir

01).

Nous allons commencer par un résultat de rigidité pour les solutions bornées du prob-
léme sur-déterminé (SOP]) dans un épigraphe globalement Lipschitzien et minoré de R :

Théoréme 0.7.9 (B.-Farina). Soit Q C @3 un épigraphe globalement Lipschitzien minoré
avec un bord de classe C3. Soit u € C*(Q) N C*() une solution bornée de (SOP), ou
f € CY[0,+00)) satisfait f(0) >0 et

F(supu) = sup F(t), (0.7.4)

te[0,sup u]

ici F' désigne la primitve de f s’annulant en 0.
Alors, @ = R3 d une translation verticale prés et il existe uy : [0,+00) — (0, +00)
strictement croissante tel que:

u(r) = ug(ws) Vo e RS,

Notons que I’hypothese est naturelle et, d’'une certaine maniere, nécessaire.
En effet, si la conjecture D est vraie, c’est-a-dire si {2 est un demi-espace affine, alors le
principe de continuation unique (voir le théoréeme 1 dans [FV13]) garantit que la solution
u doit étre unidimensionnelle. Ensuite, une analyse standard de 'intégrale premiere donne
que F(supu) > F(t), pour tout ¢t € [0,supu), confirmant ainsi la validité de (0.7.4)).

De plus, la condition est clairement satisfaite des que:
(a) f(t) >0, pour tout t > 0,
(b) il existe ¢ > 0, tel que f(¢) > 0 pour tout ¢ € [0,(] et f(¢) < 0 pour tout ¢t € [¢, +00).
Notons que le théoreme est également vrai en dimension 2 sans condition ((0.7.4]),
méme pour les solutions non bornées de . Ceci est contenu dans le théoreme suivant

(voir point H1).

Théoréme 0.7.10 (B.-Farina). Soit Q C R? un épigraphe globalement Lipschitzien et
minoré avec un bord de classe C* et soit u € C'(Q) N C%*(Q) une solution de (SOP).

Supposons que l'une des assertions suivantes soit vraie :
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f € Lipioe([0,+00)), f(0) = 0 et Vu € L7(); (H1)

f € Lip([0,+00)),  f(0) 20, 3I¢>0: f(t) <0 dans [C,+00),

(H2)
Jae[0,1) :  u(z)=0O(|z|*) quand |x| — 00;
f € Lip([0,400)), f(0)>0, IF¢>0: f(t) >0 dans [(,+0),

(H3)
u(z) = o(In|z|), quand |x| — 00;
f € Lip([0,400)), f(0)>0, f(t)<0 dans (0,400),

(H4)

u(z) = o(|z| In? |z]), quand |x| — o0.
Alors, Q@ = R2 a une translation verticale prés et il existe uy : [0,+00) — (0, +00)
strictement croissante tel que:
u(x) = up(zg) Vo € RZ.

Nous avons également établi un résultat de rigidité pour des solutions éventuellement
non bornées de (SOP)) en dimension 3.

Théoréme 0.7.11 (B.-Farina). Soit 2 C R3 un épigraphe globalement Lipschitzien et
minoré de classe C? et soit u € C1(Q) N C?*(Q) une solution de (SOP)).

Supposons que l'une des assertions suivantes soit vérifiée:

f € Lip(]0,+00)), f(t) >0 pourtout t>0,
(A1)
u(z) = o(In|zl), quand |x| — o0;

f € Lip,,.([0,400)), IC>0: f(t)>0 sur [0,¢] et f(t)<0 sur [(,+00),

Jdae[0,1) :  wu(zr)=0(z]*) quand |z| — oc;
(A2)
Alors, Q@ = R a une translation verticale prés et il existe uy : [0,+00) — (0, +00)
strictement croissante tel que:

u(x) = up(x3) Vo € R3.
Il s’agit du premier résultat de rigidité établi pour des solutions éventuellement non
bornées de (SOP]) dans des épigraphes inclus dans R3.

Les preuves des théoremes précédents sont essentiellement basées sur le théoréme de
rigidité suivant, qui provient lui-méme de 1'utilisation d’une formule de type Poincaré et
d’une analyse détaillée des ensembles de niveaux des solutions (voir [F'V10])):
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Théoréme 0.7.12 (B.-Farina). Supposons N =2 ou 3 et soit Q@ C RY un domaine de
classe C3. Soient [ € Lip,,.([0,+00)) et u € C*(Q) une solution de (SOP) tel que:

/ |Vu|? = o(R*In R) quand R — oo. (0.7.5)
B(0,R)NQ
Si u est monotone, i.e.,

0

a;jv (z)>0 VeeQ, (0.7.6)

alors, @ =RY a isométrie prés et il existe ug : [0, +00) — (0, +00) strictement croissante
tel que:
u(r) = up(ry) Vo e REY.

Notons que ce théoreme reste vrai en toutes dimensions, cependant la condition
d’énergie (0.7.5)) est moins naturelle (et plus difficile & satisfaire) lorsque N > 3.

Grace a notre nouveau résultat de monotonie [0.5.15[ établi dans un épigraphe suffisam-
ment régulier et minoré avec ¢ # 0, les théorémes [0.7.9][0.7.10] et [0.7.11] sont toujours vrais
si 'on suppose que f(0) < 0.

Théoréme 0.7.13 (B.-Farina). Soit Q C R? un épigraphe globalement Lipschitzien
minoré et définit par une fonction g € C*(R) N CH(R).

Soit u € CHQ) N C?(Q) une solution de (SOP) avec ¢ # 0 et supposons que l'une de
assertions suivante est vérifiée:

f € Lip,,.([0,+00)), f(0) <0 et Vu € L=(Q); (H1)

f € Lip,,.([0,400)), f(0) <0, 3I¢>0: f(t) <0 dans [(,+00),
(112)
Jae€0,1) :  wu(x) =0(|z]*) comme |x| — o0;

Alors, Q = R2 a une translation verticale prés et il existe ug : [0,+00) — (0,+00)
strictement croissante tel que:

u(r) = ug(w2) Vo€ RE.

Théoréme 0.7.14 (B.-Farina). Soit Q C R?® un épigraphe globalement Lipschitzien
minoré et définit par une fonction g € C3(R?) N CH7(R?).

Soit u € C1(Q) N C?(Q) une solution de (SOP)) avec ¢ # 0.

Soit f € C'([0,+00)) tel que f(0) <O et

F(supu) = sup F(t).

t€[0,sup u]

Alors, Q = R3 a une translation verticale prés et il existe uy : [0,+00) — (0,+00)
strictement croissante tel que:

u(x) = up(z3) Vo € R3.
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0.8 Résultats de classification pour les solutions de
I’équation de Poisson semi-linéaire dans le demi-
espace

Dans cette section, nous présentons une classification des solutions éventuellement non
bornées du probleme suivant:

—Au = f(u) dans RY,
u>0 dans RY, (SPE+)
u=20 sur  ORY,

ou f est une fonction localement Lipschitzienne sur [0, +00).

Comme dans les sections précédentes, nous présentons d’abord les travaux existants
concernant ce probléme, puis nous introduisons nos nouveaux résultats qui sont contenus
dans notre troisieme article (voir le chapitre (3)).

Etudier et classifier les solutions du probléeme (SPE+) est naturel pour différentes

raisons:

(i) Le demi-espace est le domaine non borné le plus simple avec un bord non borné
dans lequel on peut étudier le probleme de Dirichlet pour 1’équation de Poisson
semi-linéaire.

(ii) Le probleme (SPE+|) peut apparaitre comme un probléme limite, aprés une procédure
d’explosion ("blow-up" en Anglais) pres de la frontiere ou lorsque 1'on veut mettre en
évidence des estimées a priori pour des solutions strictement positives d’'un probleme
semi-linéaire uniformément élliptique dans un domaine borné régulier ([GS81a]),
mais également, lorsque I'on étudie 'unicité des solutions classiques d’un probleme
perturbé comme suit:

—&’Av = f(v) dans v>0 dans Q, v=0 sur 09, (0.8.1)

ou {2 est un domaine régulier et borné, f est une fonction réguliere et € est un petit
parametre positive (voir par exemple |[Ang85| et [Dan09)]).

Notons que, lorsque f(0) < 0, méme si les solutions v considérées dans (0.8.1]) sont
strictement positives, étant donné ’absence du principe du maximum fort, la solution
u de (SPE4|) obtenue apres la procédure de mise a 1’échelle est "seulement" positive
dans RY.

+

Ceci motive le choix de considérer les solutions positives de (SPE+|) (et pas seulement
strictement positives ).

Enfin, la nécessité de considérer également les solutions non bornées de (SPE-+) est
bien illustrée par le cas des fonctions harmoniques, c¢’est-a-dire lorsque f = 0. Dans ce cas,
il est bien connu que toutes les solutions de (SPE-|) sont données par u(z) = axy, a > 0.

Le premier résultat concernant la classification complete des solutions de (SPE+)) avec
f # 0 a été obtenu par B. Gidas et J. Spruck en 1981. Il concerne la fonction f(u) = u?
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et il a été motivé par la situation décrite au point (ii) ci-dessus.

Théoréme 0.8.1 (Gidas-Spruck). Supposons N > 2 et soit p un réel satisfaisant

1<p< % La seule solution classique de

—Au=u? dans RY,
u>0 dans ]Rf ,
u=>0 sur  ORY,

est u=0.

La preuve dans |[GS81a] utilise la méthode des spheéres mobiles ("moving spheres
method" en Anglais). En 1993, H. Berestycki, L.A. Caffarelli et L. Nirenberg (|[BCN93])
ont observé que la preuve dans |[GS81a] donne également le résultat suivant:

Théoréme 0.8.2 (Berestycki-Caffarelli-Nirenberg). Soit u € C*(RY) une solution
de (SPE4) ot f € Lipi([0,400)). Si l'une des conditions suivante est vérifiée:

(i) N=2et f>0,
(it) N >3 et [ satisfait

f(t)

b v

est décroissante sur (0, +00). (0.8.2)

Alors, soit uw =0, ou il existe une fonction ug : [0,4+00) — [0, +00) tel que:
w(z) = up(zy) pour tout v € RY (0.8.3)

et ug > 0, uy > 0 sur (0, +00).
Notons que 'on a nécessairement f(0) > 0 dans le théoréme ci-dessus.

Les solutions de la forme ((0.8.3)), c’est-a-dire, les solutions dépendant seulement de
la variable xy, sont dites unidimensionnelles puisqu’elles héritent des symétries de ]Rf .
Clairement, le profil ug est solution du probleme

{ —ug" = f(ug) dans (0, +00), (0.8.4)

Récemment, les résultats suivants ont été obtenus concernant la symétrie unidimensionnelle

des solutions de (SPE4|). Ils couvrent également le cas ou f(0) < 0.

Théoréme 0.8.3 (Farina-Sciunzi). Soit u € C?(R%) une solution de (SPEL) ot
[ € Lipioe([0, +00)). Alors,

(i) si f(0) >0, alors soit w =0, ou u est strictement positive sur R et (%‘2 > 0 sur
R?;
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(i7) si £(0) <0, alors soit u > 0 et g—;‘z >0 sur R%, ou
u(r) = up(z2) pour tout v € R

0l ug : [0, +00) — [0,4+00) est une fonction unique et périodique;
(i) si pour un p > 1,
lim 2 ¢ (0, 400), (0.8.5)
alors u est bornée et unidimensionnelle.

(iv) si f € C([0,400)) avec f(0) < 0 et f'(t) > a > 0 pour tout t > 0, alors u est
unidimensionnelle et périodique.

Théoréme 0.8.4 (Cortazar-Elgueta-Garcia-Melian). Supposons N > 2. La seule
solution classique de
—Au=u—1 dans RY,
u>0 dans Rf ,
u=0 sur  ORY,

est la fonction
u(r) =1—cos(zy) pour tout v € RY.

Le cas N = 2 dans le théoréme est di a [FS16] (11 suffit d’applique le point (iv) du
théoreme avec f(u) =wu — 1), tandis que le cas N > 3 est prouvé dans [CEG16].

Il est intéressant de noter que les résultats de symétrie unidimensionnelle dans les quatre
théoremes ci-dessus ont été obtenus sans aucune hypothese supplémentaire sur les solutions
u. Il semble donc naturel de chercher a élargir la classe des fonctions f garantissant
que les seules solutions classiques, bornées ou non, de soient nécessairement
unidimensionnelles. D’autre part, un tel résultat de symétrie unidimensionnelle n’est
pas vrai pour toute fonction localement Lipschitzienne f, comme le montre la fonction
u(xr) = xye ™, qui est solution de avec f(u) = —u et N > 2. Ainsi, les deux

axes de recherche suivants émergent naturellement:

(1) fournir des conditions naturelles générales sur f garantissant que les seules solutions
classiques, bornées ou non, a (SPE+| sont nécessairement unidimensionnelles ;

(2) fournir des hypotheses suffisamment générales sur les solutions classiques de
assurant leur symétrie unidimensionnelle (soit indépendamment de la fonction consid-
érée [ € Lipie(][0,+00)), soit pour une sous-classe appropriée de fonctions localement
Lipschitzienne).

Les nouveaux résultats présentés dans cette section sont consacrés a ces deux axes
de recherche. Avant d’énoncer nos résultats, passons en revue ceux qui existent dans la
littérature mathématique.

Concernant le deuxiéme axe de recherche, diverses hypotheses supplémentaires sur u ont
été considérées dans la littérature afin d’établir la symétrie unidimensionnelle de u. Elles
concernent principalement les conditions de croissance de u ou ses propriétés qualitatives



Résumé en Francais 89

ou spectrales, telles que la monotonie, la stabilité et/ou I'indice de Morse. Ces conditions
sont naturelles, car elles sont généralement satisfaites par les solutions qui apparaissent
dans les applications et par celles construites a l'aide de méthodes variationnelles ou
topologiques.

A cet égard, nous présentons ci-dessous les principales contributions de la littérature.
Nous les énoncerons par ordre croissant de généralité. Commencons par le cas des solutions

bornées (voir [BCN9T7al).

Théoréme 0.8.5 (Berestycki-Caffarelli-Nirenberg). Supposons N = 2 ou 3. Soit
u € C*(RY) une solution strictement positive et bornée de ot f € Lipioe([0, +00)).
Si N =2, alors u est unidimensionnelle et strictement croissante. Si N = 3 la conclusion
reste vrai, si on suppose, en plus, que f(0) > 0 et que f est de classe C1.

Plus récemment, en combinant le théoreme [0.8.3| ci-dessus et un outil géométrique
introduit dans [FV10], les auteurs de [FS16] ont amélioré le résultat du théoreme [0.8.5]
dans le cas bidimensionnel. En effet, les auteurs de |[FS16] démontrent la symétrie uni-
dimensionnelle pour toute solution strictement positive, en supposant seulement que u
possede un gradient borné. Plus précisément:

Théoréme 0.8.6 (Farina-Sciunzi). Soit u € C?(R%) une solution de (SPEL]) ot
f € Lipie([0,400)). St u a un gradient borné, alors elle est unidimensionnelle.

Rappelons que les solutions bornées de (SPE+|) ont un gradient borné, mais I'inverse n’est
pas vrai, comme le montre la fonction harmonique (unidimensionnelle) u(z) = zy.

Pour conclure sur le cas des solutions bornées de (SPE+|), nous mentionnons les deux
résultats suivants. Le premier concerne les fonctions convexes f avec f(0) = 0, tandis que
le second s’applique, entre autres, a toute fonction f strictement positive (voir [CLZ14] et
[DF22]).

Théoréme 0.8.7 (Chen-Lin-Zou). Supposons N > 2 et soit f € C'([0,+00)) N
C?((0,+00)) avec f(0) = 0 et f” > 0. la seule solution classique bornée de (SPE-])
estu = 0.

La conséquence immédiate de ce résultat est le corollaire suivant:

Corollaire 0.8.1 (Chen-Lin-Zou). Supposons N > 2 et soit p > 1. La seule solution
classique bornée de
—Au =uP dans Rf ,
u>0 dans RY,
u=">0 sur  ORY,

estu=0.

Le corollaire a d’abord été prouvé pour 1 < p < (N +1)/(N — 3)* dans |[Dan92],

et ensuite pour tout 1 < p < p;(N) dans |[Far07], ou py., est 'exposant de stabilité de

(N—2)2—4N+8v/N—1
(N-2)(N-10)+

Jospeh-Lundgren donné par p;;(N) =
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Théoréme 0.8.8 (Dupaigne-Farina). Soit u € C*(RY) une solution bornée de (SPE+).
Supposons f € C([0,+00)) et

1. soit f(t) > 0 pourt >0,
2. ou il existe z > 0 tel que f(t) >0 pourt € [0,z] et f(t) <0 pourt > z.

Si 2 < N < 11, alors soit u = 0, ou u est strictement positive, unidimensionnelle et
strictement croissante.

Pour continuer, rappelons qu’une solution de (SPE+|) qui est soit strictement monotone
dans la direction xy, soit un minimiseur local est automatiquement stable, ce qui signifie
qu’elle satisfait:

L IVel = rug? = 0, (0.8.6)

pour tout p € CH(RY) (ici on a supposé f € C).

Il faut également préciser que u est stable en dehors d’un compact K C Rﬂ\rf si I'inégalité
est vraie pour tout ¢ € CH(RY \ K). On voit, clairement, que la stabilité en dehors
d’un compact implique la stabilité (en fait, toute solution d’indice de Morse fini a
est stable en dehors d’un ensemble compact de RY).

Pour ces classes de solutions de (SPE+]), nous avons (voir [DSS22]):

Théoréme 0.8.9 (Dupaigne-Sirakov-Souplet). Supposons N > 2. Soit f € C''([0, +00))N
C?((0,+00)) une fonction positive et conveze, avec f(0) =0 et f # 0.

Soit u une solution classique de qui est monotone dans la direction xy, i.e., tel
que 5%\, >0 sur RY. Alors, u = 0.

En particulier, uw = 0 est la seule solution classique de qui est bornée sur les
bandes finiesf]

Une conséquence immédiate du théoreme [0.8.9| est la suivante:

Corollaire 0.8.2 (Dupaigne-Souplet-Sirakov). Supposons N > 2 et soit p > 1. Soit u
une solution classique de
—Au=1u? dans RY,
u>0  dans RY, (0.8.7)
u=>0 sur 8Rf ,

qui est monotone dans la direction xy. Alors, u = 0.
En particulier, u = 0 est la seule solution classique de (0.8.7)) qui est bornée sur les bandes
finies.

Le corollaire 0.8.2 recouvre et complete le corollaire [0.8.1

Trés récemment, le corollaire a été complété dans le papier [DFP23]. Plus précisément:

21 Lorsque f(0) > 0, toute solution strictement positive de (SPE+]), qui est bornée sure les bandes
finies, est strictement monotone dans la direction zy (voir le théoréme dans [Far20]).
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Théoréme 0.8.10 (Dupaigne-Farina-Petitt). Supposons N > 2 et soit p > 1. La seule
solution classique de

—Au = |[ulP"'u dans RY,
u=>0 sur 8Rﬂ\:,

qui est stable en dehors d’un compact de RY est u = 0.

Notons que le théoreme [0.8.10] est vrai pour des solutions pouvant changer de signe.

Il a d’abord été démontré dans [Far07] pour tout N < 10 et, si N > 10, pour 1 < p <

piL(N) = (N _(Qi;‘)lé\jf\ffoﬁv —L Texposant de stabilité de Joseph-Lundgren.

Nous sommes maintenant préts a présenter nos résultats. Le premier théoréeme con-
tribue a la premiere ligne de recherche ci-dessus. Il reprend et complete le résultat énoncé
au point (iii) du théoréme [0.8.3]

Théoréme 0.8.11 (B.-Farina). Soit u € C*(R2) une solution de (SPE1]) ou f €
Lipie([0, +00)) satisfait
ft)

t—+o0

Alors, il existe une fonction bornée ug : [0, +00) — [0,400) tel que:

u(x) = up(ze) pour tout x € R2.
De plus, soit ug est périodique (éventuellement égale a zéros) ou, ug > 0 et uy > 0 sur
(0, +00).

Nous présentons ensuite nos résultats concernant le deuxieme axe de recherche ci-dessus.
Commencons par le cas des solutions monotones dans la direction x .

Théoréme 0.8.12 (B.-Farina). Supposons 2 < N <9 et soit u € C*(RY) une solution
de (SPE+)) tel que 6‘% > 0 sur RY. Supposons que f € C*([0,400)) est une fonction
positive satisfaisant:
t
lim inf f§> > 0. (0.8.9)

t—+o00

Alors, soit uw =0, soit il existe une fonction bornée ug : [0, +00) — [0,400) tel que:
u(z) = up(zn) pour tout v € RY

et ug > 0, uy > 0 sur (0, +00).
De plus, si f(t) > 0 pour tout t > 0, alors, nécessairement u =0 dans RY et f(0) = 0.

Bien que soumis a une restriction dimensionnelle, le résultat précédent étend le théoreme
a toutes les fonctions f positives sous la seule hypothése que f se comporte au moins
linéairement a 'infini. Il serait intéressant de savoir si ce résultat est toujours valable pour
N > 9.

Si ’on suppose en outre que f est convexe ou que f présente au plus une croissance
polynomiale alors les conclusions du théoreme [0.8.12| restent valables jusqu’a la dimension
N = 10. Plus précisément:
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Théoréme 0.8.13 (B.-Farina). Supposons 2 < N < 10 et soit u € C*(RY) une solution
de (SPE+) tel que % > 0 sur RY. Supposons que f € C*([0,+00)) est une fonction

Bz 2
ft)

positive et convexe satisfaisant:
lim inf ——= > 0. (0.8.10)
t—+oco ¢

Alors, soit u =0, soit il existe une fonction bornée ug : [0, +00) — [0,4+00) tel que:
u(z) = up(zn) pour tout x € RY

et ugp >0, uy > 0 sur (0, +00).
De plus, si f(0) =0, alors nécessairement u = 0 dans RY.

Contrairement au théoréme [0.8.7 la fonction f dans le théoreme [0.8.13] n’est pas
nécessairement croissante. En effet, ce dernier s’applique a f(t) = |t — 1|7, p > 1.

On note également que si on retire I’hypothese (0.8.10)), alors la conclusion du théoreme
0.8.13| n’est plus vraie. En effet, la fonction non bornée et monotone u(z) = In (1 + zy)
est solution du probleme (SPE-+]) avec f(t) = e~%, qui est strictement positive et convexe.

Cette observation s’applique également au théoreme [0.8.12] ci-dessus et au théoreme
suivant.

Théoréme 0.8.14 (B.-Farina). Supposons 2 < N < 10 et soit u € C*(RY) une solution
de (SPE+) tel que: 8‘% > 0 sur RY. Supposons que f € C'([0,+00)) est une fonction
positive satisfaisant

f(@) f(@)

l%r_r>1+1£10f — > 0, htrilfgop 0 < 400, (0.8.11)

pour un 6 > 1.
Alors, soit u =0, soit il existe une fonction bornée ug : [0, +00) — [0,400) tel que

u(r) = up(zN) pour tout v € RY

et up > 0, ug > 0 sur (0,+00).
De plus, si f(t) > 0 pour tout t > 0, alors nécessairement u =0 dans RY et f(0) = 0.

En conséquence immédiate des trois théoremes précédents, nous pouvons traiter le cas
de solutions bornées sur des bandes finies.

Corollaire 0.8.3 (B.-Farina). Soient N, f comme dans les énoncés du théoréme

(resp. du théoréme ou du théoreme (0.8.14) et soit u une solution classique de
(SPE-+) qui est bornée sur les bandes.
Alors les conclusions du théoréme (resp. du théoréme ou du théoréme|(0.8.1/

restent vrazes.

Le point de vue adopté pour démontrer les théoréemes précédents s’applique aussi
bien aux solutions stables qu’aux solutions stables en dehors d'un compact. Nous présen-
tons ci-dessous les théoremes de type Liouville correspondant a ces deux classes de solutions.
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Théoréme 0.8.15 (B.-Farina). Supposons 2 < N < 4 et soit u € C*(RY) une solution
stable de (SPE+]) ou f € C'([0,+00)) est une fonction positive et croissante satisfaisant
t

lim () = +4o00. (0.8.12)

t—+oco ¢
Alors, u =0 dans RY et f(0) = f'(0) = 0.

Dans le résultat suivant, nous remplacons la condition de superlinéarité ((0.8.12)) sur f
par une hypothese de croissance sur la solution w.

Théoréme 0.8.16 (B.-Farina). Supposons 2 < N < 4 et soit u € C*(RY) une solution
stable de (SPE+]) ou f € C*(]0,+00)) est une fonction positive et croissante avec f # 0.
Si

wz) = 0(z| = "% |z])  quand |z| — +oo, (0.8.13)

alors, w =0 dans RY et f(0) = f'(0) = 0.

Les deux résultats suivants traitent de solutions stables en dehors d’un compact de RJX :

Théoréme 0.8.17 (B.-Farina). Supposons 2 < N <9 et soit u € C*(RY) une solution
de (SPE+|) qui est stable en dehors d’un compact de Rf. Soit f € CY([0,+00)) une

fonction positive et convexe avec f(0) =0 et f # 0.
Alors, u=0 dans RY et f'(0) = 0.

Théoréme 0.8.18 (B.-Farina). Supposons 2 < N < 10 et soit u € C*(RY) une solution
de (SPEH]) qui est stable en dehors d’un compact de RY. Soit f € C([0,+00)) une

fonction positive et croissante satisfaisant

o f(t) : ft)
tlg—noo = +00, htrilfip S0 < +o0. (0.8.14)

pour un 6 > 1.
Alors, u =0 dans RY et f(0) = f/(0) = 0.

Dans le cas des solutions monotones, la flexibilité de notre approche nous permet
d’étendre certains des résultats précédents au cas des inégalités différentielles, méme sans
imposer de conditions aux limites. Plus précisément, nous avons

Théoréme 0.8.19 (B.-Farina). Supposons N = 2,3 et soit u € C*(RY) une solution de

—Au > f(u) dans RY,

u>0 dans RY, (0.8.15)
6‘9—“ >0 dans RY,
TN

ou f € C°0,400)) satisfait f(t) > 0 pour tout t > 0 et

lim inf fit) > 0.

t—+o0

Alors, u =0 dans RY et f(0) = 0.
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En particulier, pour N = 2,3 et pour tout p > 1, la seule solution positive et monotone
de —Awu > uP dans Rf est la fonction identiquement nulle.

Nous notons également que le résultat ci-dessus est optimal. En effet, la fonction

u(z' zy) = (1 + |x’|2)7p%1 satisfait —Au > u” et %jv = 0 dans RY, quand N > 4,
p > %—:; et ¢ > 0 est assez petit. Néanmoins, nous avons le résultat optimal de type

Liouville suivant:

Théoréme 0.8.20 (B.-Farina). Supposons N > 2, soit p > 1 un réel et soit u € C*(RY)

une solution de
—Au > uP dans Rf,

u>0  dans RY, (0.8.16)
a%, >0 dans Rf,
Sil1<p<p(N), ot
_ +oo st N=2,3
p(N) ::{ PR T (0.8.17)
%—_é si N >4,

alors, u =0 dans RY.

Si 'on se limite aux solutions de I'équation de Poisson semi linéaire sur Rf , sans
toutefois imposer de conditions aux limites, les résultats de classification ci-dessus peuvent

étre étendus au dela de la dimension N = 4. C’est le contenu des deux théorémes suivants.

Théoréme 0.8.21 (B.-Farina). Supposons 2 < N <9 et soit u € C*(RY) une solution

de
—Au = f(u) dans RY,
u>0 dans RY, (0.8.18)
% >0 dans Rf,
ou f € CY[0,+00)) satisfaisant f(t) > 0 pour tout t > 0 et
t
lim inf /) > 0. (0.8.19)
t—+oco ¢

Alors, soit u =0 in RY, ou il existe une fonction ug : RN~ — (0, +00) tel que:
u(z) = up(z1, ..oy TN_1) pour tout x € Rf.

St on suppose, en plus, la condition (0.8.11)), la conclusion précédente reste vraie méme en
dimension N = 10.

Dans le cas de I'équation de Lane-Emden —Awu = wuP, le résultat ci-dessus peut étre
amélioré comme suit:
Theorem 0.8.1 (B.-Farina). Supposons N > 2 et soit u € C*(RY) une solution de

—Au =uP dans Rﬂf,

u>0  dans RY, (0.8.20)
83—“ >0 dans ]Rf.
TN

Si N =23, alors u =0 dans Rf; tandis que pour N > 4, on a
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- N+1 — N.
(i) si1 <p < 35, alors u =0 dans RY;

(ii) sip= %—f;, alors soit u =0 dans RY ou

_N-3
2

u(z) = (a+ bla’ — 2)|?) pour tout x = (2',xy) € RY, (0.8.21)

pour a,b > 0 satisfaisant 1 = ab(N — 1)(N — 3) et pour tout xj, € RN7!;

(i) si % <p<py(N—=1), ot pj (N) = (N(_i,)j;)%%f?o‘)f_l est l'exposant de stabilité

de Joseph-Lundgren.

Alors, soit u =0 dans Rf, ou il existe une fonction ug : RN=1 — (0, +00) tel que,

u(z) = up(z') pour tout x = (z/,zyx) € RY,

Lorsque N > 4, pour tout %—fé < p < pyr(N —1), il existe une solution strictement
positive de dépendant seulement des N —1 premieres variablesﬂ Notons également
que les solutions des points (i7) et (i7) sont instables (voir le théoreme 5 et la remarque 4
de [Far07]). Finalement, on peut observer que, pour N < 11, le résultat précédent donne
une classification complete des solutions de pour tout p > 1.

Dans la suite de ce manuscript, le lecteur pourra retrouver les chapitres [I} [2] et 3] qui
contiennent respectivement les articles [BFS25], [BF25b] et [BF25a]. Le lecteur pourra
donc retrouver I’ensemble des théorémes énoncés dans cette introduction ainsi que de
nouveaux résultats et leurs preuves détaillées.

22 Pour tout N > 3 et p > % les solutions radiales et strictement positives de —Awu = u” dans RY
existe toujours (voir [GS81b] ou |[JL73]). Si ug est une telle fonction en dimension N — 1, alors la fonction
u(z) = up(2'), z = (2/,zn) € RY, donne I'exemple désiré.
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Chapter 1

Monotonicity for solutions to
semilinear problems in epigraphs

Contents
(L1 Introduction and main results| . . . . ... ... ... ... ... ... 97
[1.2  Some new comparison principles on unbounded domains and their |
| applications to the uniqueness and symmetry of solutions to the semi- |
| linear Poisson equation| . . . . . . . .. ... ... ... ... ... .. 102
L.3 __Some uniform estimates in unbounded domains|. . . . . . .. ... .. 113
L4 _Proofd . . . . . . o 120
(1.5 Extensions to merely continuous epigraphs bounded from below and |
[ further observations . . . . . . . . ... L L 133
[1.6 Some applications to classification and non-existence results| . . . . . 138
(1.7 Some examples| . . . . . . . .. o 141
1.1 Introduction and main results
We consider solutions, possibly unbounded, to the problem
—Au= f(u) inQ,
u >0 in €, (1.1.1)
u=>0 on 0f),

where f is a (locally or globally) Lipschitz-continuous function satisfying
f(0) >0,
and Q is an epigraph of RV, with N > 2, i.e.

Q= {oz=( 2y) RV xR : 2y > g(2')},

97
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where g : RV¥~! — R is a continuous function bounded from below.

The main results of the present paper prove that the solution u is strictly increasing
du

in the xy-direction, i.e., 3oy > 0in Q2. Our monotonicity results are new. They cover
the case of uniformly continuous epigraphs (not necessarily locally Lipschitz-continuous),
coercive epigraphs, as well as that of a large family of merely continuous epigraphs (with
possibly arbitrary growth at infinity and not necessarily coercive). Furthermore, we do
not assume that u is bounded.

Half-spaces and coercive epigraphs are a very special case of the geometries covered by our
analysis. Thus, our results recover, extend and complete existing ones, which mainly deal
with the case of a half-space (|[BCN93]-[BCN97b],[SD10],[Dan92],|Far20],[F'S16],[FS17],|[FV10],

[GMS24],|QS06]) or a locally Lipschitz-continuous coercive epigraph (|[BCN97b|,|[EL82],|F'S16]).
Our results apply to classical solutions of (1.1.1]) as well as to those in the sense of

distributions. To deal with the latter case and settle the general framework in which we
work, we introduce the following functional space :

Hl

loc

(Q) = {u: Q R, u Lebesgue-mesurable : u € H'(QN B(0,R)) VR > O}
(1.1.2)

The choice of the distributional framework is quite natural and justified by the fact
that, in many cases, the epigraphs we consider are merely continuous (i.e., the functions g
that define them are assumed to be continuous and nothing more).

Let us first state the main results for uniformly continuous epigraphs.

Theorem 1.1.1. Let € be a uniformly continuous epigraph bounded from below.
Assume f € Lip,,. ([0, +00)) with

lim infM >0 (1.1.3)
t—0t ¢
and let u € C°(Q) N HL.(Q) be a distributional solution to which bounded and
uniformly continuous on finite stm’psﬂ
Then w is strictly increasing in the xx-direction, i.e., {%‘V >0 in Q.
If f is globally Lipschitz-continuous, the same conclusion holds true only under the sole
assumption that u is uniformly continuous on finite strips.

The epigraphs considered in the previous result could be very wild, as shown by the
following two-dimensional examples constructed by using the Weierstrass-type functions
Gpa(T) =200 b~ cos(b"mx), where b > 1 is an integer and a € (0,1). The function g,
is uniformly continuous, bounded and nowhere differentiable (|Har16]).

If we further assume that the epigraph satisfies a weak regularity assumption, we can
prove the monotonicity result for any (locally or globally) Lipschitz-continuous function f

1
2

i.e., u is Lebesgue-measurable on Q and v € H*(U) for any open bounded set U C §).
i.e., for any R > 0, u is bounded and uniformly continuous on the strip Q N {zy < R}.
3 Continuous distributional solutions of —Au = f(u) in Q belong to C?(£2), by standard elliptic theory.
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satisfying f(0) > 0 (and this by also weakening the assumptions on u).

Theorem 1.1.2. Let Q0 be a uniformly continuous epigraph bounded from below and
satisfying a uniform exterior cone condition.

Assume f € Lip,,.(0, +00)) with f(0) > 0 and let u € C°(Q) N H}(Q) be a distributional
solution to (1.1.1)) which is bounded on finite stripsﬁ

Then u is strictly increasing in the xy-direction, i.e., 8% >0 in .

Theorem 1.1.3. Let Q) be a uniformly continuous epigraph bounded from below and
satisfying a uniform exterior cone condition.
Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N H} () be a distributional
solution to with at most exponential growth on finite stm'psﬂ

Then u is strictly increasing in the xy-direction, i.e., a%v >0 in .

Note that Theorem and Theorem cover the case of uniformly continuous
epigraphs bounded from below, which are not necessarily locally Lipschitz-continuous. See

Example in Section [1.7]

Although the following results are special cases of the preceding theorems, even in this
weaker form, they are new.

Corollary 1.1.1. Let Q be a uniformly continuous epigraph bounded from below. Assume
f € Liploc([ov +OO)) with
liminffit) >0 (1.1.5)

t—0t

and let u € C*(Q) N C°(Q) be a classical solution of (1.1.1)) such that Vu € L>(Q). Then

w is strictly increasing in the xy-direction, i.e., 5%\, >0 in .

Corollary 1.1.2. Let Q2 be a globally Lipschitz-continuous epigraph bounded from below.
Assume f € Lip,,.([0, +00)) with f(0) > 0 and let u € C*(Q)NC°(Q) be a classical solution
of (1.1.1)) such that Vu € L*(S2). Then u is strictly increasing in the xy-direction, i.e.,
ou .

= > 0 n €.

oxr N

Corollary 1.1.3. Assume o € (0,1) and let Q be a globally Lipschitz-continuous epigraph
bounded from below with g € CLY (RN, Assume f € Lip,,([0, +00)) with f(0) > 0 and

let u e C*(Q2) N C°NQ) be a classical solution of (1.1.1)) which is bounded on finite strips.

Then u is strictly increasing in the xy-direction, i.e., 8%, >0 in .

When the epigraph is coercive, the monotonicity result holds under the sole assumption
of continuity of g, i.e., we do not need to require either uniform continuity or the uniform

4 ie., for any R >0,
sup  u < +oo. (1.1.4)
Qﬁ{:CN<R}
® i.e., for any R > 0, there are positive numbers A = A(R), B = B(R) such that

u(z) < AePl! VeeQn{zy < R}.
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exterior cone condition for the epigraph. Moreover, this result holds regardless of the
value of f(0). More precisely, we have

Theorem 1.1.4. Let Q be a coercive continuous epigraph. Assume f € Lip,,.([0, +00))
and let uw € C°(Q) N HL.(Q) be a distributional solution to (1.1.1)). Then w is strictly
increasing in the xy-direction, i.e., % >0 in €.

To prove our main results, we first establish some new comparison principles for
semilinear problems on general unbounded open sets of RV, and then we use them to start
and to complete a modified version of the moving plane method adapted to the geometry
of the epigraph 2. Then, by a delicate analysis based on the translation invariance of the
equation and on some fine compactness and regularity arguments, we obtain the desired
results of monotonicity.

The flexibility of our methods also allows to prove various extensions of our main
results to a large class of merely continuous epigraphs bounded from below (see the class
G introduced in definition @l and the list of examples that follows it). Those general
results (see Theorems [1.5.1} [1.5.2/ and |1.5.3]) are stated, discussed and proven in Section
1.5] Below we illustrate them with some particularly evocative examples.

Theorem 1.1.5. Let N > 2 and let g : R¥~1 = R be a continuous function such that :
1. N=2 and limg,_ o g(z) € (—00,+00], limg 100 g(z) € (—00, +0);

2. N =2 and g is quasiconvex (resp. quasiconcave) and bounded from below (in
particular monotone or convez functions bounded from below qualify);

3. N >2 and g of class C?, bounded from below and with bounded second derivatives;

4. N >2 and g bounded from below, g = ¢ o 8, where 0 is uniformly continuous on
RY! and ¢ : R — R is a continuous bijection;

5. g(x1,...,an1) = g(x1, ..., xn1), where 2 <n < N and g : R"! — R is one of
the functions defined in one of the items (1) — (4).

Let Q be the epigraph defined by g and assume f € Lip,,.([0,400)) with

liminffit) > 0. (1.1.6)

t—0t

(i) If u € C°(Q) N HL.(Q) is a distributional solution to (1.1.1)) which is bounded and
uniformly continuous on finite strips.
Then w s strictly increasing in the xn-direction, i.e., % >0 in €.
If f is globally Lipschitz-continuous, the same conclusion holds true only under the sole

assumption that u is uniformly continuous on finite strips.

(ii) If u € C*(2) N C%Q) is a classical solution of (1.1.1) such that Vu € L>®().
Then u s strictly increasing in the xy-direction, i.e., a%v >0 in €.

Typical examples of functions g, for which Theorem [1.1.5|applies but not Theorem [1.1.1
(resp. Corollary [1.1.1)), are provided by : gi(z1) = €™ — darctan(z;) — 2, ga(z1) = €'
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N-1 .
if N=2and g(z1,...,en-1) = (x1)* + 125" sin(jay), glar,... . ano1) = o1 2= o8 (@)

it N > 3.

Theorem 1.1.6. Let N > 2 and let Q2 be as in the statement of Theorem [1.1.5 Also
suppose that € satisfies a uniform exterior cone condition.

(i) Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N HL.(Q) be a
distributional solution to (1.1.1)) with at most exponential growth on finite strips. Then u
is strictly increasing in the xy-direction, i.e., B%LV >0 in Q.

(ii) Assume f € Lip,.([0,4+00)) with f(0) > 0 and let u € C°(Q) N HL.(Q) be a

distributional solution to (1.1.1) which is bounded on finite strips. Then u is strictly
increasing in the xy-direction, i.e., 8‘1—7;] > 0 in €.

Notice that Theorem applies (for instance) to epigraphs defined by g(z1,...,zx) =
et or g(xy,...,xn) =€t —4darctan(z;) — 2 if N > 1 and to g(z1,...,2n) = 2 + €2 if
N > 2.

The next result applies to solutions of ([1.1.1)) where (2 is merely a continuous epigraph
and f is a non-increasing function, possibly discontinuous, and with no restriction on the

sign of f(0) (see Theorem in Section 5).

Theorem 1.1.7. Let §2 be a continuous epigraph bounded from below and let f : [0,00) — R
be any non-increasing function. Let u € C°(Q) N HL.(Q) be a distributional solution to
(1.1.1f) with subexponential growth on finite strips H

Then u is non-decreasing, i.e., a‘%\] >0 n Q

Moreover, if f € Lip,,., then u is strictly increasing, i.e., 6‘%\] >0 in Q.
We conclude the introduction by observing that

1) the new comparisons principles we have demonstrated have also allowed us to prove
some new results of uniqueness and symmetry for solutions (possibly unbounded and
sign-changing) to the homogeneous Dirichlet BVP for the semilinear Poisson equation in

fairly general unbounded domains (see Corollary and Corollary in Section [L.2));

2) as an application of our new monotonicity theorems, we also prove some new
classification and/or non-existence results for solutions to the nonlinear problem (|1.1.1])

(see Section [L.6).

Finally we mention some interesting recent results contained in ([BG22|,[BG25a],[BG25b])
where the authors study the monotonicity and uniqueness of bounded positive solutions
to the Dirichlet problem of —Awu = f(u), for the special class of bistable or nonlinear-field
type nonlinearities. Those monotonicity and uniqueness results are established for a class

6i.e., for any R > 0,

1
lim sup n u(z) <0.
|| =00, ||
zeQN{zn <R}

T Note that u € C1(Q), since f(u) € L{®

loc

().
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of uniformly Lipschitz unbounded domains which are bounded from below. Furthermore
the assumptions on the unbounded domains are shown to be sharp.

The method developed in [BG22],|BG25al,[BG25b] makes use of spectral information
(stability) and therefore differs from the approach we have adopted in our work.

1.2 Some new comparison principles on unbounded
domains and their applications to the uniqueness
and symmetry of solutions to the semilinear Pois-
son equation

In this section we prove some new comparison principles for solutions of semilinear problems
on unbounded open sets, whose section has some ”"good properties". Those results recover

and considerably improve the comparison principle on strips (or on open subsets included
in strips) proved by the second author in [Far20]. Their role in this paper is twofold:

1) they are crucial for proving our monotonicity results on epigraphs,

2) they allow us to prove some new results of uniqueness and symmetry for solutions
(possibly unbounded and sign-changing) to the homogeneous Dirichlet BVP for the
semilinear Poisson equation in fairly general unbounded domains.

To this end we need the following
Definition 1.2.1. Assume N > 2. Let Q be an open subset of RY and let v be a unit
vector of RY.

We denote by Rv the vector space spanned by the unit vector v and by {v}+ the orthogonal
complement of v in RY.

(i) We shall say that €2 is locally bounded in the direction v if
VR >0 C,(R) = (B'(I/,R) x Rv)N Q) is a bounded subset of RN.  (1.2.1)

Here B'(0/, R) denotes the N — 1-dimensional open ball of radius R centered at the origin
0 of {v}+.

(ii) For every 2’ € {v}* let us define the set S% := ({2'} x Rv) N Q. We shall say that
(2 has bounded section in the direction v if

S, () := sup L£'(S%) < +oo, (1.2.2)

' e{v}t
where £! denotes the 1-dimensional Lebesgue measure.

The positive number S, (€2) will be called the section of 2 in the direction v.

(iii) We shall say that Q has good section in the direction v if it is locally
bounded in the direction v and if it also has bounded section in the direction v (that is, if

it satisfies both ([1.2.1)) and (1.2.2))).
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The following remark shows how large the families of sets defined above are.

Remark 1.2.1. (i) Open sets (possibly unbounded and not necessarily connected) that are
bounded in a fixed direction v (i.e., open sets such that, up to a rotation, are included in
a finite strip {x = (2/,2x) € RY : a < zy < B}, with a, 8 € R) have good section in the
direction v. Indeed, they clearly satisfy as well as with §,(2) < 5 — a.

(i) The family of open sets with good section in a fixed direction v is much larger than
the one of sets that are bounded in the direction v. Indeed, the unbounded open connected
set Q) = {(z,y) €R? : |z] —h(z) <y < |z|+ h(x)} U{(z,y) ER?* : —|z| —h(z) <y <
—|z|+h(z)} U{(z,y) € R?, |y| < 1}, where h(z) = sinh~"(e71*l),(see Figure [L.1)) has good
section in the direction e; = (0, 1), with S.,(€;) < 4, but it is unbounded in any direction.
Actually, it is not contained in any affine half-plane. Also note that the Lebesgue measure
of € is infinite.

Y

Figure 1.1:

(iii) We also note that open sets with bounded section in a fixed direction v are not
necessarily locally bounded in the direction v and vice versa. Consider the open sets
Qs = Un>1 {(x,y) ER?:n<y<n+ 2%} and Q3 = {(z,y) € R? : 0 < y < 2%}, then
has bounded section in the direction es, but it is not locally bounded in that direction,
while €23 is locally bounded in the direction ey, but it has not bounded section in the
direction e,.

Our first comparison principle is the content of the next result.

Theorem 1.2.1. Assume N > 2. Let Q be an open subset of RY and let v be a unit vector
of RV,
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(i) Assume that Q2 has good section in the direction v. Let f € Lip,,.(R), M > 0 and
u,v € HL (Q) N C%Q) satisfying

—Au— f(u) < =Av— f(v) in D(Q),
lul, o] < M in S, (1.2.3)
u<w on 0.

Then, there exists € = e(f, M) > 0 such that
S,(N) <e = u<wvin. (1.2.4)

(i) Assume that Q has good section in the direction v. Let f € C°(R) be a non-
increasing function, M > 0 and u,v € H} (Q) N C°(Q) satisfying
—Au— f(u) < —=Av— f(v) in D(Q),
lul, Jv] < M in €, (1.2.5)
u<v on 0f2.

Then, u < wv in Q.

(iii) Assume that Q has bounded section in the direction v. Let f € Lip,,.(R), M >0
and u,v € Lip.(Q) satisfying

—Au — f(u) < —=Av— f(v) in D'(Q),
lul, [v]| < M in Q,

|Vu|, |[Vv| < M a.e. in S, (1.2.6)
u < on ox.
Then, there exists € = e(f, M) > 0 such that
Su(Q) <e = u<wvin (1.2.7)

More generally, we have the following resultsﬂ

Theorem 1.2.2. Assume v > 0,5 >0, N > 2 and let Q2 be an open subset of RN with
good section in the direction ey, the last vector of the canonical base of RN, such that

sup (/SN ]$N]2‘5627xN|de) < +00. (1.2.8)

z/€eRN-1 2!
Let f = fi + fa, with fi € Lip(R) and fy : R — R be a non-increasing function.
Let a >0 and u,v € H (Q) N C°Q) such that

—Au— f(u) < =Av— f(v) in D(Q),
jul o] < alalPe™ i Q,
u<w on Of).

8 For sake of clarity, Theorem and Theorem are stated with respect to the direction ey,
the last vector of the canonical base of RY. Since the considered problems are invariant by rotation,
it is clear that they also hold true if the unit vector ey is replaced by any unit vector v (and with the
corresponding natural modification of condition in the case of Theorem .
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Then, there exists € = e(Ly,,7y) > 0 such that
Sen() <e = u<vinQ.

Here, Ly, denotes the Lipschitz constant of fi.

Some remarks are in order

Remark 1.2.2. (i) Any open set € included in a strip {z = (z/,zy) € RY : a < xx < S},
with «, f € R, clearly satisfies the assumption (|1.2.8]) for every ~,4d > 0.

(ii) Notice that the preceding theorem applies to the set €y described in Remark
Indeed, €, satisfies the assumption ([1.2.8) for any § > 0 and any v € [0,1/2].

(iii) The previous comparison result applies, in particular, to the case where f is
globally Lipschitz-continuous. We shall use it in this form to prove Theorem [I.1.3]

When f is non-increasing on R, the comparison principle holds even without the
smallness assumption on the section of €2. More precisely we have the following

Theorem 1.2.3. Assume N > 2 and let Q be an open subset of RN bounded in the direction
en, the last vector of the canonical base of RN . Let f : R+ R be a non-increasing function

and u,v € HL () N C%(Q) such that

—Au— f(u) < =Av— f(v) in D'(Q),
jul o] < alalPel T in @,
u<w on 0f),

for some a > 0,6 >0 and v € {0,4561\7(5)61)
Then, u < v in ).

The smallness assumption on the section of €2 is necessary for the validity of both
Theorem [1.2.1] (item (7) and item (iii)) and Theorem[1.2.2] Indeed, the functions u = sin(y)
and v = 0 satisfy —Au —u =0 = —Av — v on the two-dimensional strip 2 = {(z,y) €
R?: 0<y<n}andu <wvondQ, but the conclusion of the comparison principles fails.

That the growth assumption on « in Theorem[I.2.3]is necessary to ensure the comparison
principle is seen from the following classical example involving harmonic functions on
finite strips of R?, namely, when f = 0. It is well-known that, for any integer k > 1, the
function wu(z,y) = 38 _,(e™* + ™) sin(ma) is harmonic on the strip Q = {(z,y) € R? :
0 < y < 7w} and vanishes on J2. Therefore, a restriction on the exponential growth must
be prescribed in order to get the desired results.

As an immediate consequence of our comparison principles, we have the following
result about the uniqueness of the homogeneous Dirichlet problem.
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Corollary 1.2.1. Let Q2 and f be as in the statement of Theorem (resp. Theorem
or Theorem m Then, the Dirichlet problem

{_Au = f(u) inD(Q), (1.2.9)
u=0 on 082,

has, at most, one solution u satisfying the regqularity and the growth conditions stated in
Theorem (resp. Theorem[1.2.4 or Theorem[1.2.5).

In particular, if f(0) =0, the function u = 0 is the only solution to the Dirichlet problem
(11.2.9).

The examples considered after Theorem prove that the preceding result is no
longer true if either the assumptions on the size of Q2 or those on the growth of u are not
met.

An immediate consequence of Corollary is the following general symmetry result
for solutions to the homogeneous Dirichlet problem ((1.2.9)).

Corollary 1.2.2. Let ), f be as in the statement of Corollary and assume that the
Dirichlet problem

(1.2.10)
u=20 on 052,

has a solution u satisfying the regularity and the growth conditions stated in Corollary

[L.2.1]

Let p be an isometry of RN, N > 2. If Q is invariant with respect to p, i.e., Q) satisfies
p(Q) = Q, then the solution u inherits the same symmetry, namely, u(x) = u(p(x)) for
any x € ().

{—Au = f(u) in D'(),

Let us illustrate the above result on the torsion problem for an infinite solid bar. Let
us start with the case of an infinite solid straight bar with spherical cross section. That is,
the study of the solutions to the problem

(1.2.11)

—Au=K inD'(Q),
u=20 on 0,

where Q = Qg := RV"% x BE where 1 < K < N is an integer, and B denotes the
open ball of R¥ centered at the origin and of radius R > 0.

Since (g g is invariant with respect to any translation in the variables x;, ..., zn_k
and also to any rotation in the variables xny_g.41, ..., 2y, Corollary tell us that the
unique solution u of , with subexponential growth at infinity, must be independent
of x1,...,xn_k and radially symmetric in the variables xn_gi1,...,TN-

It is therefore easy to check that the function

R — (2% g+t 2%)
2 Y

9 applied with the non-increasing function f = K.

u(z) = r € QR
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is the only solution to the problem (|1.2.11)) with subexponential growth at infinity.

The previous analysis extends to general infinite solid bars (not necessarily straight).
For instance, it applies to the following examples :

1) Q =RN"K x w, where 1 < K < N is an integer and w is an open bounded subset of
RX. In this case, the unique solution u of (1.2.11)) with subexponential growth at infinity,
depends only on the variables xn_g11,...,ZnN.

2) Q= {(z1,22) € R? : —p(x1) < 29 < p(x1)}, where ¢ : R — (0, +00) is a bounded
continuous function. In this case the solution v must be symmetric with respect to the
line 25 = 0.

3) Q is a domain of revolution of RV N > 3 i.e., Q = {a: eRYN : (Jad+. .. +2% < gp(:vl)},
where ¢ : R — (0, 4+00) is a bounded continuous function. Here, v must have the form
u=u(zy,\/25+ ...+ 2%).

Also observe that, if ¢ is T-periodic, with T" > 0, then the solution u is T-periodic in
the z; variable.

It is clear that the above discussions and results also hold true for general non linear
function f satisfying the assumptions of Corollary

Now we are ready to prove our comparison principles.

Proof of Theorem |1.2.1]. Since our problem is invariant under rotation, we may and do
suppose that v = ey, the last vector of the canonical base of RY. By assumption, for
every ¢ € C°(9), ¢ > 0, we have

[ Vu-wvo< [ (1) - f@)e. (1.2.12)

Let us first consider the cases (i) and (i7), where we suppose that €2 has good section in
the direction ey.

Observe that, for any ¥ € C%*(RN~1) and for any open ball B’ C R~ with supp(¥) C
B', we have g := (u—v)*W? € C°(Q). Let us prove that g also belongs to H} (2N (B’ x R)).
The assumption (1.2.1]) ensures that QN (B’ xR) is a bounded open subset of RY thus, from
the assumption u,v € HL_(Q) N C%(Q), it follows that (u — v)" is a bounded, continuous
function on the set QN (B’ x R) such that (u — v)™ € H' (2N (B’ x R)). Also, since
U2 e COYRNY), we have g € HY(Q N (B’ x R)) and

Vg=V((u—v)")¥%+20(u—0v)*VT in D'(QN (B xR)). (1.2.13)

Also note that
o if . € 00N (B xR), then g(z) = 0, since u(z) < v(x) on 0L,
o ifx=(2,2n) € QN I(B' x R), then ¥(z') = 0, and so g(z) = 0,
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hence g = 0 on d(QN(B'xR)) = (9QN(B'xR))U(QNI(B'xR)). Then g € H} (QN(B'xR)),
g > 0, and so we can find a sequence of functions ¢, € C(Q N (B’ x R)), ¢, > 0, such
that

Jim 160 = gl anm) = 0.

By (1.2.12), for any n > 1 we have

Loy Ym0V = [ V(w=0)¥6, < [ (F)=f@)ou = [ (1)~ T ()6

and passing to the limit, we obtain

| V=0V < [ (Fw) = f@)g. (1.2.14)

since the support of g is contained in QN (B’ x R). Plugging ([1.2.13)) into (1.2.14]) yields

/QV(U —0)(V(u—0)T0? + (u—0)T20V¥) < /Q(f(u) — f)(u—2v)T¥?  (1.2.15)
and so
/ IV (u —v)* >0 +/ u—v)"20V(u— )"V < LfM/ u—v)")?¥? (1.2.16)

where Ly s is any positive number greater or equal to the Lipschitz constant of f on the
compact set [—M, M| if we are in the case (i), while Ls = 0 if the case (4) is in force.
Hence

/|v )20 < 2/ w—0) UV (U — )+v\y+Lf,M/Q((u—v)+)2\p2
UV(u —v)*
/ IV (u—v)*T 20 < 2/ 2(u —v)TV) <(\/§)> +Lf,M/Q((U—U)+)2\112
U||V(u—v)*
[ 19~ \w2<2/ - v (VO (o
and by Young’s inequality
2V (u—v)*?
2 < N2 2 V242
L 19 = o) Pet < [ o= o) Powp+ [ ; + Lyar [ ((w=0) P02,
Therefore we have
v qf2<4 (u—0)" ) |VOP? + 2L 0 [ ((u—0v)")*W2 1.2.17
I o,
Since

IV(u—v)*]? > |0y(u—v)"T]* ae on €,

we get
LIvtu—o e > [Jov—o Pt = [ ] oyt =)t (@ oy) PO )deyds’ =

~ \112(x’)</S€N [On (u — )" (2, $N)|2d$N> dx’.

(L'/
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Now we observe that, for every 2’ € B, the one-dimensional set S;¥ can be written as the
disjoint union of an at most countable family of open bounded intervals (its connected
components), i.e., S;¥ = Ujc ) le j, with J(2') C N and I,y ; an open bounded interval.
Therefore, by Pomcare s 1nequahty, we have

/SeN |On (v — )T (2, 2n)|Pdoy = Z / On (v — )T (2, 2n) )P doy >
x! ]GJ a’,j
2

je%)W/ , ((u —v)" (2, xn)) drn >

E(SeN Z / (u—v) (2, 2n)) dey =

v

NG /s;;v““ =9 el
and so )
/Q|V(u —)HRU? > W/Q«u — )2, (1.2.18)
Now, thanks to and , we deduce that
(W _ 2Lf7M> /Q((u _ )P < 4/9((u — ) VPR, (1.2.19)

If the case (i) is in force, we set e(f, M) =

\/T Then, if S, () < e(f, M) we have
£.M

[ (=20 < O M,9) [ (a0 P17, (1.2.20)
4
with Cl(f, ]\47 Q) 2 > 0.
Eo@p — 2w
When the case (i7) is in force, equation (1.2.19)) yields
/Q((u C )20 < () /Q((u )2V (1.2.21)

2
where Cy(Q2) = 436772(9) (and without any restriction on the size of S, (£2)).

For 0 < a < b, set h = b — a and consider the Lipschitz-continuous function
m i RT - R
1 if tel0,al
te B if ¢ e [a, )],
0 if te b +o0).
)

For any ' € RV, set Wy (2') := ny(|2']), then ¥, € CHHRN!) and |[V'Ty(2)| < 5 for

almost every ’ € RV-1,
For r > 0, recall that C,, (r) = QN (B'(0/,r) x R) and consider the function defined by

w(r) = /CEN(T)((U—U)W. (1.2.22)
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If the case (7) is in force, from (1.2.20) we have

w(a):/CEN(a)((u—v </ u—v)" ()03 (2)
< Ci(f,M.9) /Q (w = )" (@) [V (@)

Cl (f7 M? Q)
h? /CCN (B)\Cey (a)((u — ) @)’

and by adding & fMQ) w(a) to both sides of the latter, we have

1

w(a) < ——z———w(a+h), Va,h>0.
Cl(va’Q) 1

To conclude it is enough to prove that w = 0. If not, we can find A > 0 such that
w(A) >0, (1.2.23)

and so, we can apply Lemma 3.1 in [BFP24] with o = m >0,0=0,7=2and

£ =1 to infer that, for any h > 0, the tfunction w satisfies

w(R) > w(A)(ah® +1)" T 71 VR>A+h. (1.2.24)

If we take h = \/% > 0, then

w(R) > w(A)(ah?+ 1) 7 ' =w(A)e Gtek,  VR>> 1. (1.2.25)
On the other hand, the boundedness of u and v leads to
w(R) < AM*LN(C.\(R)) < AM?S., (Qwy RN, VR >0, (1.2.26)

where £V denotes the N-dimensional Lebesgue measure and wy_; is the Lebesgue measure
of unit ball of RY~!. Inequality (1.2.26) is in contradiction with (1.2.25)), so w = 0 and

the desired conclusion follows.

The case (i) is proven in exactly the same way. Simply replace the constant C;(f, M, Q)
by the constant C5(€2) in the previous argument. Indeed, since f is non-increasing,

inequality becomes
/QV(u — ) (Vi — )P 4 (4 — 0)F2UVT) < /Q(f(u) — F(0)(u—0) T2 <0

and so (1.2.16]) holds true with Ly = 0.

The proof in the case (iii) is similar to the one of the case (7). However, we must
pay attention to the fact that in this case we do not assume that 2 is locally bounded
in the direction ey, and therefore we have to use a different path to prove that g €
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H}(Q N (B x R)).
To this end, we set w = QN (B’ x R) and we observe that £~ (w) < 4o00. Indeed,

£w) = |

w

dx :/ (/S da:N)dx’ < 8oy (LY HB') < +o0,
B’ N

where £V~1 denotes the (N —1)-dimensional Lebesgue-measure of the open ball B’ C RN -1,

We already know that g € C°(w) and g = 0 on dw. Moreover g € L*(w) since

| F@)de = [ (=) (@) 0" @")dr < A2y £ (@) < +oo.

w

Also, g is locally Lipschitz-continuous in €2, since u,v € Lipi.(£2) by assumption. Hence,
formula (1.2.13)) holds true and so g € H(Q N (B’ x R)), since

@3 =0) )0 < ANy £V ),

(= ) P2 (0,9) < AN vy [0 1y £ ()

Then, g € Hj(w) and so, we can proceed as in the proof of the case (i) to obtain the
desired conclusion. O

Proof of Theorem[1.2.3. We proceed as in the proof of the case (i) of Theorem until
(1.2.15). (This is possible, since in this case holds even under the assumption
f = f1+ f2, where f, is a non-increasing function, possibly discontinuous. Indeed, in this
case f(u) and f(v) are bounded measurable functions on the bounded set Q2 N (B’ x R)).
Then we obtain ((1.2.16), where now Ly, is any positive number greater or equal to
Ly, the Lipschitz constant of f;. Here we have used that (f(u) — f(v))(u —v)* <
(fi(u) — fi(v))(u —v)*, since f, is non-increasing. After that, the same proof leads to

inequality (|1.2.19)).

To complete the proof we set e(Ly,,vy) = W and we observe that

V16(e — 1)72 + 2L s
(1.2.20) is still satisfied if S, (£2) < e(Ly,,7). Therefore, we can consider once again the
function w defined by ((1.2.22]) and then follow the proof until (1.2.25)), i.e.,

R
h
)

w(R) > w(A)e e VR>>1, (1.2.27)
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where h = \/e;—l, A >0 and w(A) > 0. On the other hand, for R > 1, we also have

w(R) = / ((u — v)*)2dz < 4a? / 2| B el dy (1.2.28)
Cen (R) Cey (R)
< 4a2/ (R + |ay|) P e BHonD gy (1.2.29)
ox (R)
< 4a2(2R)2‘5627R/ (/ 627“N|da7N> dr'+ (1.2.30)
B'(0",R) \ /SN
4&2226627]%/ (/ \:UN|26627|xN|de> dx’ (1.2.31)
B'(0",R) \ /SN
< 4a*(2R)? M/ / 1+ oy |?)e?loN gy | do’ 1.2.32
< ACQR)T | on Sf;fv( 2] ™)e oy | dz (1.2.32)

Now we observe that

/SGN(l + oy |2)e?M ol day = (1.2.33)

z!

(14 |on|?)eenlday + (1 + |y |?)eenlda y (1.2.34)

/Sglf\’ﬂ{lmzvl>1}

T

< 2e¥78,.,(Q) + /eN 2|z | PPNl dry < 26278, (Q) +2C5 == Cy < 400,  (1.2.35)
S,

/Sifvﬂ{wmg}

where C3 1= SUp,/cpn-1 (/sefv ]xN|25627|xN|de> < 400, by (1.2.8).

From the previous inequalities we infer that, for R > 1,

w(R) < APERPENCLY B0, R)) = 46225C,L8 (B0, 1) BP0

(1.2.36)
The latter inequality contradicts , since
27<l<:>SeN(Q)< z ;
h V16(e — )72 + 2L s 0y
therefore w = 0 and so uw < v on 2. O

Proof of Theorem[1.2.3. We proceed as in the proof of the case (ii) of Theorem until
(1.2.21)). (This is possible, since ([1.2.14)) holds even when f is a non-increasing function,

possibly discontinuous. Indeed, in this case f(u) and f(v) are bounded measurable
functions on the bounded set 2N (B’ x R)). Then we consider the function w defined by

(1.2.22)) and then follow the proof until (1.2.25)), i.e.,

w(R) > w(A)e GtVer . VR >>1, (1.2.37)
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where h = /<%, A > 0 and w(A) > 0. On the other hand, we also have

w(R) = / (u—v)*)idz < 4a2/ || X 2ol g
Cep (R) ey (R)

<da? [ (Rt ay])Pen gy
en (R)

N

< 4a2627R/ (/ (R+ |xN|)25627|$Nde> dx’
B'(0",R) \/S_

<4a’LVTHB(0,1))8e, (Q)(1 + B)2 2P RNT2 1R YR > 1,
where in the latter we have used that Q C {z = (z/,zy) € RY : —8 < zx < 8}, with
£ > 0, since €2 is bounded in the direction ey.

™

implies 2y <
’4S€N(Q)\/e——1> HIDAES 27
0

The latter inequality contradicts ([1.2.37)), since v € [0

=

1.3 Some uniform estimates in unbounded domains

In order to prove some of our results we need to establish some uniform estimates for
solutions to semilinear problems on epigraphs satisfying a uniform exterior cone condition.
Let us recall that an open set w C RY (not necessarily an epigraph) satisfies a uniform
exterior cone condition if for any xy € Ow there exists a finite right circular cone V,,,, with
vertex xg, such that @NV,, = {x¢} and the cones V,, are all congruent to some fixed cone
V. The cone V is called the reference cone.

Any globally Lipschitz-continuous epigraph satisfies a uniform exterior cone condition, but
the converse is not true. Indeed, the epigraph defined by the function z + ¢* is bounded
from below, it satisfies a uniform exterior cone condition (by convexity) without being
uniformly continuous.

In the following we consider a (merely) continuous function h : RN~! — R, its epigraph
w = {a: = (2, zny) ERVIXR : zy > h(:z:’)}

and, for any R > 0 and any 7 > sup |h|, we set
B/(0/,R)

"0, R, T) = {x = (2/,zy) €RY, 2’ € B'(0/,R) and h(2') <2y < 7'}, (1.3.1)
the intersection of the epigraph w with the truncated cylinder B'(0/, R) x (—7,7) and

¢h(0, R, 7) = e"(0,R,7)U{x = (2/,zx) € B'(0/,R) x R, ay = h(z))} .

Then, the next uniform estimate holds true.
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Proposition 1.3.1. Let w be the epigraph of a continuous function h : R¥N=1 — R and
suppose that w satisfies a uniform exterior cone condition (with reference cone V).

Let R>0,7>max{ R, 4 sup |h|p anduc HY(C"(/,R,7)) N CC(', R, 7)) satisfy
B'(0',R)

By (1.3.2)

—Au=f(u) in DE",R,7)),
u=20 on &uﬂ@h(O’,é,?),

where f € Lip,,.(R). Then, there exists « = a(N, V) € (0,1) such thatu € CO*(€(0/,r,t))

forany 0 <r < g and any sup |h| <t < =T and
B/(0'r) 4

el oo @z < C (Lp + 1FO)] + 1) (1l peener iz + 1) - (1.3.3)
where C' = C(r, R,7,V, N) > 0 and Ly is the Lipschitz constant of f on the interval
{_HUHL“’(@(O’,EF))’ H“”Loo(@h(ogﬁ,?))]'

In order to prove the previous proposition we need two preliminary results.
Lemma 1.3.1. Let N > 1, U C RY be a domain and u € C*(U) be a solution of
—Au=f in U, (1.3.4)

with f € CO(U).
Let 6 >0 and y € U such that B(y,8) C U. Then, for any x € B(y, ) we have

2
Vi ] ;
ule) = uly)] < 5= (2Nl e 0+ I e e =0l (135)

with v €]0, 1].

Proof. By the mean value theorem, for any v €]0, 1],

51
uz) —uly)l < sup [Vu(z)lle —yl < 5= sup_ [Vu()llz —y]". (1.3.6)
zeB(y,g) zeB(y,g)

Moreover, for any z € B(y, 2) we have B(z,2) C B(y,0), and so by Brandt’s inequality
(see |Bra69| or Theorem 3.9 in [GT01])

2N 0 ,
|81U(Z)‘ < THUHLK,(@B(Z’%)) + ZHf”Loc(m) Vie {17 ce ’N}.

Thus, for any z € B(y, %)

2N 4]
Vu(e)] < VR (Sl ) + 31 e, ) (13.7)

The claim then follows by combining (2.5.57) and (2.5.58)). O
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To prove the next result, let us recall that a domain w satisfies a uniform exterior
reqularity condition, if

LY (w* N B(xo, p))
LY(B(xo,p))

Condition will be denoted by C, ,,. It is well-known that any domain that satisfies a
uniform exterior cone condition, also satisfies a uniform exterior reqularity condition C, ,,,
with suitable parameters v and py depending only on the reference cone. Consequently, the
following result applies to any epigraph that satisfies a uniform exterior cone condition.

v >0,p0>0 : Vpe(0,p], Vo€ dw, (1.3.8)

Proposition 1.3.2. Let w be the epigraph of a continuous function h : R¥N~! — R and
suppose that w satisfies the condition C., ,, .

Let R > 0, 7 > max éa&‘h‘ . f € LN(€"(0', R, 7)) and u € H'(C"(0', R, 7)) N
R B/(0/,R)
CO(eH (0, R, 7)) satisfy
_ = X / h ''R,7
Au=f in D(Q/(\O;Raf)} (1.3.9)
u=0 on dwnC0,R,7).

Then, there are constants C' = C(N, po,v,R) > 0 and a = a(N,v) € (0,1) such that for
any r > 0 and for any xg € Ow N (B’(O’,E/Q) X R),

0sc u < C(]

o )re.
¢h(0/,R,T)NB(x0,r)

[l oo 0,77y T 1l v o 7))
Proof. To simplify the exposition we set Q = €"(0/, R, 7), T = dw N (B’(O’, R/2) x R),

T = min(%, £2,1) and, for r > 0 and xy € T, we also let Q. = QN B(xg,7).
For any r € (0,7] we set My = sup u, my = gnf u, My = sup u and m; = iélf u and we
4r

4r r r
apply Theorem 8.26 in |[GTO01| to the function W, = My — u, with ¢ = 2N and p = 1, to
obtain

PN 3 By < C1(N) [Bn(lgo)vv;m + rnfuLN(m] , (1.3.10)

where m = infaonp,, (we) Wa (here we have used the notations of Theorem 8.26 in [GTO01]).
To proceed further, we observe that m = My, since 7 > R > 47 > 4r implies 0QN By, (xo) C
dw N (I, R, 7). Hence

r Wl 2t (8o (o)) < Ci(N) [Bif(lwfo) Wym + THfHLN(Q)]

< C(N)[My — My + 7| ]l v )

(1.3.11)

Moreover, since 2r < pg, we also have

PNl et Bar o)y = 77N MALY(Q 0 Blwo, 2r)) > MyyLY(B(0,2)). (1.3.12)
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In the latter we have used that the epigraph w satisfies the uniform condition C, ,, at zo.

Therefore, from (|1.3.11f) and ([1.3.12]) we deduce that
The same argument applied to the function wy = u — my yields

—LY(B(0,2))yma < Cilmy — ma + 7 fllov @), (1.3.14)

hence, by adding (|1.3.13)) and (|1.3.14]) we obtain

LN(B(O, 2))’7(M4 - m4) S Cl(M4 - m4) — Cl(Ml — ml) + 2rCl||f||LN(Q)
Thus
LN(B(0,2))y

oscu < (1 —
1

r

)%SCU+2T||f||LN(Q). (1.3.15)
4r

Now, we observe that the function w(R) := oscu + 2R f||~ ) is well-defined and
R
non-decreasing on (0,7] and satisfies
R LN(B(0,2))y
w(Rf4) = gsc ut Tl < (1- BRI
QR4 2 Ch

LN(B(0,2 1
_ (1 _ w>%s§u+ 5 % 2R| flvioy

LN (B(0,2 1
—( ((j ))7, 2] {%scu%— 2R||f||LN(Q):| = Cow(R)
1 R

R R
>%s1;:u + §”fHLN(Q) + §Hf|’LN(Q)

< max [1 —

where Cy = Cy(N,v) := max [1 — LN(BC*W, %} € (0,1). Hence, we can apply Lemma
8.23 in [GTO1] to get

R

T

w(R) §03< )aw(r) VR e (0,7, (1.3.16)

where C3 = C3(N,~) > 0 and o = (N, ) € (0,1). From the latter we immediately infer
that

«

oscu < w(r) < C’3<:>aw(r) < 203,(:) (lull ooy + [ fllv) Vo€ (0,7, (1.3.17)

r

Now, if » > 7 then for any x,y € €,

r o
u(w) = uly) < fu(w) = u(y)] < 2ulme x 1< 2ullimo (%)

thus N
r
< oo - 7. . .
oscu < 2||ull (Q)<T> Vr>T (1.3.18)

Finally, (1.3.17)) and (|1.3.18)) imply the desired conclusion. m
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We are now ready to prove Proposition [1.3.1}

Proof of Proposition[1.3.1. Set € = (’:h(O’,}N%, T), Ry = min(% -, g) and pick z,y €
(0, r, t) with = # y.

R
1 If |z —y| > Zl then, for any v € (0, 1), we have

4N\ R \?
u(a) — uly)| < 2ullzmo) = 2Nullzmor (=) ()
Ry 4

4 (1.3.19)
<2( 7 ) lulliole = o = Mifull=oylo = o'

R
2. If |z —y| < Zl’ then we consider the set

T := {:c = (2, zn) €eRY - &' € B(0,R/2) and xy= h(x')}
and, by observing that = and y play a symmetric role, we distinguish (only) three cases.

Case 2.1(see Figure cd(y, T) > &

Ty =1 Q‘h((]f? E,., ?)

e, 1)

/
|

&

)
-]
&

Ny
N\

N

0" T

rpe-

Figure 1.2: Case 2.1

In this case we have B(y, &) C €"(0/, R, 7). To see this, we first observe that B(y, &) C w,
thanks to the assumption d(y,T) > % and by the definition of R;, and thus, for any

z € B(y, &), we have
R, 37 7 31 _

h(z') < zy =2y — <y — P
(Z)<zn=2v—yn+yn < zn—Yyn + Sty <yt =7
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and

R R ~
1< |2 =y |+ Y| < =+r<=—r+r<R
2 2
Now by applying Lemma with § = % and for any v € (0, 1), we deduce

o)~ ) < S (Nl () L@ o (2) Vet

< My(Ly + [ f(O)] + D[l o) + Dz = y[”

where 2y = Y2 (o ()7 (FyTY,

21— 2 2

Case 2.2 (see Fz'gure cd(x, T) <d(y,T) < };1 and |z —y| > 3d(y, T).

TN w

Ly =t et (0, R,7)
Lph(()f‘ r, {J /

—-R/2 T

B(;j[].ﬁ‘r HD (ARY]
Figure 1.3: Case 2.2

Since T is a compact set, there exists yo = (y), h(yy)) € T such that d(y,T) = |y — yol.
Therefore
T,y € B<3/076|$ - y|)7
since
[z —yol < |z —yl+ |y —vol < |z —yl+ 4|z —y| =5z —yl,

and

ly — ol = d(y,T) < 4lz —y|.

10" Note that u € C? by standard elliptic regularity results, since u is continuous and f is locally
Lipschitz-continuous.
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Now, we apply Proposition with r = 6|z — y| and z¢ = yo, thus there exist constants
C'"=C'(N,V,R) >0and a = «a(N,V) € (0,1) such that

Ju(z) = u(y)] < 6°C (Jull Lo () + 1 (W)l v @)z —y|*

. (1.3.21)
< My(Ly + [£(O)] + D([lull @) + Dz = y[*
where Mz = 6°C" [1 + (27LN (B0, 1)) RN 1)N}
. Rl 1
Case 2.3 (see Figure|1.4): d(z,T) <d(y,T) < 5 and |z —y| < 3d(y, T).
o w
— ¢ (0, R, 7)
' r,t)
\\
B(yo,2d(yo,T)) NN
"/ ) < L/
. TS PG
Figure 1.4: Case 2.3
By applying Lemma with § = y 1) and v = aq,
VN d(y, T)\**
u(a) = ul)] < o (17w (“5)
(1.3.22)
+oN ) (AN oy
LBy, " 5PN\ 2

Now, we want to estimate HuH = (B, BT Let z € B(y, d(yéT)) and yo = (v, h(y})) € T

such that d(y,T) = |yo — y|- Then z € QN B(yo,2d(y,T)) since

3
[z =0l =le =y +y—wol < |z =yl + |y — vl < 5d(y. T) < 2d(y, T).
Thus we can apply Proposition with r = 2d(y, T) and zo = yo to get

u(2)] = u(z) — u(yo)| < 2°C'([lull L) + 1 (W)llLy (@) dly, T)*.
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Hence

]

and by ([2.5.24) and (|1.3.23)), we have

u(x) = uly)] < Ma(Lyp + [fO)] + D[l Lo + D = y[*. (1.3.24)
N [/Ri\* - 1
where My = 2\{_: {(;) + 2N22eC’ {1 + (Q?EN”(B’(O’, 1))RN*1> N] }
The desired conclusion (2.5.13)) then follows from ([2.5.19)),(2.5.20),(2.5.21)) and ([2.5.25) by
taking C= max(]\/[l, MQ, Mg, M4) ]
1.4 Proofs

Thanks to the translation invariance of problem (|1.1.1)), we may and do suppose that the
function g : RV~! — R, defining 0%, satisfies infgn-1 g = 0.

The proofs of our main results are based on the moving planes method suitably adapted to
the geometry of the epigraph €. To this end, we first set the notations that will be used in
our analysis.

For 0 < a <band A > 0 we set (see Figuresand:
Shi={zeRY : 0<ay <},
Y ={r=(22n) RN : g(2) < xy < b},

E‘Z’b: {Qj: (x/,xN) ERN . g(x/)+a<x]\/' < b},

V€ 3, uy(z) = u(z', 2\ — zy).

o o o

Figure 1.5: Case 2.1 Figure 1.6: Case 2.2

In the following, for any subset S C RY, we denote by UC(S) the set of uniformly
continuous functions defined on S.
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Proof of Theorem[1.1.1. Weset A :={t >0 : u<uy in XJ, V0 < <t} and we aim
at proving that
t:=supA = +o0.

To this end we split the remaining part of the proof into three steps.

Step 1 : A is not empty.
For any 6 € (0,1), we have u,ug € H\..(33) N UC(X]) and

—Au— f(u) =0=—Aug — f(ug) in XF,
u < ug on 0%3.

For the latter, notice that 9%) = ({zy =0} N Q) U (02N {xx < 0}) and so
o ifz e {zy =0}NQ, then u(z) = ug(x),

o if z € 00N {xy < 0}, then u(x) = 0 and wy(z) = wu(2',20 — xx) > 0, since
(2,20 —xn) € Q.

Since 2§ C {x € RY : 0 < 2y < 0}, we also have that S, (27) < 6. Therefore,
when f is locally Lipschitz-continuous we can apply item (i) of Theorem with any
0 <e(f, M), where M = supgs u (the latter being finite, since u is bounded on any finite

2

strip by assumption). Therefore
u<up on XF

and so (0,e(f, M)) C A.

When f is globally Lipschitz-continuous, we proceed as before by observing that u
has at most linear growth on X7, since w is uniformly continuous on %j by assumption.

Therefore, we can apply Theorem (see Remark , with any 6 < e(Ly, v)E to get
u<ug on Xj.

Hence, (0,e(Ly,7)) C A.

Step 2 : t =sup A = +o0.

If f := sup A < +oo, then we have
) there is €(d) > 0 such that

N |y

Proposition 1.4.1. For every 0 € (0,

Ve € (0,e(0)) u<up. on X . (1.4.1)

Proof of Proposition . If the claim were not true, there would exist ¢ € (0, %) such
that

1 -
VE>1 3Fe € (o, k) V3t eXi s 0 u(@®) > up, (2F), (1.4.2)

1 Here 7 can be any positive real number.
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and so
§<g((a®)y+o<ak, <t—6,  VE>1. (1.4.3)

Therefore, the sequence (z%;) is bounded, and so, up to a subsequence, we may and do

suppose that z% — 2%, as k — oo.

Now, set
gr(2') = g2’ + (2%)") Vo' e RN Wk > 1, (1.4.4)

and observe that the sequence (gi) is uniformly equicontinuous on R¥~1 (since g €
UC(RN71)) and that 0 < g,(0") = g((2*)") < ¢, thanks to (1.4.3). Therefore, by Ascoli-
Arzela theorem (and a standard diagonal procedure) there exists a function g, € UC(RN 1)
such that, up to a subsequence, g, — goo in C (RV™1).

We also observe that, passing to the limit in ((1.4.3]), we obtain

6 < goo(0)+ 6 <2 <t =4 (1.4.5)

For any k > 1, let us consider Q% = {(2/,zx) € RY, zy > gp(2’)}, the epigraph of gy,
0> = {(2/,zy) € RN, xx > goo(2)}, the epigraph of g, and define

_ u(x) if x€Q,

Clearly, 2 € UC({xy < R}) for every R > 0, and so the sequence (i) defined by
g (z) = a(2’ + (2%), zy) Vo= (2, zy) €eRY, Vk>1, (1.4.7)

is uniformly equicontinuous on {zx < R}, for any R > 0. We also notice that, for k large
enough, the point (0’, —1) belongs to RV \ €, since g — goo in C2 (RV~1) and g, > 0 on
RN~ Hence, (0, —1) = 0, for k large enough, and the sequence (7 (0/, —1)) is bounded
in R. Therefore, using once again the Ascoli-Arzela theorem, there exists @, € C°(RY)

such that, up to a subsequence, i, — i in C2 (RY) and

—Aly = f(le) in D'(2%),
fioo > 0 in Q> (1.4.8)
Uoo = 0 on 00>,

where the boundary condition follows by observing that,
Vk>1, Va' eRN! 0 = ax(2', gr(2")),
and thus
0 = k(2" gr(2')) — oo (2’ goo(2)) s k — o0,
thanks to the uniform convergence of () and (gx) on compact sets.

By construction, te := oo g € C°(2%°). Furthermore, u,, € C*(2) by (2.4.7) and
standard interior regularity theory for elliptic equations, and it satisfies

—Alg = f(ug) in Q%

Uso > 0 in Q% (1.4.9)
Uoo = 0 on ON>.
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Since u <y in XY, then @y, < 1,7 in X2*, for any k > 1. Passing to the limit, we get
Uoo S Upoj in XI%. (1.4.10)
Also,
k k k k
uk(olva) = U(ZL‘ ) > Ujye, (ZL‘ ) = Uk ftey (Olv xN)?
so, taking the limit as k — 400, we have

U (07, 2F) > g 7(07, 2%7). (1.4.11)

In view of (2.4.4) we see that (0',2%) € X7 ; C X?* and so, by combining (1.4.10)) and
(1.4.11)), we obtain

Uoo (07, 2F) = uge 7(07, 2F). (1.4.12)

Next we use the assumption ([1.1.5)) to prove that us, > 0 on Q. We first observe that,
by (1.1.5)), we can find n > 0 and gy > 0 such that

f(t) >nt for any t € [0, &q], (1.4.13)

then, we choose R large enough so that the first eigenvalue \;(R) of —A on the open ball
B(0,R) C RN (with homogeneous Dirichlet boundary condition) satisfies \;(R) < .

Since gy — goo in CL (RN™1), there is C(R) > 0 such that

loc
Vk>1 0<g,g.<C(R) on B'(0,2R)c RN "'
In particular, for T' > 2(C(R) + R), the open ball B := B((0/,T), R) C RY satisfies
B CQ, BCcQ Vk>1, and BC Q. (1.4.14)

and so, also

B+ ((z),0)CQ Vk>1. (1.4.15)

Now, set mg = mingu > 0 and denote by ¢; the positive first eigenfunction of —A on B
such that maxg ¢y = 1. Therefore, the first eigenfunction ¢ := min {%, 50} ¢ satisfies

0<op<u in B,
Ao+ f(¢p) >0 in B,
=0 on 0B,

where in the latter we have used that (|1.4.13)) is in force.

Now, since (2 is an epigraph and (1.4.14)-(1.4.15) hold, we can use the sliding method (see
for instance [BCN97b]) to get

o' — (x), xn) < u(x) VzeB+ ((x),0) CQ,

that is,
o(r) <ug(x) YaebB.
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By passing to the limit, we deduce that
0<o(x) <uxl(z) Vzxeb,

therefore, by ([2.4.8]) and the strong maximum principle, we deduce that u,, > 0 on Q.
Now we are ready to complete the proof of Proposition [1.4.1]

To this aim, we set w; 1= Uy, 7 — Uoe 0N X2* and we claim that

w; =0 in the connected component of ¥4~ containing the point (0/,2%).  (1.4.16)

Indeed, denote by O the connected component of ¥ containing the point (0', %) and
let B = B((0/,z%), R) be any open ball such that B C O. Then

—Aw; = f(uoo,f) — f(uoo) > —Lyw; in B,
wi >0 in B,
w£(0/7 xOO) — 07

where Ly is the Lipschitz constant of f on the compact set [0, maxg ., 7] (here we have

also used (|1.4.10))).
Since (0/,2%) € B and ([1.4.12)) holds, the strong maximum principle ensures that w; = 0

in B and thus, a standard connectedness argument implies (|1.4.16|).

Since Q> is an epigraph, the continuity of us on Q> and (1.4.16)) imply that .
must vanish at some point 7 € 2°°. This contradicts u,, > 0 on 2 and so, the proof of
Proposition is complete.

To conclude the proof of step 2, we use once again our comparison principles. To this
end, let us pick § > 0 such that 30 < min(%,2), where € = e(Ly, ), when f € Lip([0, +00))
(resp. € = e(f, M), with M = supgs u, when f € Lip,,.([0, +00))).

Since 0 < %, by Proposition [1.4.1} there exists £(6) € (0,d) such that, for any ¢ € (0,2(3))

we have v < uz,, in X7

S5i-6" -
On Z%E\Eg’f_&, we have u, uz,, € Hlloc(Zgﬁ\Eg?g_&) N UC(Z*;ZJFE\ng_&) and
—Au— f(u) =0=—Aug, — f(uz.) on E?Jrs\ggf—é’
U< Upy, on 3(E§+a\2§£a>'

For the latter, notice that

a(zgﬁ\zgf_é) — ({ay = F+ 1N OUO2N {oy < F+eDJAET, ),
and so
o ifxe{oy =t+e}NQ then u(r) = uz . (z),
o if v €dQN{zn <t+e} then 0 =u(z) < ug. (),
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o if 8(2?7575), then Proposition [1.4.1{ implies that u(z) < ug, ().

Notice that S, (37, \XJ; ;) <20 +¢ < 36 < e(Ly,v) and that 37 _\X7; /€ {0 <
xy <t+e} (see Figure . Hence, as in Step 1, we can apply item (i) of Theorem m
when f € Lip,,.([0,400)) (resp. Theorem when f € Lip([0,400))) to get

. 9 g
u<up. in XF \E§;

Q
E?—i—s \ Eg,f—é G =G /\
__"_"_____\ \ zsz /"_"\ [E
TN :576
g
9 25,5—5

Figure 1.7: Proof of Step 2

The latter and Proposition imply that u < ug. in 37, . This contradicts the
definition of ¢, thus £ = +oo.
Step 3 : End of the proof.

For each t > 0, let (2/,t) € QN {xy = t} and pick r > 0 such that B((a/,t),r) C Q.
From the previous step we infer that

—A(u —u) 4+ Lg(uy —u) >0 in 27N B((2,1),7),
u—u >0 in X{NB((at),r),
u—u=>0 on {xy=t}NB((at),1),

where Ly, is the Lipschitz constant of f in the compact set [O, max ut] .
SINB((a',t),r)

So, by the Hopf lemma, we have

u o(ut—u
—228 (/1) = 2= (2 ) < 0. (1.4.17)
The latter proves the desired conclusion. O

Proof of Theorem[1.1.5 We follow the proof of Theorem [I.1.1] However, this strategy
requires significant changes in Step 2 (recall that Step 2 in the proof of Theorem was
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crucially based on the assumption (|1.1.5)), as well as on the uniform continuity of u on

QN{xy < R} for any R > 0).

Step 1 : A is not empty.

It is enough to observe that Step 1 in the proof of Theorem holds true irrespectively

of the value of f(0) and that we can apply Theorem [I.2.2] (see also Remark , since u
has at most exponential growth on finite strips by assumption.

Step 2 : t =sup A = +o0.

To prove the claim, it is enough to show that Proposition [1.4.1] is still true under the
(more general) assumptions of Theorem m Unfortunately, the method used in the proof
of Theorem no longer works if the assumption is not in force. Indeed, in this
case we cannot exclude that the limit profile u,, coincides with the function identically
equal to 0, and this prevents us from proceeding as before. Also, the fact that u is no
longer uniformly continuous on finite strips adds new difficulties. To circumvent those
problems we use a different strategy based on translation and scaling arguments.

Proof of Proposition [I.4.1] under the assumptions of Theorem[1.1.5 We proceed as in the
proof of Proposition [1.4.1] (in Theorem [I.1.1)) until formula (2.4.4) and, for any k > 1,
we consider again QF = {(2/,zx) € RY, 2y > gr(2)} and Q® = {(2/,2y) € RY, 2y >

goo(@") }-

Since go(0') < t — 26, by the continuity of g, and (2.4.4]), we can choose R > 0 small
enough such that

sup  geo(2') <t -4, (1.4.18)
o' €B/(04R)
where B'(0/,4R) C RY~1. Since gy — goo in CL (RY™1), there exists k; = ki (R) > 1 such
that

E— o d
Vk > ki, Va' € B'(0/,4R), Joo(2') — 1S gr(2) < goo(2') + 1 (1.4.19)

Moreover, in view of (1.4.3),(2.4.4) and (2.4.10) there exists ks = ko(R) > k; such that

for any k > ko

o)

(0, 2%) € {x = (2, zy) €RY : 2/ € B'(0/,2R), goo(z') + 3 < xN}_ (1.4.20)

Pick T > 2t 4+ 2R and define the compact set
S g4 s
C=(B(0,2R) xR) N7 "2,
and the bounded open set

4]
O = (B'(0/,4R) xR)ﬂ{x:(x’,xN) cRY : goo(x')—ki <xN<2T+1},
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2T+ 1

Bl

o 2R 4R q.
9o

Figure 1.8: C cC O c Q*

then, by (2.4.10]) and ([1.4.20)), we have (see Figure [1.8))

Vk > ks, (0, 2%) e Ccc O cOr (1.4.21)
Now, for any k > ke and any = € QF we define
() + 2 aey) (@) + ol xy)
vg(z) = (o) = - : (1.4.22)
where oy, = u(z¥) > 0, and
f(0) k)2
wi(z) = ve(x) + 5T (zn — o) (1.4.23)
Then, for any x € O we have
k\/ / o
Q. Q.
_ flu((@®) + 2, 2n)) — £(0) ,_
— ) wi(z) = cp(x)w(x), (1.4.25)
k\/ ! -
where ¢ (z) = ful@) + ', 2n)) = 10) is a bounded continuous function satisfying
apwi(x)

lekllzo) < Ly, Yk > k.

Indeed, for any k > ks and any x € O,
|f (u((@")" +2',2n)) — f(0)]

agw ()

u((zh) + o' an) (@)
agw () =Ly wg ()

lex(2)] < <Ly

(1.4.26)

< Ly, (1.4.27)
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since f is globally Lipschitz-continuous and v, < wy, in QF, in view of f(0) > 0.

We also note that

wi (0, 2%) = v (0, 2%) = =1, Vk>k. (1.4.28)

Therefore, for any k > ko, the function wy, satisfies

—Aw, = cwy, in O,
wi >0 in O, (1.4.29)
’Ck’ < Lf in O,

and so we can apply Harnack inequality on the compact set C to obtain

Vk > ko, supwy < Cy irclf Wi, (1.4.30)
c

for some constant C7 = C7(N, L¢,C,O) > 0.
By combining (1.4.30)), (1.4.28) and ((1.4.21]) we get that

Vk > ko, sup v, < supwy < Cr irclfwk < Crwy (0, 2%) < Cy. (1.4.31)
c c

From the latter we also deduce that

f(0) _ 27
Vk > k 0<—=< — 1.4.32
- 2, — C(k. — (52 Y ( )
indeed, since the point (0/, 2% + §) € C, from (1.4.31)) we have
0)6?
0< f;(j < w (0, 2% +6)) < O (1.4.33)
k

Furthermore, for k > 1, if x € % N (B/(0/,2R) x R) then (2/ 4 (2*), 2y) € XY, therefore

by definition of A we get

ou , ,
%(Z’ + (.Tk) ,ilfN) > O,

and so, from ([1.4.22)) we deduce that

8vk . i ou

Vk>1, VreXN(B/(0,2R)xR —(r) = ——
21, Yo eSPEWR)xR), @)=t

(24 (2", zn) > 0. (1.4.34)

The latter combined with ((1.4.31)) immediately leads to the following uniform bound

Vk > ky, VoeSPN(B(0,2R) xR),  u(z) < Ch. (1.4.35)

To proceed further we observe that X35 N (B'(0/,2R) x R) = €% (0, 2R, 2T") and that, for
any k > ko,

an (1.4.36)

—Avk — f<akvk) = fk(vk) in ¢9% (0/7 2R, QT),
e = 0 on 90N (B(0,R/2) x R),
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t
where, for any t > 0, we have set fi(t) = f(jk ) Notice that f; € Lip(]0, +00)) with
k
0 2C
Ly <Lf,  0< f(0) = (i) <= Vk>h (1.4.37)
k

By definition of gy, all the epigraphs QF satisfy a uniform exterior cone condition on 9Q*

with the same reference cone V' (the reference cone for the epigraph 2), therefore we can

apply Proposition |1.3.1|with h = gj,w = QF u =v,, R=2R,7=2T, r =8 =8 ¢ = 7 —

1= 2 2
T and k > ko, to get

Ja=a(N,V)e (0,1) : Vk>ky, v,€C(€%(0,R/2,T)) (1.4.38)
and

106l 0.0 @@ < Cs(R T ViN) (L, + 1fi(0)] + 1) (l[vwll s ese 0r2m2)) + 1)
(1.4.39)

20
< C5(R,T,V,N) (Lf + =T 1) (Cr+1) = G, (1.4.40)

for some constant Cy = Cs(R,T,V, N, L, 0) > 0.

Now we consider the compact set I = B'(0/, R/2) x (=T,T') (see Figure and, for any
k > ko, we set

Gilx) = vp(x) if x e (0, R/2,T),
BT 00 it zek\ e (0, R/2,T),

then, by and (1.4.39), vx € C®*(K) and
|0k || co.o iy < Cs, (1.4.41)
and so, by Ascoli-Arzela theorem,
Jue €C™(K) 1 Up = v in CYK), (1.4.42)

along a subsequence.
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o (0', 2R, 27)

9o

K Gk, (k>kz)

Figure 1.9: £ = B(0/, R/2) x (—=T,T)

In view of (|1.4.36)), for any k& > ko, we have that

_ AT = fu(@) in (0, R/2,T) C K,
>0 in e (0, R/2,T),
B=0 on 90F N (B0, R/2) x R), (1.4.43)

R0, 2%) = v (07, 2%,) = 1.

Since fr € Lip(]0,+00)) and (1.4.37) is in force, another application of Ascoli-Arzela
theorem tell us that, up to a subsequence,

fe = fo in CP.(]0,+00)), (1.4.44)

for some f,, € Lip([0,+00)) satisfying f-(0) > 0.

Now we recall that, 2% — 2% € [gOO(O’) +6,t — (5} , gk — oo in CL(RN™1) and that,

1.4.42)) and (|1.4.44)) are in force, therefore we can pass to the limit, as k — +o00, into
1.4.43) to get

_Avoo = foo(voo) in D/(thoo (0/7 R/Z, T))a
Voo > 0 in €9=(0,R/2,T),
Ve = 0 on 9% N (B0, R/2) x R), (1.4.45)
(0, 2F) € €= (0, R/2,T), Voo (0, 2%9) = 1.

By standard interior regularity theory for elliptic equations we see that v, is a classical
solution to (2.4.24)) and the strong maximum principle then implies

Voo >0 in €= (0/,R/2,T). (1.4.46)
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By letting & — 400 into ({1.4.34)), and recalling the definition of vy, we deduce that

Voo (T) < Vo () Vo e X7 N (B'(0, R/2) x R). (1.4.47)

We notice that (1.4.2) implies u,(0',2%) > wgpye, (0, 2%), for any k& > 1. Then, by
definition of vy, and v, we deduce that 0;(0/, 2%) > vUk,z,, (0, 2), for any k > 1. Passing
to the limit in the latter we deduce

Voo (0, 2%) 2 Vo0, i (0, 2%),
and so
Voo (0, 2) = Vo, i(0', 2%
since (0, 239) € ¥~ N (B'(0', R/2) x R) and holds true.
Now, for any x € ¥ N (B'(0/, R/2) x R) we set
oo () = 00 (2) — Ue(2)
then wy satisty

_Awoo = fOO(Uoo,f> - fOO<UOO) 2 _waoo il’l Etgoo n (B,<0,7 R/Q) X R)v
Weo > 0 in $9° N (B'(0,R/2) xR),  (1.4.48)
(0,2%) € 22 N (B'(, R/2) x R), Woo (0, 23) = 0.

By applying the strong maximum principle to (2.4.27)), we infer that w,, = 0 on the
domain ¥4* N (B(0', R/2) x R). Therefore, we have

0 = Voo (7', goo (7)) = Voo (2, 2t — goo(2)), Va' € B' (0, R/2),

which contradicts (1.4.46)), since 0 < 2 — goo(2') < T whenever 2’ € B'(0/, R/2). This
completes the proof of Proposition when f(0) = 0.

The remaining part of the proof of Step 2 is the same of the one of Step 2 in Theorem
just observe that one can use Theorem [1.2.2] (see also Remark , since u has at
most exponential growth on finite strips by assumption.

Step 3 is unchanged. O]

Proof of Theorem[1.1.7 The proof of Theorem is a straightforward adaptation of the
one of Theorem Indeed, any step of the proof of Theorem [I.1.3 remains unchanged
if one observes that

i) one can apply Theorem [1.2.1] since by assumption u is bounded on any finite strip
and f is a locally-Lipschitz continuous function,

ii) Step 2 only requires that u is bounded on any finite strip and that f belongs to
Lip,,.([0,4+00)) and satisfies f(0) > 0. Indeed, those properties imply the validity of
and , where Ly is replaced by the Lipschitz constant of f on the interval
[0, M]. Here, we have set M := supgn(, , <2741} ¥, Which is finite by assumption.

Step 3 is unchanged, since it only requires that f belongs to Lip,,.([0, +00)). O
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Proof of Corollary[I.1.1 Since Vu is bounded on €, u € C°(Q) and u = 0 on 99, it is
straightforward to check that u satisfies |u(z) — u(y)| < ||Vul|w|z — y| for any z,y € Q.
Then, u is uniformly continuous on Q and u € Wy>*°(Q) € H} (). Furthermore, the
boundedness of Vu implies (via the mean value theorem) that u is bounded on finite
strips. The conclusion then follows by applying Theorem [I.1.1] O

Proof of Corollary[T.1.3. u € W,5>°(Q) C HL.(Q), since u € C°(Q), u = 0 on 9Q and Vu
is bounded in € by assumption. The latter assumption also implies (via the mean value
theorem) that u is bounded on finite strips. The conclusion then follows by applying

Theorem [L.T.2L O

Proof of Corollary[1.1.3. Since 9 is locally of class C1* and u € C?*(Q)NC°(Q), standard
regularity results for elliptic equations implies that u € C2%(Q). Therefore v € HL (Q)

loc

and the conclusion then follows from Theorem [T.1.2] O

Proof of Theorem [1.1.4. The proof is similar to the one of Theorem [I.1.1] but it is easier,
since the coercivity assumption on g implies that any cap ¥J is a bounded open set of RY.
Thus, we provide only the modifications necessary to deal with the new points of the proof
related to the fact that ¢ is supposed to be merely continuous and that no restriction on
the sign of f(0) is imposed.

Since every cap ¥j is bounded, the comparison principle immediately gives the conclusion
of Step 1.

To achieve the conclusion of Step 2 we need to show that Proposition still holds
under the assumptions of Theorem [I.1.4]
To this end we first observe that the sequence of points (z*) appearing in is bounded
(since the cap ¥? ; is bounded) and so, up to a subsequence, we may and do suppose that

z* — 2 = (), 2%), as k — oo. Therefore, the sequence of continuous functions (g;)
defined by ((1.4.4)) is again relatively compact in CP_(R¥~1). Hence, up to a subsequence,

loc
!

gk — oo in CL (RV=1). Note that goo(2') = g(2' + (z°)') for any 2/ € RV~1.

Moreover, the sequence (@) defined by is again relatively compact in CP_(RY).
This is because the sequence (g (0, —1)) is bounded in R and the function @ is bounded
and uniformly continuous on any finite strip. Hence, up to a subsequence, @ — T, in
0 (RN), where i (7) = (2" + (), xy) for any x € RV,

loc

Thanks to those information, we can follow the proof until ((1.4.12). Now, if we set
Wi = Uy 7 — Use ON L7, we see that

—Aw; = [t i) = f(Uso) > —Lpw; in XI,

wi >0 in X7, (1.4.49)
wg(ol, $oo> = 0,
where now L; denotes the Lipschitz-constant of f on the closed interval |0, maxgss us
t

(note that 32> is a compact set, since g, is coercive). Since (0/,z%) € 37>, the strong
maximum principle and the continuity of w; ensure that

w; =0 in the connected component of ¥ containing the point (0', z%?).
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Since 2 is an epigraph, the latter implies that u., must vanish at some point of 2°°.
But (in view of the form of g, and i.,) the latter implies that the solution u must vanish
at some point of ). A contradiction. This proves the claim of Proposition [1.4.1}

The remaining part of the proof of Step 2 is the same of the one of Step 2 in Theorem
1.1.1], since u is bounded on finite strips.

Step 3 is unchanged, since it only requires that f belongs to Lip,,.([0, +00)). O

1.5 Extensions to merely continuous epigraphs bounded
from below and further observations

In this section we prove some monotonicity results for solutions of on certain
merely continuous epigraphs {2 bounded from below, i.e.,where the function g defining 0f2
is continuous but not necessarily uniformly continuous. To this end we observe that the
uniform continuity of the function ¢ enters into the proofs of Theorems only to
use the following classical compactness result (via the Ascoli-Arzela theorem): let (g) be
a sequence of translations of a uniformly continuous g : RN"1 = R, i.e., gu(-) = g(- + x1),
for some sequence (x1,) of points of RN=1. If the sequence (gy) is bounded at a fized point
of RN~ then it admits a subsequence converging uniformly on every compact sets of RV =1

Therefore, all we need for the above mentioned proofs to work, is that the continuous
function ¢ : R¥~! — R is bounded from below and it satisfies the following compactness

property :

(P)  Any sequence (gx) of translations of g, which is bounded at some fized point of
RN admits a subsequence converging uniformly on every compact sets of RN=1,

The above discussion leads to the following
Definition 1.5.1. Assume N > 2. We say that a continuous function g : R¥V-! — R
belongs to the class G, if it satisfies the compactness property (P).

Before stating the new monotonicity results, let us show how large the class G is.
Hereafter, we provide a wide (but non-exhaustive) list of members of G.

1. Uniformly continuous functions on R¥~! belong to G.
2. Coercive continuous functions on RV=! belong to G

In particular, any continuous function on RY ™! such that limj,| e g(z) € (—00, +00]
belongs to G.

3. Let us denote by G(RM~!) the set of continuous functions g : R¥=! — R enjoying
the following property : there exists a continuous bijection ¢ : R — R such that

12Since the sequence (gx) := (g(- + x1)) is bounded at some point of RV ~! and g is coercive, it follows
that the sequence () is bounded in RN~ Therefore (g;) is uniformly equicontinuous on compact sets
of RN=1 | and the compactness follows from the Ascoli-Arzela theorem.
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pogeQg.

It is immediate to check that G(R¥ ™) C G[P| Moreover, the family G(RV™?) strictly
contains the one of uniformly continuous functions on RV~ and the one of coercive
continuous functions on RN=1 as shown by the next examples.@

N-1 ;
(3a) For instance, the functions g;(z;) = €** if N =2, and g(z) = PPy o8 (z;)
if N > 3, are neither uniformly continuous nor coercive on R¥~!. Nevertheless,
they belong to the class G(RY~1) (consider, for instance, the function

/ if <0,
¢<t>_{ log(t+1) if ¢>0,

in the previous definition and observe that ¢ o g € G is uniformly continuous,

e’l

hence ¢ o g € G). The same argument also proves that g(x;) = e and

o1+ 3 N  cosd (o
g(x) = €° Vo ) do belong to G(RY~!). Since this argument can be
iterated, we see that the class G(RY~!) contains smooth functions, bounded
from below, that are neither uniformly continuous nor coercive, and with
arbitrary large growth at infinity. Also note that, g; being convex, its epigraph
satisfies a uniform exterior cone condition.

(3b) Assume N > 2 and let g € C?*(RY™1) be any positive function such that V3g €
L (RN™1), then /g is globally Lipschitz-continuous on RY~! (see Lemma [
in |[Gla63] for N = 2). Therefore, we have g € G(RY _1).|E More generally,
any g € C?(RN¥~1), bounded from below and such that V?g € L®(R¥"1) is a
member of the class G(RV™1).

For instance, the function g = g(z1,...,zx_1) = (x1)> + [115" sin(jz;) belongs
to G(RN™1) for any N > 3.

For N = 2, any continuous function g : R — R such that ¢_ := lim,, . g(x) €
(—o00,+o0] and 44 := lim, o g(x) € (—00, +00] belongs to G. Therefore, any
quasiconvex (resp. quasiconcave) continuous function bounded from below belongs
to G. In particular, any monotone continuous function bounded from below and any
convex functions bounded from below belongs to G.

. Assume 2 < n < N and let g : R*! — R be a member of G. Then, the function

G : RY"! — R defined by §(z1,...,2n_1) = g(x1, ..., 7, 1) satisfies the compactness
property (P), as a function on R¥~1. Therefore, § € G, as a function on RV~1,

13 Assume that (g ) is bounded at some point of RN =1 say z, then the sequence of functions ((¢og)) :=
((pog)(-+ xx)) is bounded at z. Therefore, up to a subsequence, (¢ o g)r — ¢ uniformly on compact sets
of RN=1 since ¢ o g € G by assumption. But then we also have gr, = ¢~ *((¢ 0 g)r) — ¢~ ! o ¢ uniformly
on compact sets of RV 1,

14 Taking the identity function as ¢, we immediately see that uniformly continuous functions, as well
as coercive continuous functions g : R¥Y~! — R do belong to G(RV~1).

5Choose the function

=/t it t<0,
¢(t)_{ Vi it >0,
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In particular, for N > 2, the functions g(z1,...,2x) = €' and g(xy,...,25) =
e” — 4arctan(x;) — 2 belong to G, are bounded from below and their epigraphs
satisfy a uniform exterior cone condition.

6. Assume N > 2. Let ¢ € G and let T : RV~! — RV~! be a transformation of the form
T(x) = Az + b, where A an invertible real matrix and b € R¥~!. Then, go T € G.
In particular, this results applies when 7T is an isometry of RV,

7. Assume N > 2 and A > 0. Let g, € G be bounded from below. Then, Ag € G and
g+geg.
In particular, for N > 2, the function g(z1,...,zx) = z] + €* belongs to G, is
bounded from below and its epigraph satisfies a uniform exterior cone condition.

8. By combining items (1)-(7), one can easily build further examples of functions g
belonging to G in any dimension N > 2. In particular, one can construct members
of G bounded from below, that are neither uniformly continuous nor coercive, with
arbitrary large growth at infinity, and such that their epigraphs satisfy a uniform
exterior cone condition.

In view of the above discussions, we can now state the monotonicity results for con-
tinuous epigraphs defined by functions g belonging to the class G. Let us start with the

extension of Theorem and Corollary [1.1.1]

Theorem 1.5.1. Let N > 2 and let €2 be an epigraph bounded from below and defined by
a function g € G. Assume f € Lip,,.([0, +00)) with

ft)

lim inf —~
t—0t

> 0. (1.5.1)

(i) If u € C°(Q) N HL.(Q) is a distributional solution to which is bounded and
uniformly continuous on finite strips.
Then u s strictly increasing in the xx-direction, i.e., % >0 in Q.
If f is globally Lipschitz-continuous, the same conclusion holds true only under the sole
assumption that uw is uniformly continuous on finite strips.

(ii) If u € C*(2) N C%Q) is a classical solution of (1.1.1) such that Vu € L>®().
Then u is strictly increasing in the xy-direction, i.e., a%, >0 in €.

If we also assume that the epigraph satisfies a uniform exterior cone condition, then
we can prove the following extensions of Theorem [1.1.3| and Theorem [1.1.2]

Theorem 1.5.2. Let N > 2 and let Q) be an epigraph defined by a function g € G. Also
suppose that € is bounded from below and satisfies a uniform exterior cone condition.

(i) Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N HL.(Q) be a
distributional solution to (1.1.1)) with at most exponential growth on finite strips. Then u
is strictly increasing in the xy-direction, i.e., ai—’]‘v >0 in Q.
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(ii) Assume f € Lip,,.([0,+00)) with f(0) > 0 and let u € C°(Q) N HL,(Q) be a
distributional solution to (L.1.1)) which is bounded on finite strips. Then u is strictly
increasing in the xy-direction, i.e., % > 0 in €.

Note that Theorem [I.5.1]and Theorem [I.5.2]apply to the explicite examples of functions
g provided in the above items (1)-(7). They also recover the results in the very recent
preprint [GMS24], where the monotonicity is proved for some classical solutions to ([1.1.1])
with f(¢) =t? and g > 1@

The next result applies to solutions of ((1.1.1)) where €2 is merely a continuous epigraph
and f is a non-increasing function, possibly discontinuous, and with no restriction on the

sign of f(0).

Theorem 1.5.3. Let €2 be any continuous epigraph bounded from below and let f : [0, 00) —
R be any non-increasing function. Let u € C°(Q) N HL.(Q) be a distributional solution to
(1.1.1)) with subexponential growth on finite strips E]
Then u is non-decreasing, i.e., a%v >0 1n Q.
Moreover, if f € Lip,,.([0,4+00)), then u is strictly increasing, i.e., 83—1; > 0 in Q.
Proof. The proof is a straightforward application of Theorem Indeed, for any 6 > 0
we have u,up € H (X5) N C°(X3) and
—Au— f(u) =0=—Auy — f(ug) in X9,
u < ug on 0%7.

Since u and uy have subexponential growth on X (which is bounded in the direction ey)
we can apply Theorem to get that

u<ug in Xf.

Therefore, u is non-decreasing in the xy-direction.
If f is locally Lipschitz-continuous, we conclude as in Step 3 of Theorem [1.1.2] O]

Some remarks are in order.

Remark 1.5.1. (i) We note that the proof of Theorem also applies to some unbounded
domains that are not necessarily epigraphs. Indeed, given any domain  C RY bounded
from below, it is immediate to see that the proof of Theorem [1.5.3| applies if {2 contains

16Tt is immediate to see that any semicoercive and continuous function is bounded from below and
belongs to our class G (see items (5) and (6) above). This observation and Lemma A.2 in [GMS24] also
show that the convex epigraph case is covered by the techniques we have developed in the present article.
7j.e., for any R > 0,

1
lim sup nu(z) <0.
|| oo, ||
zeQN{zny <R}

18 Note that u € C1(Q), since f(u) € L

loc

().
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the reflection (with respect to the hyperplane {xy = 0}) of any cap QN {zy < 0}. Since
the latter property is clearly satisfied if Q2 C RY supports a monotone solution to ([1.1.1)),
we see that the above result actually caracterizes the euclidean proper domains for which
the homogeneous Dirichlet BVP ([1.1.1)) admits a monotone solutionﬁ

For example, the domain Q4 = Upez{z € R? : |z, — (3 +4k)| <1, 29 > —1}U{z € R? :
xg > 0} (see Figure and the open orthant Q5 = {z € RY : 2y > 0,..., zy > 0}
satisfy this property, but they are not epigraphs with respect to ey (in fact, {24 is never
an epigraph, that is, there is no unit vector v of R? that allows it to be represented as an
epigraph with respect to v).

Another example is depicted in Figure [I.11]

o

Figure 1.10: €y
Figure 1.11:

(ii) We also observe that the first conclusion of Theorem [1.5.3] namely that u is
non-decreasing, is sharp. See the explicit example [I.7.2]in Section [I.7]

We conclude this section with the following general result, which we believe to be of
independent interest. This is a straightforward application of our comparison principles
(see Step 1 in the proof of our monotonicity theorems). It shows that the moving plane
method can be started irrespectively of the value of f(0) and for a large class of unbounded
domains. Specifically we have the following

Corollary 1.5.1 (Starting the moving planes method). Assume N > 2. Let )
be a domain contained in the upper half-space Rf and also assume that ) contains the
reflection (with respect to the hyperplane {xy = R}) of a finite strip QN {xy < R} Z 0.
Let u be a distributional (resp. classical) solution to (1.1.1). Suppose that one of the
following assumptions is in force :

19 this can be formulated in the following equivalent way : Problem with f non-increasing,
admits a monotone solution on a domain Q C R¥ | if and only if, Q is contained in an affine half-space
(whose inner normal is denoted by v) and, for any x € Q the open half-line {z + tv, ¢ > 0} is contained in
Q. That is, if and only if,  is contained in an affine half-space (whose inner normal is denoted by v) and
Q is v-invariant.
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(i) f € Lip,,.([0,+00)) and u is bounded on QN {zxy < R};

(it) f € Lip([0,+00)) (resp. a non-increasing function) and u has at most exponential
growth on QN{zy < R}.

Then there exists Ry € (0, R) such that QN {zn < R} # 0 and

ou _
%>O in QN{xy < Ro}.

The above result extends the one proved in |Far20] for the special case of a half-space.

For sake of clarity (and simplicity) we have stated the above result in the case 2 C Rﬂf .
Since the considered problem is invariant by isometry, it is clear that the same result holds
if € is contained in an affine open half-space H. In this case, the monotonicity will be
obtained with respect to v, the inner normal to H.

1.6 Some applications to classification and non-existence
results

In this section, we apply our monotonicity results to prove some classification and nonexis-
tence results for the problem ((1.1.1)) on general continuous epigraphs defined by a function

g € G (see Section [L.5)).

Theorem 1.6.1. Let Q) be an epigraph defined by a function g € G. Also suppose that )
is bounded from below and satisfies a uniform exterior cone condition.
Let w € C°(Q) N HL (Q) be a bounded distributional solution to

—Au= f(u) in Q,
u>0 in  Q, (1.6.1)
u=20 on Of.

Assume that f € C'([0,400)), f(t) > 0 fort >0 and 2 < N < 11, then u = 0 and
7(0) = 0.

Proof. By standard interior regularity theory for elliptic equations u belongs to C?(Q)
hence, either v = 0 in Q or v > 0 in 2 by the strong maximum principle. Let us rule out

the second case. Suppose u > 0 in €2, then we can apply Theorem to prove that

0
a—u > 0 in Q. Hence, u is a bounded stable solution to (1.6.1)) of class C?*(Q2) and so, the
TN

function
A . / / N-1
v(x") —INILrEerOu(x,xN), e RV
is a positive stable classical solution to —Av = f(v) in R¥~! with N — 1 < 10. We can
therefore apply Theorem 1 in [DF22] to get that v = const. = a > 0 et f(a) = 0. Since the
latter contradicts the positivity assumption on f, we infer that u = 0 and so f(0) =0. O
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The previous theorem remains true even for N > 12, if we add an assumption about
the behaviour of f at the origin. In this case, the desired conclusion is obtained by making
use of some Liouville-type theorems for stable solutions established in |[Far07], [DF10] and
[Far15| (instead of Theorem 1 in [DF22]).

The desired results are the contents of Theorem and Theorem below.

Theorem 1.6.2. Assume N > 12 and let 2 be an epigraph defined by a function g € G.

Also suppose that Q) is bounded from below and satisfies a uniform exterior cone condition.
Let v € C°(Q) N HL.(Q) be a bounded distributional solution to (1.6.1]) where f €

loc

CH([0, +00)) satisfies f(t) >0 fort >0 and liminf,_q+ ft(f) > 0, for some s € {O, %—:g’)
Then u=0 and f(0) = 0.

Proof. By proceeding as in the proof of Theorem [1.6.1] if © > 0 in 2 we can construct
v € C*(RN™1) which is a positive, bounded, stable solution to —Av = f(v) in R¥~1. Now,
pick z > supgy-1 v > 0 and consider the new nonlinear function f € C''([0, +00)) defined
as follows : f = f on [0,supgn-1v], f > 0 on [supgn-1v,2), f <0 on [z, —I—oo) Hence, v
is also a bounded stable solution to

L R (162
Since lim inf;_ o+ ft(st) = liminf, o+ ft(f) >0and f>0on (0, supgn—1 v), we see that
36, >0 : VzeRNV fu(x)) > 6,v°(z).
Therefore we can apply Theorem 1.2 of [Farlb] to v (with M = N — 1) and find that
v =0. A contradiction. Hence u =0 and f(0) = 0. O

Notice that Theorem [1.6.1) and Theorem [1.6.2] immediately imply the following non-
existence result when f(0) > 0.

Corollary 1.6.1. Assume N > 2 and let Q C RN be a uniformly continuous epigraph
bounded from below and satisfying a uniform exterior cone condition.

If f € CY([0,+00)) satisfies f(t) > 0 fort >0, then problem does not admit any
bounded distributional solution of class C°(Q) N HL (D).

The next result concerns the following natural class of nonlinearities introduced in
[DF10]:
f € CH([0,4+00)) N C*((0, +00)),  f(0) =0,

f >0, nondecreasing and convex in (0, 4+00) (1.6.3)
. um 2
s.t. ].lmu_>(]+ f(ﬁ)(f”(u) = qo € [07 +OO]
where, in the latter, we agree to set % = o0 if f"(u) = 0.

Notice that, we necessarily have ¢y € [1,+00] (see Lemma 1.4 in [DF10]).

20Note that, thanks to the assumptions on f and z, such a function f does exist.
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The typical representative of this class is given by the function f(u) = u?, p > 1. In this

case f(i /)(}L)?u) = p%l and so qo coincides with the conjugate exponent of p. Consequently, if
we define py € [1, +00] as the conjugate exponent of ¢ by p% + qio = 1, we have that the
exponent pg can be considered as a "measure" of the flatness of f at the origin.

Other members of the preceding class are provided by the functions f,(u) = e* — >}, %7

where n > 1 is an integer. It is easily seen that qo(f,) = “ and so po(fn) =n + 1.

T on

Theorem 1.6.3. Assume N > 12 and let 2 be an epigraph defined by a function g € G.
Also suppose that € is bounded from below and satisfies a uniform exterior cone condition.
Let u € C°(Q) N HL(Q) be a bounded distributional solution to where [ satisfies
(11.6.3).

Suppose that pgy, the conjugate exponent of qo, satisfies

1 < po < pe(N —1), (1.6.4)
where p. is the Joseph-Lundgren stability exponent given by

(N—2)2—4N +8/N —1

PlN) = N (v = 10)

Then u = 0.

Note that the preceding theorem applies to f(u) = u? if 1 < p < p.(N — 1) and to f,
ifn+1<p(N—1).

Proof of Theorem[1.6.3 By proceeding as in the proof of Theorem [I.6.1] if v > 0 in 2 we
can construct v € C?(R¥~1) which is a positive, bounded, stable solution to —Av = f(v)
in R¥=1. Since the assumption (1.6.4)) is in force, we can apply Theorem 1.5 in [DF10] to
get that v = const. = a > 0 et f(a) = 0. A contradiction, hence u = 0. O

Next we state the following immediate consequence of Theorem [I.1.4]

Corollary 1.6.2. When the epigraph §2 is coercive, the conclusion of Theorems|1.6.141.6.
and Corollary holds true under the sole assumption of continuity of g, i.e., we do
not need to require the uniform exterior cone condition for the epigraph.

Theorems [1.6.1 and Corollary recover and extend/complement some results
in [Far07], [DF22], [CLZ14], [DFP23] and |[GMS24].

We conclude this section with the following classification result for solutions of (|1.6.1))
that tend to zero at infinity.

Theorem 1.6.4. Assume N > 2 and let 2 be an epigraph defined by a function g € G.
Also suppose that € is bounded from below and satisfies a uniform exterior cone condition.
Assume f € Lip,,.([0,+00)) and let u € C°(Q) N HL,.(Q) be a distributional solution to
(1.6.1) such that

lim wu(x)=0. (1.6.5)

z€Q,
|z|—o0
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Then uw =0 and f(0) = 0.
When the epigraph € is coercive, the above conclusion holds true under the sole assumption
of continuity of g.

Note that, in the previous result, we make no assumptions on f (beside f € Lip,,.([0, +o0)))
or the boundedness of w.

The above result recovers and improves upon a result of [EL82|, where the conclusion has
been obtained for a smooth coercive epigraph.

Proof of Theorem[1.6.4). First we prove that u is bounded and then we use this information
to deduce that f(0) = 0. The boundedness of u easily follows from the continuity of u
on Q and . Then, pick an open ball B CC 2 and, for any integer £ > 1 and any
x € B, consider the function ug(x) = u(a’, zy + k). By the boundedness of u and standard
elliptic estimates, we have that a subsequence of (uy) (still denoted by (uy)) converges
in the C?_.(B)-topology to a solution v € C*(B) of —Av = f(v) in B. Since is
in force, we necessarily have v = 0 which, in turn, yields f(0) = 0. By the latter and
the strong maximum principle, either v = 0 in € or v > 0 in ). Let us prove that the
second case cannot occur. Since u is bounded and f(0) = 0, we can apply Theorem m

u
(resp. Theorem [1.1.4] when  is coercive) to prove that Ere. > 0 in €. But the latter
TN

contradicts the assumption (1.6.5)). Hence u = 0 and f(0) = 0. O

1.7 Some examples

Example 1.7.1. Let us consider the following two functions gy, go : R — R defined by

Q

n(e) = [
4—(x—2)2 if x€]0,2],
2 if x€|2,+00),
Figure 1.12: ¢;
Q
0 if x e (—o0,—4],
4—(z+2)2 if xel[-4,0],
go(x) =1 JA—(x—2)2 if z€][0,2], /_/
p if ©€[2,6],
x—4 if ©€[6,400).

Figure 1.13: g9
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Note that g, is globally %—Hdlder—contmuous and g 1s locally %—Hdlder—contmuous, but
neither g, nor g are locally a-Holder-continuous, for any a € (%, 1]. Also observe that
g2(z) = g1(x) + (x — 6)T for any x € R, therefore the two-dimensional epigraphs defined
by g1 and g are uniformly continuous, bounded from below, but not locally Lipschitz-
continuous. Moreover, it is easily seen that both of them satisfy a uniform exterior sphere
condition (of radius %) Hence, they also satisfy a uniform exterior cone condition.

Example 1.7.2. Assume N > 2 and let Q be the half-space {x € RY : x5 > 0}.
The bounded function

u(z) = { L= (ey =Dt f 0<ay <1, (1.7.1)

1 if Ty > 1,

is a classical C? solution to (1.1.1)), where f is given by the following non-increasing
function

12 if t<0,
f)=4 121—1t if 0<t<1, (1.7.2)
0 if t>1.

Note that f is globally Hélder-continuous, but not locally Lipschitz-continuous on R.

The following example (inspired from [Far01]) shows that we cannot remove the as-
sumption on the Lipschitz character of f in our main results.

Example 1.7.3. Assume N > 2 and let Q be the half-space {x € RY : zy > 0}.
The bounded function (see Figure M)

(I—(ev=DH"  if 0<an <1,

1 Zf 1l<ay <2,

1—|—(1—(13N—3)4)4 if 2<azy <4,
1 Zf Ty > 4.

u(z) =

(1.7.3)

is a classical C? solution to (1.1.1)), where f is given by the following globally Hélder-
continuous function

0 if t<0,
B —192(t(1 — t1))2(1 — 2¢1) if 0<t<1,
TO=Y e -na—e-vipra-de-nh g 1<e<e, Y
0 if t>2.

Note that f is not locally Lipschitz-continuous on R and that % changes sign on RY.
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A

-

Figure 1.14: Graph of u
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2.1 Introduction

In his seminal paper [Ser71], published in 1971, J. Serrin proved that if 2 is a bounded
and smooth domain for which there is a smooth solution to the overdetermined problem

—Au= f(u) in €Q

u >0 in €,

u=20 on 0f), (2.1.1)
@ =c¢=const. on OS],
an

145
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then €2 must be a ball and u is radially symmetric about its center.
Here, 1 denotes the outward unit normal at 02 and f is a Lipschitz-continuous function.

In this paper we are concerned with Serrin’s overdetermined problem (2.1.1]) on epigraphs,
i.e., on unbounded domains of the form

Q= {z=(2',zy) e R 2y > g()}, (2.1.2)
where g : R¥=! — R is a (sufficiently) smooth function and N > 2.

Our study is motivated by the following question : if f is a globally Lipschitz-continuous
function and the overdetermined problem admits a smooth and bounded solution
on a smooth epigraph €2, then ) must be an affine half-space. This is a special case of a
question raised in 1997 by H. Berestycki, L. Caffarelli and L. Nirenberg at the end of their
work [BCN97b]. In the following, we shall refer to this problem as the conjecture BCNe.

In [BCNO7D|, for functions f of Allen-Cahn typdl] the authors employed the sliding
method to prove the following rigidity result : if g € C? is a globally Lipschitz-continuous
function satisfying an additional condition at mﬁmtyﬁ and problem (2.1.1) admits a
smooth and bounded solution, then g must be constant (i.e., Q = {x € RN : xx > const.}
is an upper half-space) and u takes the form u = u(zy).

This gives a partial answer to the above conjecture. Indeed, since problem ((2.1.1)) is
invariant by euclidean isometries, all the natural solutions of (2.1.1)) corresponding to the
affine functions g(x) = a-x + b, a # 0, are ruled out by the additional condition on g at
infinity.

In 2010, A. Farina and E. Valdinoci [FV10] introduced a new geometric tool that
allowed them to prove the conjecture BCNe without any additional condition on g, but
under the dimensional constraint N < 3 (see Theorem 1.8 in [F'V10]). Specifically, they
proved the following : if f is of Allen-Cahn type, g € C? is a globally Lipschitz-continuous
function and problem admits a bounded C*-solution, then Q is an affine half-space
and u is one-dimensional.

Moreover, in [FV10] it is proved that :

i) the same result is true if Q0 is a two-dimensional domain of class C* (not necessarily
an epigraph), f is any locally Lipschitz-continuous function and u is a monotone solution
(i.e. 6%‘2 > 0 on Q) with bounded gradient;

Lie., f € Lipoe([0, +00)) such that :
Jpu>09>0>0:
(I) >0 on (0,u), <0 on [, +00), (2.1.3)
(II) f(t) > o1t fort e (0,601), f is non-increasing on (dz, ).

The typical representative is given by the classical Allen-Cahn nonlinearity f(t) =t — t3.

2 The additional condition on g required in [BCN97b|is: V7 € RV~ lim (9(a’+71)—g(z")) = 0.

|&! | =400
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it) for any locally Lipschitz-continuous function f, Serrin’s overdetermined problem has no
bounded solution on globally Lipschitz-continuous coercive epigraphs if either N = 2 or
N =3 and f > 0.

Subsequently, the new geometric tool introduced in [FV10] has been used to study
Serrin’s overdetermined problem on general domains of a Riemannian manifold (see

[FMV13)).

In [WW19], under more specific conditions on f (but still including the classical
Allen-Cahn equation), K. Wang and J. Wei proved that the conjecture BCNe is true :

iii) on any smooth epigraph, if N = 2;
iv) on any smooth and globally Lipschitz-continuous epigraph, if N > 3;
v) on any smooth epigraph, if N < 8 and u is a monotone solution, i.e. (%‘V >0 on Q.

vi) Serrin’s overdetermined problem has no solution on smooth coercive epigraphs if N > 2.

The result in item v) above is optimal since M. Del Pino, F. Pacard and J. Wei have
built a smooth epigraph  (which is not an affine half-space) such that, if N > 9, the
overdetermined problem admits a smooth, bounded and monotone solution (see
Theorem 1 in [PPW15]). Also note that, the epigraph built in [PPW15] is not globally
Lipschitz-continuous.

The proofs in [WW19] involve tools from Geometric Measure Theory and the theory of
free boundary problems.

Finally we recall that the authors of [RRS17| proved the conjecture BCNe for any
two-dimensional epigraph of class C* and any Lipschitz-continuous function f, if ¢ < 0

In this paper, we prove the validity of the conjecture BCNe in dimension N > 2 in
several cases. Our results extend and complement the known results mentioned above. In
broad terms, we prove the conjecture BCNe when the epigraph is bounded from below
and, for possibly unbounded solutions. Our results are new, even for bounded solutions.

When f(0) > 0, they are crucially based on the monotonicity results of our recent
paper [BFS25] in which we prove that, when € is an epigraph bounded from below, any

solution to
—Au = f(u) in Q,

u>0 in Q, (2.1.4)
u=20 on 02,
is monotone, i.e., u satisfies 8‘% > (0 on Q.

The situation when f(0) < 0 is more involved. The only known results in this case are
restricted to dimension 2. In the present work, to deal with the case f(0) < 0, we first
prove a new monotonicity result, valid in any dimension and for solutions to (2.1.1)) on
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epigraphs bounded from below, and then deduce the validity of the conjecture BCNe for
N < 3.

Specifically, in Section we consider Serrin’s overdetermined problem for
a family of specified Allen-Cahn-type nonlinearities. In this framework, we prove the
validity of the conjecture BCNe in any dimension N > 2, for any solution to and
for a large class of epigraphs bounded from below (larger than that of globally Lipschitz-
continuous epigraphs). This is the content of Theorem . In passing, we also establish
a general rigidity result for monotone solutions to (2.1.1) (see Theorem . This result
interpolates between the above mentioned results iii)-vi). It is of independent interest and
ancillary to Theorem [2.2.3]

In Section we consider a general locally Lipschitz-continuous f satisfying f(0) > 0.
In this framework we prove the conjecture BCNe in dimension N < 3, for possibly
unbounded solutions u (see Theorems [2.3.2] [2.3.3| and [2.3.4]). The necessity to consider
also unbounded solutions to the Serrin’s overdetermined problem comes from the
fact that, for some natural functions f, the only solutions to (2.1.1)) are unbounded. This
is well illustrated by the case of harmonic functions, that is when f = 0. In this case, there
might be no bounded solution to (2.1.1]), whereas the function u(z) = zy is a positive
unbounded harmonic function on the half-space RY with zero Dirichlet boundary condition

(see Proposition and Remark [2.5.1)).

The proofs are obtained by combining the geometric approach developed by one of the
authors in [F'V10] and the monotonicity results we recently obtained in [BF'S25].

Section deals with the case of locally Lipschitz-continuous functions f with f(0) < 0.
As already mentioned, we first prove a new monotonicity result in any dimension (cf.
Theorem and then we deduce the validity of the conjecture BCNe for N < 3, using
the geometric approach developed by one of the authors in [FV10| (see Theorems

and .

Several results used to prove our main conclusions are established in Section 2.5 Some
of these general results are of independent interest and could be useful for further studies
of the nonlinear Poisson equation on unbounded domains. For the reader’s convenience,
the notations used in the paper are collected at the end of Section [2.5]

We end this section by observing that, in the present work, we always consider domains
Q of class C! and solutions u belonging to C*(Q) N C?(Q). These are the minimal
assumptions on €2 and on u to deal with the problem in a classical framework. We also
note that, when ¢ # 0 in , these assumptions automatically ensure that €2 is of class
C%* and u € Cx%(Q), for any o € (0,1) (cf. Theorem 1 of [Vog92] and observe that the

proof of this result is local). These results will therefore be used in our work (perhaps
without explicitly recalling them).
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2.2 Serrin’s overdetermined problem with Allen-Cahn
type nonlinearity
In this section we investigate the validity of the conjecture BCNe when f is modeled on the

classical Allen-Cahn nonlinearity. More precisely, we deal with a family of nonlinearities f,
already considered in [WW19], which we will call specified Allen-Cahn-type nonlinearities.

A function f is a specified Allen-Cahn-type nonlinearity if the function

W(t) = /Olf(s)ds—/otf(s)ds, £>0, (2.2.1)

belongs to C?([0, +00)) and satisfies the following conditions :
wl) W>0,W(1)=0and W >0 in [0,1);
w2) W' < 0in (0,1), and either W/(0) # 0 or

W'(0)=0 and W"(0) # 0;

W3) 39 € (0,1), 3k > 0 such that W” > k in [09, 1];
W4) dp > 1,3¢ > 0 such that W'(t) > ¢(t — 1) for t > 1.

The representative example of this family is given by f(t) = t — t3, the well-known
Allen-Cahn nonlinearityl]

For this family of nonlinear functions, the authors of [WW19] have proved results iii),
iv), v) and vi) previously discussed in the Introduction. Our first theorem interpolates
between those results. It applies to monotone solutions, it is of independent interest and
it will be ancillary to the main result of this section.

Theorem 2.2.1. Assume N > 2 and let f € C*([0,400)) be a specified Allen-Cahn type
nonlinearity. Let u € C'(Q) N C?(Q) be a solution to (2.1.1)) satisfying

ou

Let Q C RY be an epigraph defined by a function g € CYRN=Y) and, if N > 9 let us also
assume that g satisfies :

a) 3C >0 for which
g(a") > =C(1+|2|) v e RV

or

b) 3C > 0 for which

3 in this case we have W (t) =
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Then, Q = RY up to isometry and there exists ug : [0, +00) — [0, +00) strictly increasing
such that
u(z) = up(zN) vz € RY. (2.2.3)

Some remarks are in order

Remark 2.2.1. (i) In the above Theorem we do not assume that u is bounded. Indeed, this
property is automatically satisfied by any solution to on general domains, possibly
unbounded, when f is a specified Allen-Cahn type nonlinearity. See Corollary

(i) When N < 8, the above Theorem recovers Theorem 1.4 in [WW19] (that is, result
v) discussed in the introduction).

We also notice that, when g is globally Lipschitz-continuous, the monotonicity assump-
tion ([2.2.2)) is automatically satisfied in any dimension N > 2 thanks to item (i) and the
work [BCNO7b|. Since the Lipschitz character of g implies the validity of the additional
condition a) (actually also b)), we see that the above Theorem also recovers Theorem 1.2
in [WW19] (that is, result iv) discussed in the introduction).

When g is coercive, the monotonicity assumption ([2.2.2) is automatically satisfied in
any dimension N > 2 thanks to the work [EL82] and, since the additional condition a) is
clearly in force, we see that also Theorem 1.3 in [WW19] (that is, result vi) discussed in
the introduction) is a particular case of Theorem above.

(iii) The additional assumptions for N > 9 have the following geometrical interpretation:
either R \ Q contains a cone or § contains a cone (or equivalenty, either the graph of g
lies above the graph of a cone or the graph of g lies below the graph of a cone).

(iv) The above remarks also show that the epigraph constructed by M. Del Pino, F.
Pacard and J. Wei in [PPW15| does not contain a cone (and neither does its complementary)
and therefore that this epigraph is neither globally Lipschitz-continuous (as already
observed in [PPW15]), nor contained in an affine half-space.

In view of the discussions in Remark [2.2.T above, the following two research lines seem
legitimate and interesting, when f is a specified Allen-Cahn-type nonlinearities :

1) for N < 8, provide natural assumptions on g, weaker than the global Lipschitz
continuity, which guarantee the monotonicity property;

2) for N > 9, give natural assumptions on the epigraph 2 in order to restore the
validity of conjecture BCNe.

The next result takes a step in the directions indicated in items 1) and 2) above. In
general terms, this result proves the validity of conjecture BCNe for epigraphs contained
in a half-space and without the monotonicity assumption. To our knowledge, this is the
first result of this type in any dimension N > 3. It crucially builds on the results of our
recent paper [BFS25] in which we prove the monotonicity property for solutions to
on epigraphs bounded from below, and defined by a function g belonging to a large
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class G of continuous functions. Specifically, in [BFS25] we introduced the following

Definition 2.2.2. Assume N > 2. We say that a continuous function ¢ : R¥V-! — R

belongs to the class G, if it satisfies the next compactness property :

(P) Any sequence (gi) of translations of g, which is bounded at some fized point of RN 71,
admits a subsequence converging uniformly on every compact sets of RN™1

and we showed that, in particular, the following continuous functions belong to G (see
Section 5 of [BFS25] for more information, properties and examples about this class) :

1. Uniformly continuous functions on R¥~! (not necessarily globally Lipschitz-continuous)
belong to G.

2. For N > 3. Any function g € C?*(R¥~!), bounded from below and such that
V2g € L®(RY~1) is a member of the class G.
For instance, g = g(z1,...,2x_1) = (z1)” + [[Y5! sin(jz;) belongs to G.

Jj=2
3. For N = 2, any continuous function g : R — R such that ¢/_ := lim,., - g(x) €
(—00, +00] and £y = limg, 00 g(z) € (—00,4+00] belongs to G. Therefore, any

quasiconvex (resp. quasiconcave) continuous function bounded from below belongs
to G. In particular, any monotone continuous function bounded from below belongs
to G as well as any convex functions bounded from below.

4. Further explicit examples of member of G are provided by the following functions

N=1 ) .

(see Section 5 of [BFS25]) : g(z1) = €™ if N = 2 and g(z) = P 2m <o) i

N > 3. Also, g(z1,...,zny) = €' and g(z1,...,2y) = 2} + ® qualify for any
N > 2.

We are now ready for the main result of this section, which provides an extension of the
known results mentioned in the Introduction (following the two research lines described
above).

Theorem 2.2.3. Assume N > 2 and let Q be an epigraph bounded from below and defined
by a function g € G N CHRNL),

Let f € CY([0,+00)) be a specified Allen-Cahn type nonlinearity and let u € CH(Q) N C?(Q)
be a solution to .

Then, Q@ = RY up to a vertical translation and there ezists ug : [0,400) — [0, +00) strictly

increasing such that
u(x) = up(ry) vz € RY. (2.2.4)

Proof. On the one hand, condition W2) implies that lim,_,q+ @ > (. On the other hand,

u is bounded by Corollary [2.5.1] Hence, Vu is bounded too, thanks to Corollary [2.5.2] We
can therefore apply Theorem 5.1. of |[BFS25] to get that 86331;\] > (0 on 2. Since €2 satisfies
condition a), being bounded from below, the desired conclusion then follows by applying

Theorem 2.2.71 m
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We conclude this section with the proof of Theorem [2.2.1]

Proof of Theorem |2.2.1. To establish the desired conclusion we shall use the results proved
by K. Wang and J. Wei in [WW19|. We first observe that, up to a translation of €2 in
the vertical direction, we may and do suppose that the origin 0 of RY belongs to 9.
Then, following [WW19], we recall that any solution to satisfying the monotonicity
assumption (2.2.2)) (when extended by 0 outside €2) is a (local) minimizer of the functional

[Vul®
/ 9 + W(u)l{u>0}
in RY, which also satisfies 0 < u < 1. Consequently, for a subsequence &, — 07, the
blowing down sequence uy () := u(Z) converges in Lj, (R") to the characteristic function
1o, , where Q. is a non-trivial set of least perimeter in RV (i.e., a set of least perimeter
with 0 € 9€,). Furthermore, on any connected compact set of R \ 99, either u,, — 1

uniformly or u,, = 0 for all large n.
At this point, for any z € RY, we set v(z) = u(2/, —xy), therefore v,(z) = u,(2', —zy),
{v>0}= {(x',xN) eRY :zy < —g(x')},

{v, >0} = {(x’,xN) cRY a2y < gon(x’)} =U,

where
/

Son(x,) = —&ng <x> ' € RN_l'
Also observe that v,, converges in L} (RY) to 1_q_ and that on any connected compact
set of RV \ 9(—Qy), either v,, — 1 uniformly or v,, = 0 for all large n. Hence

1y, — 1 o in L (RY).

The latter and Lemma 16.3 in |Giu84] tell us that the set —Q, is itself the subgraph
of a mesurable function p., : R¥~1 — [—00, +-00], which is the a.e.-limit of ¢, (up to a
subsequence).

To obtain the conclusion of the Theorem, it is enough to prove that the blowing down
limit Q. is a half-space (see Theorem 1.6 in [WW19|). To this end, below we perform
the classical blow-down analysis for sets of least perimeter (see for instance the book of E.
Giusti |Giu84]). Specifically, since 2, is a non-trivial set of least perimeter in RY the
blow-down sequence = converges in Lj,.(R") to a non-trivial minimal cone C. We also

recall that this procedure tell us that, the limit cone C is a half-space if and only if €2, is
a half-space (see e.g. Theorem 17.3 and Theorem 9.3 |Giu84]).

Hence, to conclude the proof of the Theorem it is enough to prove that C is a half-
space. To this end, we first claim that

C+eyCC, (2.2.5)
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where ey denotes the unit vector (0,---,1) € RY. Indeed, as ), is a subgraph, it follows
that Q. + tey C € for every t > 0. This yields that Q?“ +en C Qf“ for every n. Hence,
by Li,.(RY) convergence, C + ey C C. By and Lemma 2.3 of [GMMO97] (cf. also
Proposition 2.1 of [Farl8]) we see that either C is a half-space or it is a cylinder of the
form C = C' x R, for some non-trivial minimal cone ¢’ C R¥-1,

When N — 1 < 7, all the non-trivial minimal cones are half-spaces (see [Giu84]), hence
for N < 8 we have that C is a half-space and so the Theorem is proved.

Now we turn to the case N > 9 and we first suppose that g satisfies the assumption a).
Under this assumption we see that RY \ C contains the cone

¢:= {(x’,:cN) cRY a2y > —C’|x’\}.

Indeed, for almost every =’ € RV~

ml

Poo(2") — n(2) < e,C (1 + > — Cl2'|,

n

that is
Yoo(7') < C|2’| for almost every ' € RV, (2.2.6)

which mmediately implies that € C RV \ Q..
(RY).

Therefore, —C' is itself the subgraph of a mesurable function T@LZ)OO : RN [—o0, +00],
which is the a.e.-limit of (¢ ), (up to a subsequence) defined by

Also, since —{, is the subgraph of ¢, we see that 1_o., — 1_¢ in L}

loc

/

(o)) = Enipe () RV

€n

The latter and (2.2.6)) clearly imply that € C RV \ C .

If C is not a half-space, then C = C’ x R, for some non-trivial minimal cone C' C RN~
The latter and the inclusion € C RY \ C imply that ¢’ = R¥~!, contradicting its non-
triviality. This concludes the proof when g satisfies the assumption a). A similar argument
provides the desired result under condition b). []

2.3 Serrin’s overdetermined problem with general
nonlinearity. The case f(0) > 0.

In this section we consider a general locally Lipschitz-continuous f with f(0) > 0. In this
framework we prove the conjecture BCNe in dimension N < 3, for possibly unbounded
solutions .

The proofs are obtained by combining the geometric approach developed by one of the
authors in [F'V10] and the monotonicity results we recently obtained in |[BFS25].
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Let us start with a general rigidity result for monotone solutions to the overdetermined
problem (2.1.1]), when Q is a domain of R? or R?.

Theorem 2.3.1. Assume N = 2,3 and let Q@ C RN be a domain of class C*.
Let f € Lip,,.([0,+00)) and let u € C?*(QQ) be a solution to ([2.1.1]) such that

/( |Vl =o(R'mE) a5 R— oo (2.3.1)
B(0,R)N
If u is monotone, i.e.,
0
78;‘ (2)>0 Vreq, (2.3.2)
N

then, Q = RY up to isometry and there exists ug : [0, +00) — (0,+00) strictly increasing
such that
u(r) = up(zy) Va e RY.

Remark 2.3.1. Note explicitly that in the above Theorem :

(i) no restriction is imposed on the sign of f(0) or on c;

(ii) € is not assumed to be an epigraph.

Proof. We use the geometric approach developped in [FV10]. To this end we first recall
that, given a smooth function v, one may consider the level sets {v = c¢}. In the vicinity
of {Vuv # 0}, these level sets are smooth manifolds, so one can introduce the principal
curvatures

klv"' 7kN71

at any point of such manifolds. We set

K=K+ + k.

Also, we consider the tangential gradient along level sets of v at these points, that is

Vv :=Vuv— (VU- VU> Vo

|Vu|/ Vol

With these notations, and given that u is monotone with respect to the vertical direction,
we can apply Theorem 1.1 of [FV10] to obtain

[ (Va2 + 9 Vul?)e? < | [Tul* Vol (2:3.3)

for any compactly supported, Lipschitz-continuous function ¢ : RY s R.
Now, for any R > 1 and € RY we define

on(w) = 1o (o) + 2ETH )
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Then, ¢ can be inserted into (2.3.3]) to get
\V4 2
/ VUK + |V Va2 < — wdw (2.3.4)
QB 5 In® R JBr\B gm0 |7
R 2 1 1
Moreover, since /Ir t—3dt = W ~ we have
Vu(z)|? R 2|V Vul?
| LI (AT vy
(BR\Bm)n2  |7| (BR\B)nQ /z| t3 (Br\B p)n? R

2 2
/ / \Vud O ot + WZ’
Bi\B /5N t (BR\Bpz)nQ R

)

1
< Vu(z)%dz| dt + — / Vu?
/\/E t3 [[E}t\BﬁﬂQ | U( )‘ :L:| + R? Br\B 7)NQ | U|

= o(In’ R) as R — oo,

where in the latter line we have used the assumption (|2 . Using this information, and
letting R — oo in (2.3.4), we obtain that X2 + |VT|Vu||2 =0 in Q. The latter implies
that €2 is an affine half-space and u is one-dimensional (see the level set analysis in Section

2.1. of [FV10]). This proves the result.

]

Theorem 2.3.2. Let Q C R? be a globally Lipschitz-continuous epigraph bounded from
below and with boundary of class C* and let u € C*(Q) N C?*(Q) be a solution to (2.1.1]).

Assume that one of the following hypotheses holds true :

[ € Lipye([0,+00)), f(0) = 0 and Vu € L*(Q);
f € Lipe([0,+00)),  f(0) =0, 3¢>0: f({) <0 in [, +00),
JdJae[0,1) ¢ u(z)=0(|z|*) as |x| — oc;

{ f e Lip([0,+00)), f(0)>0, I¢>0: f(t)>0 in [, +00),
u(z) = o(ln|z]), as |x| — oc;

{ f € Lip([0,400)), f(0)>0, f(t)<0 in (0,+00),

u(z) = 0(|x|1n% |z), as |x| — o0,

Then, Q) = Ri up to a vertical translation and there exists ug : [0, +00) —

strictly increasing such that

u(x) = up(zs) Vo € R:.

(0, +00)
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Proof. Assume (H1). By Corollary 1.5 of [BFS25] u is monotone, i.e., 8‘9—;‘2 > 0 in
Furthermore, we have

/B(O R)NQ [Vul* < HVUH%OO(Q)WR2 R >0,

The conclusion then follows from Theorem 2.3.11

Assume (H2). By Proposition u is bounded. Then, also Vu is bounded (see
Corollary [2.5.2). We can apply the previous step to conclude.

Assume (H3). The growth assumption on u implies that u has at most exponential
growth on any finite strip QN {xy < R}. Therefore, we can apply Theorem 1.3 of [BFS25]
to obtain that 8‘9—“ > 0 in Q2. To get the desired result, all we need to do is to prove that
([2-3.1)) holds true. To this end, for ¢ > 0 we set M (t) := SUPp(o.nne ¢ and then we pick a
function ¢ € C}(R?) such that 0 < ¢ <1,

(2) 1 if lz| <1,
x) =
4 0 if |z| > 2,

and, for any R > 0 and z € R* we set pp(z) = o(%).
Then we multiply the equation by (u — M(2R))p% and we integrate by parts to find

ou )
- - M2 — M(2R))¢>
il ( R)) /(BQROQ)ﬂ{u<C}f (u)(w = M(2R))¢k
< 4wa | fll = (o.cy M (2R) R?.
Thus

/ IVul?pf < — / 20r(u — M(2R))VuVyr
ByrnNQ2 ByrNQ

HIAM@R) [ okt dwal| im0 M2R) B
1
<5/, IvuPehvaf 2R))* Vg

- 2 BorN

+[e[ M(2R)H' (Bar N 09) + 4w2|\f||L°° [m;DM(?R)R2

and so
[ v <4 (MER)-w?VerP
BRﬁQ BgRﬂQ
+ 2[¢| M (2R)H" (Bar N Q) + 8wa|| f || £ (j0,c) M (2R) R*

< 4M?(2R) /B VRl + 20e/MR)H (Bar 1 09)

2rMN
5 5 5 5 5 (2.3.5)
+ 8w || fll o (o.cy M (2R) R® < AM*(2R) ||V |00 m2) B "wa(2R)

1 20| M(2RYH (Bog 1 09) + 8wl | 1 (0. M(2R) B2
< 16| Vi ey M(2R) + 21| M (2R)H (B 1 00)
+ 8wy f | o= 0.c) M (2R) R?,
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where H! denotes the 1-dimensional Hausdorff measure.

We also observe that
V119 (@) Pdey <41+ ||g']| e my)) R,

since g is globally Lipschitz-continuous by assumption. Then, from ([2.3.5)) and the growth
assumption on u, we deduce that

H(Byr N 0Q) </

2R2R)CR

/ |Vu|? = o(R*In R) as R — oc.
B(0,R)NQ

Assume (H4). In View of the growth assumption on u we can apply Theorem 1.3 of
[BFS25] to obtain that >0 in Q. To conclude, we prove that (2.3.1)) holds true. To

this purpose we multlply the equation by up% and we integrate by parts to find

ou
v“+/ 20 VUV —/ _/ 2 <.
/. WVl [ 2emVuves— [ Sugh= [ g <

hence

ou
/ [Vul*e / o, 2pruVuN o + uph,
BarNQ2 BarnoQ (977

= 20puNVuVer +0

BorN§2

1
<= |Vu|2<,0§2+2/ u?| Vgl
BorN§2

2 BopNQ2

Therefore, for any R > 0,
v2</ v“<4/ 2V on|? < 1605 Vo2 gy M2(2R
LoVl [ 1Vl a [ Vel < 160Vl M (2R)

and the condition ({2.3.1)) then follows. O

Theorem 2.3.3. Let Q C R3 be a globally Lipschitz-continuous epigraph bounded from
below and with boundary of class C* and let u € C*(Q) N C?*(Q) be a solution to ([2.1.1]).

Assume that one of the following assumptions holds true :
f € Lip([0,400)), [f(t) 20 forany t=0,

u(z) = o(In|z|), as |z| — oc;

f € Lip,,.([0,400)), IC>0: f(t)>0 on [0,{] and f(t)<0 on [(,+00),

Jae0,1) :  u(z) =0(|z]*) as x| — oo
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Then, Q@ = R3 up to a vertical translation and there exists ug : [0, +00) — (0, +00)
strictly increasing such that

u(r) = ug(xs) Vo eR3.

Proof. Assume (A1). The proof follows the same lines as the proof of the previous Theorem
under the assumption (H3). First, by Theorem 1.3 of [BFS25| we obtain that 8‘%‘3 > 0 in
Q). Then we multiply the equation by (u — M(2R))y%, where now ¢ € C3(R?), and we
integrate by parts to find

ou

252 2pn(u— M(2R - [ - MRR)G
L, oIVulert [ 2enlu— MER)VaVor— [ S M)

= fu)(u—MQ2R))pf, <0,

BorpNQ

and so
/ Vul? < 4 (M(2R) — u)?|V or|? + 2|c| M (2RYH?(Bag N 69)
BrNQ BorNQ
< 32uws||Vol|T oo mey M?(2R) R + 2|¢| M (2R)H?(Bar N 09).

(2.3.6)

where ws is the measure of the 3-dimensional unit ball and H? denotes the 2-dimensional
Hausdorff measure.

On the other hand,

H?(Bar N ON) < 1+ |V g(2)2da’ < 4n(1 + ||V g|| oo 2y ) B2,
(Bar ) < T + |[Vg(2/)Pda’ < dm(1+ ||V gl r2))

since g is globally Lipschitz-continuous by assumption. Consequently, for any R > 0, we
have

/BRmQ IVl < 3203]|Vep |2 gy M2(2R) R + 2]c| M (2R)YH?(Bag 1 00
< 320V ey MECR) R+ Slelm(1 + [V gl a) M (2R R

The latter and the assumption on w imply the validity of the condition (2.3.1). Then, the
conclusion follows by applying Theorem [2.3.1}

Assume (A2). By Proposition u is bounded above by (. Hence, u is a bounded
solution to

—Au= f(u) in €

u>0 in €,

u=10 on 0f),
a—u = c¢=const. on 0,
on

where f is the non-negative globally Lipschitz-continuous function defined by f=7
in [0,(] and f = f(¢) = 0 in [(,+00). Therefore, we can apply the previous step to
conclude. O]
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When f is of class C' we can extend the above result to a larger class of nonlinear
functions f, with f(0) > 0. Specifically, we have

Theorem 2.3.4. Let Q C R3 be a globally Lipschitz-continuous epigraph bounded from
below and with boundary of class C®.
Let u € C'(Q) N C*(Q) be a bounded solution to [2.1.1]), where f € C'([0,400)) satisfies
f(0) >0 and
F(supu) = sup F(t), (2.3.7)
te[0,sup u)

here F' denotes the primitive of f vanishing at 0.E|

Then, Q = R up to a vertical translation and there exists ug : [0, +00) — (0, +00) strictly
increasing such that

u(x) = ug(ws) Vo eRE.

Remark 2.3.2. Note that the assumption is natural and somehow necessary. Indeed,
if the Conjecture BCNe is true, i.e., if {2 is an affine half-space, then the Unique Continuation
Principle ensures that the solution u must be one-dimensional. Next, a standard analysis
of the first integral gives that F'(supu) > F(t), for any ¢ € [0, sup u), thus confirming the

validity of ([2.3.7)).

The proof of Theorem is based on the following general rigidity result for mono-
tone solutions to the overdetermined problem ({2.1.1)) on 3-dimensional epigraphs.

Theorem 2.3.5. Let u € C?(Q) be a bounded solution to (2.1.1) where Q C R? is an
epigraph with boundary of class C* such that

H*(02N B(0, R)) = o( R*In(R)) as R — oo, (2.3.8)

where H? denotes the 2-dimensional Hausdorff measure.

Let f € C'([0,+00)) be such that

F(supu) = sup F(t). (2.3.9)
te[0,sup u)
If u is monotone, i.e.,
ou
—(x) >0 Vo € ) 2.3.10
(@) ree 2:3.10)

then, 2 = ]Ri up to isometry and there exists ug : [0, +00) — (0, +00) strictly increasing
such that
u(x) = up(z3) Vo € R3.

4F(t):/0tf(s)ds, t>0.



160 Chapter 2. Serrin’s overdetermined problems on epigraphs

Remark 2.3.3. Note explicitly that in the above Theorem :
(i) no restriction is imposed on the sign of f(0) or on ;

(ii) the epigraph € is not assumed to be bounded from below.

Proof of Theorem[2.3.5 From Lemma and assumption ([2.3.8) we have

/ Vul? = o(R?log R)  as R — oo. (2.3.11)
B(0,R)NQ
The conclusion then follows by appyling Theorem [2.3.1] O

Proof of Theorem [2.5.4. Under the assumptions of Theorem we can apply Theorem
1.3 of [BFS25] to get that 2% > 0 on Q. Moreover

Oxs3

H*(BrN o) < 1+ |V g(@)2ds’ < 7(1+ |V gl Lo me)) B2,

B/(0/,R)CR2

since g is globally Lipschitz-continuous by assumption. Hence, assumption ({2.3.8)) is
satisfied. We conclude by applying Theorem [2.3.5 O

2.4 Serrin’s overdetermined problem with general
nonlinearity. The case f(0) < 0.

In this section we consider the case of locally Lipschitz-continuous functions f with
f(0) < 0. We first prove a new monotonicity result in any dimension and then we deduce
the validity of the conjecture BCNe for N < 3, for possibly unbounded solutions. We
explicitely note that the results of this section are new, even in the case of bounded
solutions.

2.4.1 A new monotonicity result in any dimension N > 2

In order to state our results we need the following

Definition 2.4.1. Assume N > 2 and v € (0,1]. We denote by C'/(R¥~1) the set of
functions h € C*(RN~1) such that Vh is bounded and globally y-Holder continuous, i.e.,
such that

HVhHCO,'y(RN—I) = HVh”Loo(RN—l) —|— [Vh]0077(RN_1)

= sup |Vh(z)|+ sup Vi) = Vi)l

< +o00.
rERN-1 z,yERN =1 gty |I - y|7
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Notice that, we are not assuming that A is bounded on RV~!. However, any member of
CH'(RN~1) is globally Lipschitz-continuous on RV~ since Vh is supposed to be bounded
on RV-1,

Theorem 2.4.2. Assume N > 2, v € (0,1]. Let Q be an epigraph bounded from below
and defined by a function g € C*Y(RN=1) and let f € Lip,,.(R) with f(0) < 0.

Let u € C*(Q)NC?(Q) be a solution to (2.1.1) with ¢ # 0 and such that Vu is bounded on
finite StT‘ipSE'

Then, u is monotone, i.e.

ou

— V. Q.
. () >0 T €

Remark 2.4.1. In particular, the above Theorem applies to bounded solutions to (2.1.1]).
Indeed, bounded solutions to (2.1.1)) also have bounded gradient (see Corollary [2.5.2)).

Proof. The proof is inspired by those in our recent paper [BFS25| (see Section 4 therein).
Thanks to the translation invariance of problem ([2.1.1)), we may and do suppose that
171£1Vf g = 0. Moreover, by the assumption on Vu, it is immediate to see that u is bounded

and uniformly continuous on any finite strip Q N {zy < R}, R > 0.

Therefore, as in [BFS25|, we can use a variant of the moving planes method suitably
adapted to the geometry of the epigraph. To this end, let us recall the notations used in
[BFS25].

For 0 <a < band A > 0 we set:

Shi={zeRY : 0<ay <)},

Y ={r=(2,2n) eRY : g(2)) < zy < b},

Yoy =1z = (a',2n) € RY : g(z') +a < xy < b},

Vo € 3§, ur(z) = u(z', 2\ — zy).

Also, for any subset S C RY, we denote by UC/(S) the set of uniformly continuous
functions defined on S.

We proceed as in the proof of Theorem 1.1 of [BFS25].

Weset A:={t>0 : u<u in 3, V0 < 0 <t} and we aim at proving that
t:=supA = +o0.

Exactly as in the first step of the proof of Theorem 1.1 of [BFS25] we have :

5 ie., for any R > 0,

sup  |Vu| < +oc.
QN{zny <R}
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Step 1 : A is not empty.

We note explicitely that this result holds true irrespectively of the value of f(0) (see also
Corollary 5.5 of [BFS25]).

Step 2 : t =sup A = +o0.
To this aim, we establish the following

Proposition 2.4.1. For every ¢ € (0, %), there is €(d) > 0 such that

Ve € (0,¢(6)) u<wuz. on %

Proof of Proposition[2.4.1. Suppose that there exists § € (0, ;) such that

1 -
Wk >1 3ep € (o, k) W ST, ¢ ule) > up (ah). (2.4.1)

Since (%)gen € 574> we have
§<g((z®)+d<ak <t—-6 VE>1, (2.4.2)

so the sequence (2%;) is bounded. Thus there exists 23 € [6,7 — §] such that, up to a
subsequence, z% — 2% as k — +o0.
Now we set

ge(z) = g((2*) + '), V2’ eRY Vk>1. (2.4.3)

Thanks to (2.4.2) we have 0 < gi(0') = g((2*)") < £, for any k > 1. The latter and
the assumption g € C17(RY~1) immediately imply that the sequence (g) is bounded in
C17(K), for any compact set K C RN, Hence, there exists go, € Cyl (RV=1) such that,
up to a subsequence, gp — goo in Cf (RY).

We also observe that, passing to the limit in (2.4.2), we obtain
0 < goo(0)+ 5 <y <t =4 (2.4.4)

For any k > 1, let us consider Q% = {(2/,zy) € RY, 2y > gr(2')}, the epigraph of gy,
0> = {(2',zy) € RN, xx > goo(2)}, the epigraph of g, and define

_ u(x) if x€Q,

Clearly, @ is bounded and uniformly continuous on any finite strip {xy < R} so, the
sequence (uy) defined by

tp(z) = a(a’ + (2%, zy) Vo= (2 zy) eRY, VE>1, (2.4.6)
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is relatively compact in C2_(RY) (by Ascoli-Arzela theorem).
Therefore, there exists o, € C°(RY) such that, up to a subsequence, @iy — s in CP (RY)
and
—Aly = f(lino) in D'(Q2%),
(N in Q% (2.4.7)
Uoo =0 on 00>,

where the boundary condition follows by observing that,
Vk>1, Va' eRV! 0 = ax(2', gr(2")),
and thus
0 = g2, gr(z')) — Goo(2', goo('))  as k — oo,
thanks to the uniform convergence of (i) and (gx) on compact sets.

By construction, s 1= fise gee € C*(2%). Furthermore, uy, € C*(Q>) by (2.4.7) and
standard interior regularity theory for elliptic equations, and it satisfies

—Auy = f(us) in Q%
Uso > 0 in Q% (2.4.8)
U = 0 on 0.

Now we deal with the Neumann boundary condition.

Since go(0") < £ — 26, by the continuity of g, and (2.4.2)), we can choose R > 0 small
enough such that

SUp  goo(') <-4, (2.4.9)
'€ B/(0 4R)
where B'(0/,4R) C RY~L. Since gy — goo in CL . (RV71)] there exists k1 = ki (R) > 1 such
that

_ ) )
Vk > ki, Va' € B'(0,4R), Joo(2) — 1 < ge(2') < gool2') + 7 (2.4.10)

Pick T > 2t 4+ 2R and for any k > k;, we define on Qk

ug(z) = w2’ + (2%, zx).

Since u solves (2.1.1]), then u, € C?7(€9%(0/,2R,2T)) and

—Auy, = f(ug) in 9 (0, 2R, 2T),

ug > 0 in ¢ (0, 2R, 2T),

up =0 on ONF N (0,2R,2T), (2.4.11)

0 _

P — ¢ on 9 NEH(0,2R,2T),

O
where €% (0',r, 7) = {x = (¢/,zy) €eRY, 2 € B/(0/,r) and gn(2') <y < 7'} and 7y, de-
notes the outward unit normal vector to 9QF.
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At this point, we apply Proposition 3.1. of [BFS25| with u = w,, R = 2R, T = 2T,
r = 28 and t = 2L to get the existence of constants ag = ao(N,g) € (0,1) and
Co = Cy(R,T,N, g) > 0 such that, for any k > ky,

4 4

k]| co.00 @ @zmzazTTm) < Collf Iz oy + [ (0)] + D)([Jukl Lo (@nfon <2rp) + 1),

(2.4.12)
where M, = sup  ug.
€9% (0/,2R,2T)
Since My, < ||ul| Lo (@n{zy<2r}), from the latter we infer that, for any k > ki,
[urll co.co @r@amzasrm) < Collf o + [F(0)| + (M + 1), (2.4.13)

where M := [[u| 1o @n{zy<21})-

Now we apply Theorem with u = uy, R = 2R, 7 = 2T, r = M and t = 2L, to
deduce the existence of constants oy = ay(V, g) € (0,1) and Cy = C1(R, T, N,~) > 0 such
that, for any k > kq,

IVl co.o @r@arzasmm) < IVurlloe@nen<ary) + [Vur] oo @rosrrasmm)
< [Vull e @ngan<ary)
2
+C [M (1 + ”ng”COv“f(RN—l)) + 1+ Hf’HLw([o,Mk})] (L + [[Vugl| oo e (0 221))
< [Vull e @ngan<ary)
2
+ G4 [M (1 + HVQHCOW(RN—U) +1+ Hf/HLOC([O,M])] (1 + [[Vu|| L (niay<21}))
(2.4.14)

Hence, by combining (2.4.13) and ([2.4.14]) we can find a constant C’, independent of &,
such that

HukHClya(QQk(0/73R/4,5T/4)) < ' VEk > klu (2415)

where o = min {«g, a1,7} € (0, 1).

Set K := B/(/, R/2) x (=T, T). We can then apply item (ii) of Lemma m (with
r = 3R/4, T = 5T/4 and t = T) to see that any u, has an extension v, € C'*(K)
satisfying

||Uk||01»a(lC) S Cezt(]- + ||ng||CO*O‘(RN71))4||uk‘||Cl,a(¢gk(0/73R/475T/4)) Vk Z kl, (2416)
where C,,; is a positive constant depending only on N and 7. Hence

H?Jkucl,a(jc) S C/Cemt(l + vaHCO,a(RN—I))4 = C” VEk Z kl, (2.4.17)

where C” is a constant independent of k.
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Thus, by Ascoli-Arzelad Theorem, there exists vo, € C1%(K) such that, up to a subsequence,
Vg — Vs in CH(K). (2.4.18)

OUoo
Now we are ready to prove that —— = ¢ on K N 0Q*°, where 7, denotes the outward
Moo
unit normal vector to 902> (recall that g., € C1(RY~1) by construction).

Observe that, for any compact set K C R~ and any 2/ € K , we have

(Var(@), =" (Vgoo(a'), =1)"
Vit rvm MW T+ [Vgmla)P (2.4.19)
<2|Vgr(2') = Voo (2')| — 0, as k — oo

(e, g1(@")) = e 9o @) =

since grp — goo in CL (RNV71).
Hence, for any y € N OOQ> we get
VoY) - 0o (y's goo(y')) = i Vor(y) - ne(y', 91 (y'). (2.4.20)

Also, for any k£ > k; and any y € K N 00> we have
Voe(y) - me(', 9e(W) = Vo) - e, 96 (W') — Vor(y', g (W) - ey’ 91(y))
+ Vo (v, 96 (W) - ey g6 (y) = (Vor(y) - (' 91 (') — Vor (v, g6 (v) - ey, 96 (y')))
+gn(y 9:(¥") = (Vor(y) - (v, 96 (¥') = Vor(y', ge (V) - e (v, 91(y')))

gu:(y’ 9 (y) = (Voe(y) - (', (W) — Vor (v, g6 (y)) - me (v, 96 (y))) + ¢,

(2.4.21)
where in the latter line we have used that Uk crar = Uk and ([2.4.11)).

To proceed further, we note that

Vur(y) - ey’ 96 (y') = Vo', ge() - ey 96 (y))] < |Vvk() Vur(y', 9k (y))]

< C"(Y, 950(Y) = (', (W) = C"go(¥) — g (') — 0, as &k — oo,
(2.4.22)

where in the latter line we have used (2.4.17) and that gy — go in CL_(RN™1).

By putting together (2.4.20))-(2.4.22)) and recalling that Voo = Uso We Obtain
OUoo O0Vog

Moo ) = Moo

By summarizing we have that u,, € C%(Q®) N C?(Q%°) N CH*(K N Q=) is a classical
solution to

(y) =¢, VyeKkLnoo~. (2.4.23)

—Ats = f(us) in Q%

Uso > 0 in Q%
Uso = 0 on 00, (2.4.24)
Oloo

o =c on K Nonxe.
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Now, by definition of ¢, we have

up(z) < uyz(x) Vo € o (0, R/4,1) CKNQ>®, Vi > k. (2.4.25)

By letting £ — +o00 in ([2.4.25) we deduce that

Uso(T) Sugoi(x)  Va € €9=(0, R/4,1). (2.4.26)

We notice that (2.4.1]) implies uy(0/, 2%) > w7, (0/, 2% ), for any k& > 1. Then, passing to
the limit in the latter we deduce
u00(0/7 x]o\/o) > uoo,f(0/7 x]ovo)’

and so
uOO(O,a *1']0\70> = uoo,f<0/> x?VO)

since (0/,2%) € €9=(0', R/4,t) and (2.4.26)) holds true.

Now, for any x € €9=(0/, R/4,t) we set
w00<x> = uoo,f('I;) - UOO(x)v
then wo, satisfies

—AWeo = [(Usof) — flso) > —Ljws in €9 (0, R/4,1),
Weo > 0 in €9=(0', R/4,1), (2.4.27)
(0/,2%) € €= (0, R/4,1), Woo (0, %) = 0,

where Ly is the Lipschitz constant of f on the compact set [0, SUD gome (07 R/4D) Upo 7]

By the strong maximum principle we infer that w., = 0 on the set €% ((/, R/4,1)), which
in turn gives

Uoo (0,28 = Goo(0)) = 1 1(0, g (0')) = oo (0, goo(0")) = 0. (2.4.28)

The latter shows that u., attains its minimum value in Q> at the point (0',2f — g (0)),
hence Vg, (0/,2f — goo (07)) = 0.

Moreover, since ws, = 0 on the set €9 ((/, R/4,t), we also have
Vg (0 2t — 90(0')) = Ve (0, 9o (0')) = 0,

and so
0 = [Voo (0,2t = goo(0))] = [V (0, goo(0))| = [¢] # 0,

a contradiction. This proves Proposition [2.4.1] O

With Proposition [2.4.1] at our disposal, the conclusion of the proof of Step 2 is the
same as that of the proof of Theorem 1.1 of [BFS25|.

Finally, the monotonicity of u is obtained (via the Hopf’s Lemma) exactly as in Step 3
of the proof of Theorem 1.1 of [BFS25]. O
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2.4.2 The conjecture BCNe when f(0) <0

With the monotonicity result established in Theorem [2.4.2] it is immediate to extend
Theorem and Theorem to the case f(0) < 0. Specifically we have

Theorem 2.4.3. Let Q C R? be a globally Lipschitz-continuous epigraph bounded from
below and defined by a function g € C*(R) N CH'(R).

Let u € CY(Q) N C?(Q) be a solution to with ¢ # 0 and assume that one of the
following hypotheses holds true :

f € Lip,,.([0,40)), f(0) < 0 and Vu € L*>(Q); (H1)

{ f € Lip([0,4+00)),  f(0) <0, 3¢>0: f(t) <0 in [(,+00), -
H2
Jae[0,1) :  wu(z) =0(|z]*) as x| — oo

Then, @ = R up to a vertical translation and there exists ug : [0, +00) — (0, +00)
strictly increasing such that

u(x) = up(zs) Vo € RZ.
and

Theorem 2.4.4. Let Q C R3 be a globally Lipschitz-continuous epigraph bounded from
below and defined by a function g € C3(R?) N CY7(R?).

Let uw € CY(Q2) N C?(Q) be a bounded solution to with ¢ # 0.

Let f € CY([0,+00)) be such that f(0) < 0 and

F(supu) = sup F(t). (2.4.29)

te[0,sup u]

Then, Q = R? up to a vertical translation and there exists ug : [0, +00) — (0, +00) strictly
increasing such that
u(r) = ug(ws) Vo eRE.

2.5 Some auxiliary results

This section is devoted to the demonstration of several results used to prove our main
conclusions. Some of them are general results of independent interest. They could be
useful for further studies of the nonlinear Poisson equation on general domains.

2.5.1 Some uniform bounds

Proposition 2.5.1. Assume N > 2 and a € [0,1). Let Q@ C RY be an unbounded domain
contained in an open affine half-space. Let f € C°(R) be a function satisfying

3¢>0 : f(t)<0 on [(,+00). (2.5.1)
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Let w € C°(2) N C?(QQ) be a solution to

—Au < f(u) in 9,
u <0 on 051,

such that, u*(z) = O(|z|*) as |z| — oc.
Then
1) u< (¢ onQ;

2) f(supqu) > 0. Moreover, if f(supgu) = 0, then for any p < supgu there is
t =1t(pn) € (1, supgu) such that f(t) > 0.

Remark 2.5.1.
(i) The assumption a < 1 is sharp in the above result. Indeed, u(z) = zx is a positive
unbounded harmonic function on the half-space RY with zero Dirichlet boundary condition.

(ii) Proposition also shows that the only bounded solution u € C°(Q) N C?() to

—Au=0 in €,
u >0 in €,
u=0 on O,

must be u = 0.

Actually, the Remark following Lemma 2.1 in [BCN97b| implies that this conclusion
holds true for any non dense open set of R?. In particular, this result holds for any
two-dimensional epigraph.

Proof. 1) We argue by contradiction. Assume that there exists zq € {2 such that u(zg) > ¢
and let D C Q be the open connected component of the open set {u > (} which contains
the point zo. Then, u(x) > ¢ for any x € D and u(z) = ¢ for any x € 9D (since 0D C {2
thanks to the boundary condition satisfied by u and the definition of D).

Let w = ¢ —u. Then w < 0 in D and w(z) = O(|z|*), when z € D and |z| — oc.
Moreover,
Aw=—-Au< f(u) <0 in D.

Then, the Remarkﬁ following Lemma 2.1 in [BCN97b| yields w > 0 in D, a contradiction.
Therefore, u < ¢ on €.

If f(supgu) < 0, then there is € € (0, supg u) such that f(¢) < 0 in [supg u — £, supg, ul.
Hence, v is a bounded solution to

—Au< f(u) in
u <0 in 09,

6 Indeed, since € is contained in an affine half-space, the exponent «, which appears in the barrier g
defined by equation (2.1) on p. 1094 of [BCN97b|, can be chosen arbitrarily in the open interval (0,1).
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where f € C%R) is defined by f = f in (—oo,supqu] and f = f(supgu) < 0 in
[supg u, +00). We can then apply item 1) to conclude that u < supgu — e in Q. A
contradiction. The same argument proves the last claim. O

Proposition 2.5.2. Let Q@ C RY be a proper domain. Let h € C°([0,+00)) be a function
satisfying the Keller-Osserman conditions

h(0) =0, h(t) >0 for t>0, h non-decreasing,
(2.5.2)

_1
2

[ (f(f h(s)ds) < 00.
Let v € C°(Q) N HL.(Q) be a solution to

Av > h(v) in D'(Q),
v>0 on Q,
v=20 on  Of).

Then, v =0 in €.

Proof. We recall that, the Keller-Osserman condition (2.5.2)) implies that for any ¢ > 0
there exists R, > 0 such that

Aw = h(w) in B(0,R.), (2.5.3)

admits a C?-radially symmetric, positive solution w,, which blows up at the boundary of
the ball. Furthermore, w.(0) = ¢ = infp(o,r.) w..

For contradiction, suppose that v Z 0 in 2. Then, there exists xq € () such that
v(xg) > 0. Let ¢ = @ > 0 and consider the corresponding solution w. of ([2.5.3),
satisfying the above properties. Therefore, the function u(x) = w.(|z — z¢|) is a C*-radially
symmetric (with respect to xg), positive solution to Aw = h(w) in B(zy, R.), which blows

up at the boundary of the ball B(xg, R.).

Let us consider the open set U := B(zg, R.) N Q and set M := supgv. Then, M is
finite, since v € C°(Q) by assumption. Thus, there is 0 < R(M) < R. such that u(x) > M
on B(xg, R.) \ B(zo, R(M)) (recall that u blows up at the boundary of the ball B(xg, R.)).
The latter and the homogeneous Dirichlet condition satisfied by v, imply that v —u <0
on 0 [B(xg, R(M)) N Q. Tt follows that (v — u)*™ € H}(B(zo, R(M)) N Q) and so, we
can take it as test function in the weak formulation of the equation satisfied by v — u
in B(zo, R(M)) N §, that is, in the weak formulation of —A(v — u) < h(u) — h(v) in
B(zo, R(M)) N 2. This choice leads to

/ V(v —u)" |2 = /V(v —W)V(v— )t < /(h(u) @) —u)t <0

since h is non-decreasing. Consequently, v < u on B(xg, R(M)) N Q, by the continuity
of (v —w)*. In particular we have that 0 < wv(xg) (x9) = w(0) = ¢ = @ A

contradiction. This proves the Proposition. O

(.To,
< u
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Corollary 2.5.1. Let Q@ C RN be a proper domain. Let f € C°(R) be a continuous
function satisfying

Ip=0 = —f(t) = h) for t>up,
(2.5.4)
where h € C°([0, +00)) satisfies the Keller-Osserman condition (2.5.2)).
Let v € C°(Q) N HE () be a solution to
—Av < f(v) in D(Q),
{ vzn o o (2.5.5)
then, v < p in Q.
In particular, any u € CY(Q) N C?(Q) solution to
—Au= f(u) inQ,
> 0 in Q, (2.5.6)

=0 on 051,

where [ is a specified Allen-Cahn type nonlinearity, satisfies u < 1 in Q.

Proof. By assumption (2.5.4)) and Kato’s inequality, we have
A=) = = F0) L = hO) Lo = b0 —p)) i DI(Q)

and (v — )" =0 on 9Q. Then, (v — )" =0 on Q by Proposition 2.5.2]

The second part of the claim follows from the first one, by taking f(t) = f(t + 1),
h(t) = ct?, u =0 and v = u— 1. Indeed, the assumption W4) implies that (2.5.4)) is satisfied
(recall that p > 1 and ¢ > 0 in W4)). O

Theorem 2.5.1. Let Q C RY be a proper open set of class C! and n its outward unit
normal. Assume f € L®(Q) and let v € C'(Q) N C%*(Q) be a solution to

—Av=f in €,
v>0 in 9,
v=20 on Of).

Then, there exists a positive constant C, depending only on N, such that

Vo e Vo(z)| < C(‘g:;(x/)

+ (2,00l 5.0 )

where ¥’ € 0N is such that |v — 2’| = d(z,00) =: d.
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Proof. Let x € Q and 2’ € 09 such that |z — 2’| = d(z,00Q).
According to Theorem 8.34 in |[GT01], there exists u € CY*(B(x,d,)) a weak solution to

—Au=f in B(z,d,),
u=0 on 0B(z,d,).

By Lemma [2.5.3] there is ) = C;(N) > 0 such that
[Vul| Lo (Ba,dn)) < Crde || fll 2o (B(2,da))- (2.5.7)

Now we set h = v — u, then h € C*(B(z,d,)) N C(B(z,d,)) and

—Ah=0 in B(z,d,),
h>0 on B(zd,),

where the latter follows by the maximum principle, since h = v > 0 on dB(z,d,) C Q.

Therefore, by Lemma [2.5.4] there exists a positive constant Cy = Cy(N) > 0 such that
oh

Vh(a)] < O 5 (ah)] (2.5.8)
Finally, by and , we obtain
Vela)] < [Vala)| + [Vh@)] < Cudall iy + ol 50
< Cidy| fll oo (B@,de)) + Co gz(f) + Csy gz(f)
< (14 Ca)Cid |~ ateay + Co 1 ()
< max{Co, (14 Ca)Ci} (Al oy + |5
L]

Corollary 2.5.2. Let 2 C RY be a proper open set of class C*. Let f € C°(R) and
u € C%*Q)NCYQ) be a bounded solution to (2.1.1]).
Then Vu € L*>(§2) and

[Vl @) < C(le| + [[ullzoo@) + 1F | 2o (0, ull poc @) )

where C' > 0 is a constant depending only on N.

Proof. Let x € €.

1) If d(z,082) > 1, then B(z,1) C Q. Hence, we can apply a standard interior gradient
estimate (see for instance Theorem 3.9 in [GTO01] ) to get

Vu(@)] < Co(N) (@ + 1 w0l (2.5.9)

2) If d(z,08) < 1, let 2/ € 9Q be such that d(x,0Q) = |z — 2’|. Then, Theorem [2.5.]]
implies that
V()| < Co(N)(le] + [1f | o (0.l oo o)) (2.5.10)

The desired conclusion then follows from (2.5.9)) and (2.5.10)). O
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2.5.2 Some uniform estimates

Assume N > 2. In the following, for a continuous function h : R¥~! — R, we consider its
epigraph
w = {m = (2/,2n) ERVTIXR : 2y > h(x')},

and, for any R > 0 and any 7 > sup |h|, we set
B/(0,R)

¢0,R,T) = {a: = (o', zy) €RY, 2/ € B'(0/,R) and h(z') < ay < T}, (2.5.11)
the intersection of the epigraph w with the truncated cylinder B'(0', R) x (—7,7) and

¢, R, 7) = "0, R,7r)U{x = (2',zx) € B'(0,R) x R, 2y = h(z)} .

Then, the next uniform estime holds.

Theorem 2.5.2. Assume o € (0,1], c € R, £ > 0 and let h € CH(RN™1) be such that
HVI'LHC{),U(RNfl) S g

Let R>0,7>max{ R, 4 sup |h|p and u e CY(EH(0, R, 7)) N HX(C"0', R, 7)) satisfy

~Au=f(u) in D(C(V,R,7)),
u = on dwn e (0, R,7), (2.5.12)
— =_C on 8wm€h(0/,R;%)7

where f € Lip,,.(R).
Then, there exists « = «(N,E,0) € (0,1) such that Vu € CO*(&"(0/,r,t)) for any

& 3
0<r<%Zandany sup |h|<t< -7,
B/(0'7) 4

and

2
[Vu]c()a Qh((]’rt) < C [’C’ ( + HVhHCo,a(RN—1)) + 1 -+ Hf,HLoo([_M,M]) (1—|—HVUHLOQ(@(O/’§”;))))7
(2.5.13)

where C = C(r, R, 7, o, N) > 0 and M = HuHLOO(@(O, 77

The proof of the above theorem is based on the following general result.

Proposition 2.5.3. Let w be the epigraph of a continuous function h : R¥N=1 — R and
suppose that w satisfies a uniform exterior cone condition (with reference cone V)E]

"Let us recall that an open set w C RY (not necessarily an epigraph) satisfies a uniform exterior
cone condition if for any xy € Jw there exists a finite right circular cone V,,,, with vertex z¢, such that
wNVy, = {xo} and the cones V,, are all congruent to some fixed cone V. The cone V is called the
reference cone.
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Let R >0, 7> max{ R, sup |h|%, f € LY@ (0, R,7), ¥ € C®%w N e, R, 7))
B/(0/,R)

and v € HY(C"(0/, R, 7)) N CO(¢h(', R, 7)) satisfy

By (2.5.14)

—Av=f in 'DI(Q:h(O/a E? 71))?
v=\V on @Wﬂ@h(0/7-§77~—>7

Then, there are constants C' = C(N,V, R, B) >0 and o = (N, V,3) € (0,1) such that for
any r > 0 and for any xo € Ow N (B’(O’,é/2) X R),

osc v < C([V]

e cosourdro iz T IV =@ iny 1 ez (2:5-15)

Proof. Let x,y € @(0’, R,7) N Bz, 7).
Ifr> min{l, Ij} =: Ry > 0, then

o(z) —v(y)] < 2 ) S 2Ry |v 7, (2.5.16)

HLoo(ch(o',ﬁ,?) HLoo(eh(o'ﬁ,?))

for any v € (0,1).

If r < Ry, we apply Theorem 8.27 of [GTO01] with Q = ¢"((, R, 7),q=2N and g = f.
Hence, there are positive constants C' = C'(N, V) and 0§ = §(N, V) such that

osc v< (' {TG(REQH’U“LOO(Q) + 1 fllevy) + 0(\/7“R0)} :

QNB(zo,r)

here o(\/rRy) = osc v = 0sc U <280 - RO,
v 0< D) 00N B(zo,v/TRo) OwNB(z0,v/TRo) - [ ]CO’B(BwHQh(O’,R,T)) 0

Therefore,

a9l VS C'(2° + R ) (¥ copound o iizy T IWle=@ + I lv@)r®, (2.5.17)

where ov = min(6, g)

The desired inequality (2.5.15)) then follows from (2.5.16)) with v = o and (2.5.17)). O]

Now we are ready to prove Theorem [2.5.2]

Proof of Theorem[2.5.3 First, we observe that w; := % e H'(¢"(0/, R, 7))NCO(en(0', R, 7))

solves

—

—Aw; = f'(wyw; i D(C(0,R,7)),
w; = cn; on Ow N0, R, 7),
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where 7 is the outward unit normal at dw. Since
_ _Oih(=) if ie{l,--- ,N—1}
U () = (2 Ny — \/ 1+ Vh(z")|2 ’ ’ ’
Z($> nl(x7h(x )) —1 if Z:N7

1+|Vh(z")|?

for any 2/ € RN~ it is easily seen that ¥; € C%?(B'(0/, R)) and

[\Iji]cov"(B’(O/,E)) < (1 + ||Vh||L°°(]RN*1)) [Vh]co,a(RN—1) .
Hence,

2
J s RF < o - . J.
[wﬂamch(oqz%,f)}Coya(awm@(o,ﬁ;)) < ¢ (1 + VA cow @y 1)) (2.5.18)

Moreover, since h is globally Lipschitz-continuous on R¥~!, the epigraph w satisfies a
uniform exterior cone condition with reference cone V' depending only on ||[VA|| e @n-1y,
hence, only on & |§|

Set Q = ¢"(0',R,7), R, = min(£ — r, g), M = |Jul| (@) and pick z,y € €"(0/,r,t) with
T #y.

R
L If |z —y|l > Zl then, for any v € (0, 1), we have
4 \7/Ri\"
’wl(x) - wz(y)‘ < 2HVUHLOO(Q) = 2HVUHLOO(Q)<) ()

Ry 4

e (2.5.19)
< 2<R1> IVl ooz = yI7 = My || Vul| gz — |-

R
2. If |z —y| < Zl’ then we consider the set

T := {x = (/,zy) €RY : 2/ € B'(0/,R/2) and zy = h(x')}
and, by observing that z and y play a symmetric role, we distinguish (only) three cases.

Case 2.1 : d(y,T) > £

In this case we have B(y, &) c ¢"(0/, R, 7). To see this, we first observe that B(y, A1) Cw,

thanks to the assumption d(y,T) > % and by the definition of R;, and thus, for any
z € B(y, &), we have
Ry 31 7 31  _

h(z') < =N — < - < 2 _
(Z)<zv=2z2v—yn+yn <zy —yn + _2+4 4+4 T,

8 more precisely, we can choose the same reference cone V = V (&), for any globally Lipschitz-continuous

function h such that [|[VA| pe@my-1y < E.
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and

R R ~
12 <2 =+ || < 71+r< E—T-}-T < R.
Now, by applying Lemma with 6 = &L and v € (0, 1), we deduce

VN R\ ™ Ri\*™
wila) — wil)] < 5 (2N IVullieio (5)+ 1w oanan IVl (5) )l =P

2
< Mo(L+ || f'l| e (= pp) | Vel Lo (|2 = 97,

(2.5.20)

where M, = VN <2N<Rl) B + (&)2—7)

21— 2 2

Case 2.2 : d(x,T) < d(y,T) < ];1 and |z — y| > 3d(y, T).

Since T' is a compact set, there exists yo = (yg, h(yy)) € T such that d(y, T') = |y — yo.
Therefore

x,y € B(?JO,G|$ - y|)7

since

[z —yol <z —yl+ |y —wol < |z —yl+4z -yl =5z —yl,
and

[y — ol = d(y,T) < 4]z —yl.

Now, we apply Proposition with 7 = 6|z — y|, v = w;, ¥ = cn; and 29 = yo, thus
there exist constants C' = C'(N,E, R,0) > 0 and a = a(N, E,0) € (0,1) such that

) — s < )
wi(z) —wiy)] < ose w;

<6°C ({wiam@(ogﬁ,?)]

2
< 6°C (Jel (1+ [ Vhlloveen)” + [ Vullz= + 1 (Wil ) o = 417,

e + Hf’(u)wiumm) o=yl
€99 (wneh (0',R,T))

(2.5.21)
where in the latter we have used (2.5.18).
Since
1/ ywill iy < 1 lpee e I Vel ey (27LY (B0, 1))RN_1)% :
where LY~1(B’(0/,1)) denotes the measure of the unit ball of RV~! we see that

jwi(x) — wi(y)] < MsM3(1 + [|Vul| ()| =yl (2.5.22)
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where

M; = 6°C [1 + (27LNY(B(0, 1))J§N—1)N} :

, (2.5.23)
M5 = |l (1 1 9Allenogen)” + 1+ £l anany)
Ry X
Case 2.3: d(z,T) < d(y,T) < 5 and |z —y| < 3d(y,T).
Let yo € T such that |y — yo| = d(y,T"). The function v; := w; — w;(yo) satisfies
—Av; = f(u)w;.
By applying Lemma with § = &) and v = «a, we have
VN d(y, T)\*
i) = wiw)] = [(2) = (o) < e (1 Vel (S5
d(y, T)\ ™ o
2Nl o () e -l
(2.5.24)

Now, we want to estimate Hv,H o (51, 2T Let z € B(y, d(yQ,T)) and yo = (yp, h(yp)) € T

such that d(y,T) = |yo — y|. Then z € QN B(yo,2d(y,T")) since
3
2=yl =1z =y +y—wl < |z =yl +1y —yol < 5d(y. T) < 2d(y. T).

Thus we can apply Proposition with r = 2d(y,T), v = v;, ¥ = ¢(n; — 1:(yo)) and
To = Yo to get

vi(2)| = [vi(2) — vi(vo)]

<2°C ([”iawm@(ozﬁ,?)]

< 2% . ~

=2e ([w”awmh(o'ﬂf)}co’v(am@(o',ﬁ,?))
a+1 N _

<2770 ([wﬂawmch(o',z%})

2
< 37"2M; W (1+ IVAllcom@n-1y) +1+ Hf’HLoo([—M,MD] (L + [Vl oo () d(y, T)

) ~~4+mmwmrwummwmmm)a%Tw
C%7 (dwneh (07, R,T))

+mmmmmrwummwmwm)a%Tw

- -+|hmHwaQ)+-HfTU)U%HLN«n>cKy,T§“
€07 (wneh (0, R,7)
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The latter and (2.5.24)) yield

JF

2104

() — wi )] < A

d(y, T)\ §
AN MM+ [Vl g, T (D5 T0) e -
< \/N

— 21—a
VN

21704
2 /
S M4 |:‘C‘ (1 + HV]?,Hco,o(RN—l)) -+ 1 —+ Hf HLOO([_M’M])

(IIf’IILoo([—M,MD||VU||L°°(Q>(

Ry
4

(17N atanlFlcon ()™ 4 AN MM+ IVl ) iz — o

R 2—«
<o (M) +HANMEAM) (14 IV ullzei@)le - yl°

(L + IVl oo @)z — 9l
(2.5.25)

2—a
where My = 3% (%) + 4N M),

The desired conclusion (2.5.13)) then follows from ([2.5.19)), (2.5.20)) with v = «, and
(2.5.22)), (2.5.25)) by taking C' = max(M;, My, M3, My). O

2.5.3 Some energy estimates

In this subsection we employ the strategy developed in [FV10] (see Section 9 therein). To
this end we recall that have denoted by F' the primitive of f vanishing at 0.

Lemma 2.5.1. Assumec € R and N > 2. Letu € C1(Q)NC?(Q) be a bounded solution to
(2.1.1)) where Q C RY is an epigraph with boundary of class C* and f € Lip,,.([0, +00)).

If u is monotone, i.e.,
ou
— Q 2.5.2
axN(x)>0 Vo € Q, (2.5.26)

then there exists a constant C > 0, depending only on ¢, N, [ and |[u||L=(q), such that,
for any R >0,

|Val®

[Vl N-1
/B(o,R)mQ g tleFu)=C <H (2(2N B(0, R))) +/

L F<u>>) ,

(2.5.27)

whereﬂ a2’ xy) =u(x’) = limg 100 u(2', TN).

Proof. From Corollary there exists a constant M > 0, depending only on ¢, N, f
and ||ul|=(q), such that

u(z) + |Vu(z)| < M for any =z € Q. (2.5.28)

9 7 is well-defined on RY since u is bounded and monotone on . Also recall that, by standard elliptic

estimates, U solves the equation —Aw = f(u) on RY, and thus also on RV 1.
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As in [FV10], for any R > 0 we consider the energy

o |Vul|? B
Enelu) = /B(O,R)m 2 + (e = F(u)

and, for any r = (2/,xy) € Q and t > 0, we define

u' (2 o) = u(2 oy + ).

We can therefore proceed as in Lemma 9.1. of [FV10] to get, for any R, T > 0,

Ene(ul) — Epo(u) > —2M? / dHNT = —20PHNY(O(Q N B(0, R))).
(QNB(O,R))

The desired conclusion then follows by letting 7" — oo in the latter inequality, for any
fixed R > 0. L

When N = 3 and f is of class C*, the above result can be better specified as follows :

Lemma 2.5.2. Let u € C*(Q) N C?%(Q) be a bounded solution to (2.1.1) where Q C R3 is
an epigraph with boundary of class C'. Let f € C1([0,+00)) be such that

F(supu) = sup F(t). (2.5.29)
te[0,sup u)
If u is monotone, i.e.,
ou
—(x) >0 Vo € () 2.5.30
(o) reo, (25.30)

then there exists a constant C' > 0, depending only on ¢, f and ||u||L=(q), such that

/ Vu? < C (R + H2(0(2N B(O,R))) VR >0. (2.5.31)
B(0,R)NQ

Proof. Set ¢, = Sup;ejosupyy F'(t). Then, from Lemma [2.5.1} applied with ¢ = ¢, and
N = 3, we have for any R > 0,

Vul? Vu)?
/ [Vl +(c—F(u) <C (%2(6(9 N B(0,R))) +/ Vel + (c— F(u))>
BO,R)NQ 2 B(0,R)NQ
(2.5.32)
Now we estimate [p( z)na @ + (¢ — F(u)), for any R > 0. To this end, we first observe

that the monotonicity assumption ([2.5.30)) implies that u is a stable solution to —Au = f(u)
in Q. Hence, since f is of class C!, the limit profil @ is a classical stable solution to

—Au= f(u) in R?
0<u<supu in R? (2.5.33)
SUPR2 U = SUpg, U.
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It is well-known (cf. [Dan05], see also [FSVO08|] for related results) that any bounded
entire two-dimensional stable solution to —Av = f(v), with f € C, is either constant or
one-dimensional and strictly monotone with respect to some fixed direction.

If w is constant, we have © = supRzu = supgu and so F( ) = F(sup u) = ¢, by
assumption. Hence, W . (cu — F(w)) =0 and [z pna W“‘ + (¢, — F(w)) = 0 for any
R > 0. Then, m follows 1mmed1ately from ﬁ

If @ is not constant, then after a rotation of the coordinates, we have
U(wy,m9) = u(zy) for any (z1,29) € R? (2.5.34)

and u is a strictly monotone solution to the ODE

—u = f(u) in R. (2.5.35)
Therefore, /
(u(;))Q + F(u(s)) = F(supu) Vs € R, (2.5.36)
and so, by , we also have
(UI(QS)V + F(u(s)) = F(supu) =¢, VseR. (2.5.37)
From the latter we infer that
c, — F(u(s)) >0  VseR, (2.5.38)
and
(UI(;))2 =c, — F(u(s)) < F(supu) — te[élslfpu} F(t)=C(f,supu) VseR, (2.5.39)
hence

/B(O,R)rm ’v;’ (e = F(u) < / Al + (cu — F(1))

B(O,R) 2

< /(_R,R)S WQUP +(cu — F(u) = R? /_}; [(“(gl))z + (cu — F(u(xl)))] dzy.

From (2.5.37)) we deduce that

’Vﬂ|2 — 2 R —/ 2 2=/ R —/
/ +(eo—F(@) <R / (@ (21))?dwy < B*|[u ||L00(R)/ @ (1) |da. (2.5.40)
B(O,R) 2 -R -R
If @ > 0, then

R ., R ., B B -
/_R @ (21)]day = / @ (21)dr; = G(R) — w(~R) < 2|[l| =z, (2.5.41)
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if @' < 0, then
R / -k /!
[ @ @)lde = [ (@)de = u(—R) = a(R) < 2/l i~. (2.5.42)
In both cases we have
Val|?
[ VI - P <2 o o 2 (25.43)
B(O,R) 2

and so, from (2.5.32)), (2.5.29)) and (2.5.43)), we deduce that

[Vul? |Vul?
< L —F
/19(071%)09 2 - /B(o,R)mQ 2 + (e (u)
Vi 2
|M-H%—ﬂm0

B(O,R) 2
< O (HXD(2 0 B(0, R))) + 2@ | sy || e ) R

<C (’HZ(G(Q N B(0,R))) +

which, in view of (2.5.39)), concludes the proof. O

2.5.4 Appendix

Lemma 2.5.3. Assume o € (0,1), zo € RN, R > 0 and f € L>°(B(x, R)).
Let u € C*(B(zo, R)) be a weak solution to

—Au=f in B(zo,R),
u=0 on 0B(xzg,R).

Then, there exists a positive constant C, depending only on N, such that
IVull e B@o.m)) < Cllfll L (Bao.r) 1

Proof. The function

is a weak solution to

where g(z) = R%f(zo + Rz), v € By.

Therefore, according to Theorem 8.33 in [GTO01], there is a constant C >0, depending
only on N, such that

IVl ey < Cllwllzeesy) + 119l (m1))- (2.5.44)

Now, the function
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satisfies v > w on B; and

Hence, the weak maximum principle (see for instance Theorem 8.1 in [gt]) yields

w(z) < supv = ”gHLﬂ, x € By, (2.5.45)
OB, 2N

and so, B B

190l o) < 2609l < 2CRE e oeonny. (25.46)
Then, by definition of w we get
[Vw| (s, ~
IVl @eom = o < 200 |z (p o my B

O

Lemma 2.5.4. Let 1o € RY, R > 0 and h € C*(B(xo, R)) N C*(B(xg, R)) be a solution
to

— 30, 7Y (2.5.47)

—Ah =0 in B(xy,R),
h>0 in B(zg, R).

If x € OB(xo, R) and h(x) =0, then there is a positive constant C', depending only on N,
such that

Vh(an)| < [ @)

’

where n is the outward unit normal at OB(xo, R).

Proof. As in the previous Lemma we can suppose that zo = 0 and R = 1. Also, we
can suppose that h(0) > 0, otherwise the result is trivially true by the strong maximum
principle.

By Harnack inequality, there is a constant Cy = C'y(N) > 0 such that

h(0) < sup h<Cyx inf h<Cy inf h,
<)_B(T52) N HB(071/2) = 1 5B(0,1/2)

where the latter inequality follows from the harmonicity of h and the maximum principle.

Now, we define in B(0,1)\{0}, the function

—lIn(|z]) if N=2,
“@"):{Z'@—l if N>3,

and we recall that v solves

—Av=0 in B(0,1)\{0},
{ i B( \1{ _} (2.5.48)
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Suppose N > 3. If y € 0B(0,1/2), then

. h(0) w(y) h(0)
> > =
h(y) - 8B%(I)1,{/2) hz CH 2N-2 _ 1 CH(QN_Q —

1)11(3/). (2.5.49)

We let ¢ = % >0, A= B(0,1)\B(0,1/2) and we consider the function

w(z) = h(z) —ev(z), Vze A
Hence, (2.5.47)), (2.5.48) and (2.5.49) ensure that

—Aw=0 in A,
w >0 on O0A,

and the maximum principle yields

w>0 in A
Since w(z) = 0, we have
Oh ov ow
— () —e—(2) = — <0. 2.5.
an ")~ 5, (@) = 5 @) <0 (2.5.50)
However, here n = x, thus
0
P(2) = (Vo(z) -x) =2 — N. (2.5.51)
o
Finally, thanks to (2.5.50) and ({2.5.51]), we obtain
oh oh N-2
— - >———h(0 0. 2.5.52
5.0 2 502 G h(0) > (25.52)

Now, for any j =1, ..., N, by the mean value Theorem for harmonique functions, and the
positivity of h, we have

h 1 h
8(0)' _ ‘ / oh .
0z; wn /B(0,1) 0%,
where wy denotes the measure of the unit ball B(0,1) and ay is the measure of 0B(0,1).

From the latter and ([2.5.52)) we infer that

1 1
- 7/ hnjda‘ < av 2 hdo = Nh(0),
wy JoB(0,1) Wy an JoB(0,1)

Oh
h(0)| < C(N)|=(z)|.
VHO)] <€) |5 (@)
This proves the Lemma when N > 3.

For N = 2, we observe that for any y € 9B(0,1/2),

_ h(0) v(y)  h(0)
My)z il 2 e @)~ Crn@)

v(y), (2.5.53)

h(0)
mE)CH 0. O

then the claim follows by the same procedure above, with ¢ =
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Lemma 2.5.5. Let N > 2, U C RY be a domain and u € C*(U) be a solution of
—Au=f in D'(U), (2.5.54)

with f € L (U).

loc

Assume § > 0 and y € U such that B(y,0) C U. Then, for any x € B(y, %) we have

VN _ .
[u(z) —u(y)l < 5= <2N||U||Loo(3@,5))5 "l B ”) |z —yl",  (2.5.55)

with v €]0, 1].

Proof. Let y € U and R > 0 such that B(y, R) C U then, for any j = 1,..., N, we have

ou N R
axj(y)‘ < <R”U||L°°(63(y,R)) + 2||]“||LOO(B(%R))>. (2.5.56)

This is exactly the same as the estimate (3.15) on page 38 of |[GT01]. Indeed, since w is
C', the barrier function ¥ is smooth and f belongs to L{2,(U), we can apply the weak
maximum principle (see, for example, Theorem 8.1 in [GTO01]) to complete the proof in
[GTO1] and thus obtain the gradient estimate above ([2.5.56)).

By the mean value theorem, for any ~ €]0, 1],

1=y

u(z) —uly)l < sup _[Vu(z)lle —y| < o=
)
z€B(y,3)

sup Vu(z)||z—y|". (2.5.57)

2€B(y,3)

Moreover, for any z € B(y, %) we have B(z, g) C B(y,0) C U, so we can apply ([2.5.506)
(with R = 2) to get

2N )
[Vu(z)] < \/N<5||U||Loo(m) + 4||f||Loo(B(y,5))>> (2.5.58)
for any z € B(y, %) The claim then follows by combining (2.5.57) and (2.5.58]). O

We conclude with the following useful extension lemma (in which we keep an explicit track
of all constants and their dependencies).

Lemma 2.5.6. Assume N > 2, a € (0,1] and r > 0. Let g € CY(RN™Y) be such that
Vg e CO’O‘(RN_l) and let us denote by ) the epigraph defined by g.

loc

(i) For any v € CH*(Q N (B'(0/,7) x R)) there exists w € CY*(B'(0/,r) x R) such that

w=v in QN(B(0,r)xR)

and

~ 4
@]l 10 @@yxm < CA+ VIl coo@amm) 10l cre @rm@xm)
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where C'= C(N) is a positive constant.

(ii) Assume T > sup |g| and v € CY(€9(0, 7, T)).
B'(0,r)
Then, for any sup |g| <t < T there exists w, € CH*(B'(/,r) x (—t,t)) such that
BI(0',r)

and

—~ 4
HwtHCL"‘(B’(O’,T)X(—t,t)) S C(l + Hv.guco,a(B/(ol,r))) ‘|U|‘C1,a(¢g(0/7r7f))

where C' = C’(N,t,f) is a positive constant.

Proof. To simplify the presentation, we set B, = B'(0/,r) and 2, = QN (B'(0/,r) x R).

T
Then we consider the following two functions :

v RV RY
T = (Z’l,l’N) — (‘I,WIN - g(l’/))
and
0 : RY — RY
y=0"yn) — W un +9())
and we observe that ¢! = 6, ¥(Q,) = B. x Ry, (02N (B, x R)) = 0RY N (B. x R)
and ((B. x R)\Q,) = (B. x R)\RY. Moreover,

0(z) — 0(y)| < |z —y| + |g9(=") — 9(¥/)

< 1+ Vallzes)lz —yl, Ya,y € Bl xR,
jh(x) — ()| < |z —y|+ lg(a") —g(y)] <

|
)< A+ [IVgllemp)le —yl, Va,y e Bl xR

(2.5.59)
(i) For any y € B! x R, set 0(y) = v(#(y)), then
v e CH(BL xRy).
Indeed, by definition, we have v € C°(B. x R, ) and
[0l oo (B x4y = (V][ L2020 (2.5.60)

moreover, for any x,y € Bl x Ry,
[0(z) = 0(Y)| < [V]om g, 0(x) = 0W)|* < [V]conq,) (L+ IVgllrem)) |z —yl*, (2.5.61)
where in the latter we have used ([2.5.59]). Hence,

[77]00704(3“&) < [U]Coya(m) (1+ ||V9HL°°(B;‘))Q' (2.5.62)
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Also, for any i € {1,--- ,N — 1},
9;0(y) = 0w(0(y)) + 9ig(y')Onv(0(y))

and
In(y) = Ovv(0(y)),
thus,
V]| oo 5y x4y < V2(1 + [V gl oo () V0l 120 02, (2.5.63)
Furthermore, for any z,y € B, x R, and for any i € {1,--- , N — 1}, we have

|0:0(x) — 9;0(y)| < |00 (0(2)) — Qi (0(y))] + |0ig (") Onv(6(x)) — Dig(y") Onv(0(y))]

< [0i] oy |9( ) = 0" +19ig(2") — 0ig(y')|Onv(0(2))|
+10i9()|0nv(0(2)) — Onv(0(y)] < [050]co.aayy [0(2) — O(y)|”
+ 10nv(0(2))| [0i9] co.e iy |27 — V1" + 10ig ()] [On0] o ey 10(2) — O(y)|
< [0 coagany (L + IVall=mp)lz = y1* + [|Onv] (0, [0ig]coa @y 12— ¥
+ 10i9 1|2 (57) [OnV] co.o @y (1 + IV gl Lo (7)) 2 =yl
< (0] oy + 109l (51 O3] o)) (1 + IVl e (m)®) |2 — yl*+
+ [|Onv] o (9, [9i9) co.a 7y 12 — Yl
< (L IVl oo mp)  ([0i0] o @y + O] coa gyl — 91"+
+ O8] L (0,) [0i9) 0o By |2 — YI*
< 2(1 + Vgl go.a ) I VOl oyl — 91

(2.5.64)
Hence,
Similarly we have
() — OnDW)] < [l (L+ [Vgllmm) e —yl*  (2:5.66)
and so

Thanks to ([2.5.60), (2.5.62), (2.5.63),(2.5.65]) and (2.5.67) we deduce that v € C*(B. x R})
and

19l 10 @ < CN + D)+ [Vl coazry) vl ore - (2.5.68)

Now, for any y € B/ x R we set
- { (Y, yn) if ynv >0,

V ZCZ <y7_2> if ?JN<O’
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where ¢; = —3 and ¢, = 4. With this choice, we see that V belongs to C'(B. x R) and
IV llzoe sy xmy + IVV Il (myxr) < TN+ DI[0]l cr0 5755 (2.5.69)
Now, using the value of ¢; and ¢,, and

yN|

|$N+7 §’$N|+|yN| <l|zn|+|yn| < zn —yn = |28 — YN,

it follows that, for any ¢ € {1,--- , N}
V]

€92 (BIxR) < Cl(N>H17HCLa(M) (2570)

Hence, (2.5.68]), (2.5.69) and (2.5.70) lead to

Vllra@mm < CoN)(L+ 1Vl o) ol ora . (2.5.71)

To proceed further, for any y € B) xR set w(y) := ( (y)), then w satisfies the
claim. Indeed, if y € €, then w(y) € BI xR, and so V(¢(y)) = 0(¢(y)). Hence,

w(y) = V(y) = 5((y)) = v((0 o ¥)(y)) = v(y) for any y € Q,. Also, in view of the
definition of ¢ and ([2.5.59)), the same computations leading to ([2.5.68)) yield

1@l oo @rm) < N + DA+ 11Vl oo @) IV i cre@mm) (2.5.72)

By putting together (2.5.72)) and ([2.5.71)) we get

H?DHCLa(B;xR) < 03(N)(1 + ’|Vg‘|co,a(§;))2(a+l)||U||cl7a(QT)- (2-5-73)
This concludes the proof of the first part of the Lemma.

(i) Let us consider an even function 1, € C?(R) such that 0 <7, <1,

(2n) 1 if 0<azy<t,
xr = ~
EN 0 if xy >t + Lt

Then, vy, € CH(Q) and fJonelloray) = om0 < Clny)|vl

e (€9 (0, T)) — cre(es (o', 1))’

From the first part of Lemma we get v7, € CV*(B. x R) such that vi; = v, on Q, and

Hﬁft“cl,a(B;xR) < Gs(N)(1+ ||V9||co’a(37))4||mltH01 Q)
< Cn)Cs(N) (L + Vel coiap) lIv]

Cle(ea (0 ,r,T))

To conclude, we set w = 177775| Vel and we observe that, the positive constant C'(n;)

- TX(_tvt)
depends only on t and T'. O



Chapter 3

One-dimensional symmetry results
for semilinear equations and
inequalities on half-spaces
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3.1 Introduction

In this work we consider solutions, not necessarily bounded, to the elliptic boundary value
problem
—Au= f(u) in RY,
u>0 in RY, (3.1.1)
u=70 on ORY,

where RY = {z = (2/,zn) € R¥""! x R | &y > 0} is the open upper half-space of R¥,
N > 2 and f is a locally Lipschitz-continuous function on [0, 4+00).
Studying and classifying solutions to problem ([3.1.1)) is natural for various reasons:

(i) the half-space is the simplest unbounded domain with an unbounded boundary in
which one can study the Dirichlet problem for the semilinear Poisson equation.

(ii) Problem (3.1.1) arises as a limit problem, after a blow-up procedure near the
boundary, either when one wants to derive a priori estimates for positive solutions
to some subcritical semilinear uniformly elliptic BVPs on smooth bounded domains
(|[GS81a]), or when one studies uniqueness results for classical solutions to the singular

187
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perturbation problem
—&?Av = f(v) in Q, v>0 in Q wv=0 on 09, (3.1.2)

where () is a smooth and bounded domain, f is a suitable smooth function and ¢ is
a small and positive parameter (see for instance [Ang85] and [Dan09]).

Notice that, when f(0) < 0, even if solutions v considered in (3.1.2)) are positive,
given the absence of the strong maximum principle, the solution u of (3.1.1]) obtained
after the scaling procedure is "only' non-negative in RY.

This motivates the choice to consider the non-negative solutions of (3.1.1)) (and not
only the positive ones).

Finally, the need to also consider unbounded solutions to (3.1.1)) is well illustrated by the
case of harmonic functions, that is when f = 0. In this case, it is well-known that all the

solutions to (3.1.1) are given by u(z) = axy, a > 0.

The first result concerning the complete classification of the solutions to (3.1.1)) with
f # 0 was obtained by Gidas and Spruck in 1981. It concerns the function f(u) = u” and

it was motivated by the the first situation described in item (ii) above.
Theorem A (|GS81a]) Assume N > 2 and let p be any real number satisfying 1 < p < N+2

—2°
The only classical solution to

—Au=u" in RY,
u >0 m Rf,
u=0 on 8Rf,

s u = 0.

The proof in |GS81a] makes use of the moving spheres method. In 1993, Berestycki,
Caffarelli and Nirenberg ([BCN93|) observed that the proof in [GS81a] actually yields the
following result

Theorem B ([BCN93]) Letu € C*(RY) be a solution of [B.1.1) where f € Lipioe(]0, +00)).
If any of the two following conditions holds:

(i) N=2and f >0,
(ii) N >3 and f satisfies

f(t)

t— F(N+2)/(N-2)

is nonincreasing on (0, +00). (3.1.3)

Then, either w = 0, or there exists a function ug : [0, +00) — [0, 4+00) such that
u(z) = up(zy) for any v € RY (3.1.4)

and ug > 0, uy > 0 on (0, +00).
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Solutions of the form (3.1.4]), that is, solutions depending only on the variable xy, are
called one-dimensional since they inherit the symmetry of the underlying domain ]Rf .
Clearly, the profile ug solves the one-dimensional problem

(st oo 515

Note that we necessarily have f(0) > 0 in the above Theorem B. Recently, the following
results about the one-dimensional symmetry of the solutions to (3.1.1)) have been obtained.
They also cover the case in which f(0) < 0.

Theorem C ([FS16; [FS17]) Let u € C*(R2) be a solution of (3.1.1) where f €
Lipioe([0, +00)). Then,

(i) if f(0) >0, then either w =0, or u is positive on R and strictly increasing in the
direction orthogonal to the boundary, i.e., 837”2 >0 on ]Ri;

(it) if f(0) < 0, then either u > 0 and 6%2 >0 on R%, or
u(x) = up(wa) for any x € R

for a unique, periodic function ug : [0,4+00) — [0, +00);
(7ii) if for some p > 1,
t
lim —~* € (0,+00), (3.1.6)

then u is bounded and one-dimensionalll

(iv) if f € CH[0,+00)) with f(0) < 0 and f'(t) > a > 0 for any t > 0, then u is

one-dimensional and periodic.

Theorem D Assume N > 2. The only classical solution to

—Au=u—1 1in Rf,
u>0 in RY,
u=>0 on GRJJ\:,

is the function
u(r) =1—cos(zy) for any x € RY.

The case N = 2 in Theorem D is due to [FS16] (just apply item (iv) of Theorem C
with f(u) = u — 1), while the case N > 3 is proven in [CEG16].

It is interesting to note that the one-dimensional symmetry results in the four theorems
above were obtained without any additional assumption on the non-negative solution w.
It therefore seems natural to seek to broaden the class of functions f guaranteeing that

! more precisely, u(x) = ug(x2) for any z € R and for some bounded function g : [0, +00) — [0, 4+00)

solving (3.1.5). Moreover, either ug is periodic (possibly identically equal to zero) or, ug > 0 and uf, > 0
on (0,400).
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the only classical solutions, bounded or not, to (3.1.1) are necessarily one-dimensional.
On the other hand, such a one-dimensional symmetry result is not true for every locally
Lipschitz-continuous function f, as shown by the function u(z) = zye™', which solves
(3.1.1) with f(u) = —uw and N > 2. Hence, the following two research lines naturally
emerge :

(1) provide general natural conditions on f guaranteeing that the only classical solutions,
bounded or not, to (3.1.1) are necessarily one-dimensional,

(2) supply sufficiently general assumptions on classical solutions to ensuring
their one-dimensional symmetry (either independently of the considered function
f € Lipioe([0, +00)), or for an appropriate subclass of locally continuous Lipschitz
functions).

The new results presented in this article are devoted to both lines of research. Before
stating our results, let us review those that exist in the literature and that relate to
research line (2) above.

With regard to the second line of research, various additional hypotheses on u have
been considered in the literature in order to establish their one-dimensional symmetry.
They mainly concern the growth conditions of u or its qualitative or spectral properties,
such as monotonicity, stability and/or the Morse index. These conditions are natural,
as they are generally satisfied by the solutions that appear in applications and by those
constructed using variational or topological methods. In this regard, we present below the
main contributions found in the literature. We shall describe them in ascending order of
generality. Let us begin with the case of bounded solutions.

Theorem E (|[BCN97a]) Assume N =2 or 3. Let u € C*(RY) be a positive and bounded
solution to where f € Lip;o(]0, +00)).

If N = 2, u is one-dimensional and strictly increasing. If N = 3 the same conclusion
holds, if one assumes in addition that f(0) > 0 and that f is C*.

More recently, by combining Theorem C above and a geometric tool introduced in
[FV10], the authors of [FS16] improved the result of Theorem E in the two-dimensional case.
Indeed, the authors of [FS16] prove the one-dimensional symmetry for any non-negative
solution and assuming only that u has a bounded gradient. More precisely,

Theorem F (|[FS16]) Let u € C*(R2) be a solution to ([3.1.1]) where f € Lipioe([0, +00)).

If u has bounded gradient, then it is one-dimensional.

Recall that, bounded solutions of have bounded gradient, but the converse is
not true, as shown by the (one-dimensional) harmonic function u(z) = xy. Furthermore,
Theorem F also covers the case of one-dimensional periodic solutions which, given the
homogeneous Dirichlet condition, must necessarily vanish somewhere in Riﬂ

To conclude on the case of bounded solutions of (3.1.1]) we mention the two following
results. The first one deals with convex functions f with f(0) = 0, while the second one
applies, among other things, to any non-negative function f.

2This fact is well illustrated by the explicit example discussed in Theorem D.
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Theorem G (|CLZ14]) Assume N > 2 and let f € C*([0,+00)) N C*((0,+00)) with
f(0) =0 and f” > 0. The only bounded classical solution to (3.1.1) is u = 0.

As an immediate consequence of Theorem G one has

Corollary A (|[CLZ14)) Assume N > 2 and let p > 1. The only bounded classical solution
to
—Au=u? in RY,
u>0 m Rf ,
u=>0 on GRJX ,

s u = 0.

Corollary A was first proven for 1 <p < (N +1)/(N — 3)" in [Dan92|, and then for

any 1 < p < pyr(N) in [Far07], where p;z, is the Joseph-Lundgren stability exponent given

N—2)2—4N+8y/N—-1
by psr(N) = ( (1\7)72)(1\:10)+ :

Theorem H ([DF22]) Let u € C*(RY) be a bounded solution of [B.1.1). Assume
f € CY([0,+00)) and

1. either f(t) >0 fort >0,
2. or there exists z > 0 such that f(t) > 0 fort € [0, z] and f(t) <0 fort > z.

If2 < N < 11, then either u = 0, or u is positive, one-dimensional and strictly increasing.

To continue, recall that a solution to (3.1.1)) that is either strictly monotone in the
direction x or a local minimizer is automatically stable, which means that it additionally
satisfies

LIVl = fu)e? > 0. (3.1.7)

for all € C}(RY) (here we have supposed f € C*).

Also, we shall say that u is stable outside a compact K C RY if the integral inequality
holds for any ¢ € CHRY \ K). Clearly, the stability implies the stability outside a
compact set (actually, any finite Morse index solution to is stable outside a compact
set of RY).

As for these classes of solutions to (3.1.1)), we have

Theorem 1 ([DSS22]) Assume N > 2. Let f € CY([0,+00)) N C?((0,+00)) be non-
negative and convex, with f(0) =0 and f # 0.
Let u be a classical solution of (3.1.1)) which is monotone in the xy direction, i.e. such
that 8‘3—“ >0 on Rf. Then, u = 0.

TN
In particular, w = 0 is the only classical solution to (3.1.1) which is bounded on finite
stm’ps.ﬂ

As an immediate consequence of Theorem I one has

3 When f(0) > 0, any positive solution to (3.1.1)), which is also bounded on finite strips, is strictly
monotone in the zy—direction (see Theorem 3.1 of [farl]).
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Corollary B (|DSS22]) Assume N > 2 and let p > 1. Let u be a classical solution of

—Au=u" in RY,
u>0 in RY, (3.1.8)
u=70 on ORY,

which is monotone in the xy direction. Then, u = 0.
In particular, w = 0 is the only classical solution to (3.1.8|) which is bounded on finite
strips.

Corollary B recovers and improves upon Corollary A above.
Very recently, Corollary B has been improved in the work [DFP23|. Specifically,
Theorem J ([DFP23|) Assume N > 2 and let p > 1. The only classical solution to
—Au = |uff~tu in RY,
u=20 on 8Rf ,
which is stable outside a compact set of Rﬂf is u = 0.

Note that Theorem J holds for sign-changing solutions. It was first proven in [Far(7] for

all N < 10 and, if N > 10, for 1 < p < pyp(N) = D208 the Joseph-Lundgren
stability exponent.

We are now ready to present our results. The first theorem provides a contribution to
the first line of research above. It recovers and improves upon the result stated in item
(iii) of the previous Theorem C. It only requires that f behaves at least linearly at infinity,

i.e., that f satisfies (3.1.9) below.

Theorem 3.1.1. Let u € C*(R2) be a solution of (3.1.1) where f € Lipi([0, +00))
satisfies
t
lim inf fi) > 0. (3.1.9)

t——+o0

Then there exists a bounded function ug : [0, +00) — [0, 4+00) such that
u(x) = ug(w2) for any x € R%.

Moreover, either ug is periodic (possibly identically equal to zero) or, ug > 0 and uj > 0
on (0, +00).

Next we state our results concerning the second line of research above. Let us begin
with the case of solutions monotone in the x—direction.

Theorem 3.1.2. Assume 2 < N <9 and let u € C*(RY) be a solution of (3.1.1) such
that a%v >0 on RY. Assume that f € C'(]0,+00)) is a non-negative function satisfying

lim inf fit) > 0. (3.1.10)

t——+o0
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Then, either u = 0, or there ezists a bounded function ug : [0, +00) — [0, +00) such that
u(z) = up(zN) for any v € RY,

and ug > 0, uy >0 on (0, +00).

Moreover, if f(t) > 0 for any t > 0, then necessarily u =0 in RY and f(0) = 0.

Although subject to a dimensional restriction, the previous result extends Theorem I
to all non-negative functions f under the sole assumption that f behave at least linearly
at infinity[] It would be interesting to know whether this result still holds for N > 9.

If we further assume that f is convex or that f has at most polynomial growth, the

conclusions of Theorem [3.1.2 remain valid up to dimension N = 10. Specifically,

Theorem 3.1.3. Assume 2 < N < 10 and let u € C*(RY) be a solution of (3.1.1) such
that ai—’]‘v >0 on RY. Assume that f € C*([0,+00)) is a non-negative, convez function

satisfying .
liminffi) > 0. (3.1.11)

t—+o0

Then, either u = 0, or there ezists a bounded function ug : [0, +00) — [0, +00) such that
u(z) = ug(zy) for any x € RY,

and ug > 0, uy > 0 on (0, +00).

Moreover, if f(0) =0, then necessarily w =0 in RY.

Unlike Theorem I, the function f in Theorem [3.1.3|is not necessarily non-decreasing.
For instance, Theorem applies to f(t) = [t — 1", p > 1.

We also note that, if we drop the assumption (3.1.11)), then the full conclusion of
Theorem would no longer be valid. Indeed, when f(t) = ¢!, which is positive and
convex, the unbounded and monotone function u(z) = In (1 + zx) solves (3.1.1)) for any
N > 2.

This observation also applies to Theorem above and to the following theorem.

Theorem 3.1.4. Assume 2 < N < 10 and let u € C*(RY) be a solution of [B3.1.1)) such
that E%V >0 on RY. Assume that f € C'([0,+00)) is a non-negative function satisfying

t t
1%r_>n+1£10f f(t) > 0, htILlE:)lop ft(e) < 400, (3.1.12)

for some 6 > 1.
Then, either u = 0, or there exists a bounded function ug : [0,4+00) — [0, +00) such that

u(z) = up(zN) for any x € Rf,

4 Note that, the convex function f in Theorem I necessarily satisfies the assumption (3.1.10]).
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and ug > 0, uy > 0 on (0, +00).
Moreover, if f(t) > 0 for any t > 0, then necessarily u =0 in RY and f(0) = 0.

As an immediate consequence of previous three theorems we can treat the case of
solutions that are bounded on finite strips.

Corollary 3.1.1. Let N, f be as in the statement of Theorem (resp. Theoremm
or Theorem and let u be a classical solution of (3.1.1)) which is bounded on finite

strips. Then, the conclusions of Theorem (resp. Theorem or Theoremm)
still hold true.

The viewpoint we adopted to prove the previous theorems can also be applied to
both stable solutions and stable solutions outside a compact set. Below we present the
Liouville-type theorems corresponding to these two classes of solutions.

Theorem 3.1.5. Assume 2 < N < 4 and let u € C*(RY) be a stable solution of (3.1.1)

where f € C'([0,400)) is a non-negative and non-decreasing function satisfying
t
lim —f( )

t—+oo

Then, u =0 in RY and f(0) = f'(0) =0

= +00. (3.1.13)

In the next result we replace the superlinearity condition (3.1.13) on f with a growth
assumption on the solution w.

Theorem 3.1.6. Assume 2 < N < 4 and let u € C*(RY) be a stable solution of (3.1.1)
where f € C'([0,+00)) is a non-negative, non-decreasing function with f # 0. If

w@) =O0(|z] = Mm% |z|)  as |z — +oo, (3.1.14)
then, u =0 in RY and f(0) = f'(0) = 0.

R .
+

Theorem 3.1.7. Assume 2 < N <9 and let u € C*(RY) be a solution of which
is stable outside a compact set of RY. Let f € C'(]0,4+00)) be a non-negative, convex
function with f(0) =0 and f # 0.
Then, w =0 in RY and f'(0) = 0.

Theorem 3.1.8. Assume 2 < N < 10 and let u € C*(RY) be a solution of (3.1.1)) which
is stable outside a compact set of Rf, where f € CY([0,4+00)) is a non-negative and
non-decreasing function satisfying
. f(Y) : f(®)
tL1+moo = +00, htrilfgop o < 400, (3.1.15)
for some 6 > 1.
Then, u =0 in RY and f(0) = f'(0) = 0.
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In the case of monotone solutions, the flexibility of our approach allows us to extend
some of the previous results to the case of differential inequalities, even without imposing
any boundary conditions. More precisely, we have

Theorem 3.1.9. Assume N = 2,3 and let u € C*(RY) be a solution of

—Au> f(u) in RY,

u >0 in RY, (3.1.16)
2w >0 in RY,
TN

where f € C°([0,+00)) satisfies f(t) > 0 for any t > 0 and
ft)

lim inf —= > 0.
t—+oco t

Then, w =0 in RY and f(0) = 0.

In particular, for N = 2,3 and for any p > 1, the only non-negative and monotone
solution to —Awu > u? in ]Rf is the function identically equal to zero.

We also note that the result above is sharp. Indeed, the function u(z’,zy) =

c(1 + |2']2) 77 satisfies —Au > u” and 2w =0 in RY, when N > 4, p > =1 and

¢ > 0 is small enough. Nevertheless, we have the following sharp Liouville-type result.

Theorem 3.1.10. Assume N > 2, let p > 1 be a real number and let u € CQ(Rf) be a
solution of
—Au>uP in RY,

u>0 in RY, (3.1.17)
>0 in RY.

If 1< p < p(N), where

p(N) :=

{ foo i N =23, (3.1.18)

N=Loyf N >4,
then, u=0 in Rf.

If we restrict ourselves to solutions of the semilinear Poisson equation on Rf , but still
without imposing boundary conditions, the classification results above can be extended to
dimension N > 4. This is the content of the following two theorems.

Theorem 3.1.11. Assume 2 < N <9 and let u € C*(RY) be a solution of

—Au = f(u) in RY,

u>0 in RY, (3.1.19)
2 >0 in RY,
TN

where f € C'([0,+00)) satisfies f(t) > 0 for any t > 0 and

lim inf fit) > 0. (3.1.20)

t—+o0
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Then, either u =0 in RY, or there exists a function ug : RN~' — (0, 4+00) such that
w(z) = up(x1, ..oy TN_1) for any v € RY.

If we further assume (3.1.12)), the above conclusion holds true even in dimension N = 10.

In the case of the Lane-Emden equation —Awu = uP, the above result can be improved
as follows

Theorem 3.1.12. Assume N > 2 and let u € C*(RY) be a solution of

—Au=u? in RY,

u>0 in RY, (3.1.21)
6‘9“ >0 in Rf.
LN

If N = 2,3, then u=0 in RY; while for N > 4 we have

N+1 — 0 in RN.
(i) if 1 <p < 555, thenu =0 in RY

Loy . N-+1 . — : N
(i1) if p = 35, then either u =0 in RY or

w(z) = (a+ bz’ — x6|2)_¥ for any x = (2',zn) € RY, (3.1.22)
for a,b > 0 satisfying 1 = ab(N — 1)(N — 3) and any x}, € RN "L,

(i) if ]N\ﬁé <p<ps(N—1), where pj,(N) = (N(_]\Q,)_Qz_)%%ffov)]f_l is the Joseph-Lundgren
stability exponent, then
either u =0 in RY, or there exists a function ug : RN~ — (0, +00) such that

u(z) = ug(x) for any x = (2/,zx) € RY,

When N > 4, for any 35 < p < ps(N —1), there exists a positive solution to (3.1.21])
depending only on the first N — 1 Varlablesﬂ Also note that, the positive solutions in
items (4¢) and (4i7) are unstable (see Theorem 5 and Remark 4 of [Far07]). Finally observe
that, for N < 11, the result above provides the complete classification of the solutions to

(3.1.21)) for any p > 1.

3.2 Proofs of results in the case of the semi-linear
Poisson equation

Proof of Theorem[3.1.1. By the results in [F'S16; FS17] (see Theorem C in the Introduc-
tion), either u is one-dimensional and periodic (possibly identically equal to zero) and we

5 For any N > 3 and p > N +2 positive radial solutions to —Au = u? in RV always exist (see for
instance |GS81b|,[JL73]). If ug 1s such a function in dimension N — 1, then the function u(x) = ug(z'),
z = (2/,zy) € RY, provides the desired example.
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are done, or u > 0 and > >0in R?. In the latter case, by Lemma the profile of u
at infinity defined by

u(xq) :== mlgﬁl@U(%, T3), for any z; € R,

is a non-negative member of L}, (R) such that f(u) € L},.(R) and
—a" > f(uw) in D(R). (3.2.1)
Furthermore, the sequence of functions (u,,),>1 defined by
Up () == U(x1, 29 + 1), for any x € R?,

converges to u in L}, (R?).

From (3.2.1)) and (3.1.9)) we see that

—u">Au—-B in D(R), (3.2.2)
for some constants A > 0 and B > 0. Then the function v(z;1) = —u(z1) + 22% belongs
to L} .(R) and solves

—" <0 in D(R), (3.2.3)

hence, v is subharmonic in the sense of the Classical Potential Theory (see for instance
Theorem 3.2.1 in [DV24] or Theorem 3.2.11 in [H6r94]). Then v is convex on R (see for
instance Lemma 3.2.9 in [DV24]) thus continuous on R and so is . We observe that, for
any compact set K C R?* we have 0 < w,, <1 < ||T|p~(x)1lk, since 7 >0 € Ri, SO
|f(@) — f(u,)| < Lfu — u,| on K, where L is the Lipschitz constant of f in the compact
interval [0, ||| o (x)]. Then, f(un) — f(u) in L},.(R?) so that we can pass to the limit
in the equation satisﬁed by u, to get that

"= f(@) in D(R). (3.2.4)

Since f(w) is continuous, from we infer that w € C?(R) is, indeed, a classical
solution. From the latter property and we see that u is boundedﬂ on R which, in
turns, implies that also u is bounded on R2. Then, from Theorem E (or Theorem F) in
the Introduction, it follows that u is one-dimensional. O

Proof of Theorem . By the strong maximum principle, either u = 0 (and we are done)
oru>0and ;- > 0 in ]RN The latter implies that u is stable on RN and so Theorem
1.2 in [Cab—i—?()] tell us that

HuHLOO(B(%%)) < Cllull 1 (B2, ro)) for any B(x, Ry) CC Rf, (3.2.5)

where C' = C(N, Ry) > 0 is constant.
The latter and the assumption ([3.1.10) enable us to apply item (i) of Lemma to

6 Indeed, u satisfies M + F(u(t) = & + F(u(0)), for any ¢ € R, where F(u) := [ f
Hence, A@ — Bu(t) < M + F(u(0)). The boundedness of w then follows, since A > 0.
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deduce that u is bounded on the half-space {z € RY : zy > 2Ry}. The monotonicity of u
then implies that u is bounded on ]R_]X . The desired conclusion the follows by invoking
Theorem 4 in [DF22] (see Theorem H in the Introduction).

Let us now move on to the last statement of the theorem and show that v = 0 if f(t) > 0
for any ¢t > 0. If not, then u = uy(zy), where ug : [0,+00) — [0,,+00) is a bounded,
positive and strictly increasing solution to the ODE —u” = f(u) on (0,+400). By the
first integral of the ode we have that also ' is bounded and, from this information, we
immediately infer that f(supug) = 0. A contradiction. ]

Proof of Theorem [3.1.3 As in the proof of Theorem [3.1.2] either v = 0 (and we are done)
oru >0, g7 >0 in RN and u is stable on RN Also, from (3.1.11)), we have

f(t) > At—B for any ¢t > 0, (3.2.6)

for some constants A > 0 and B > 0.
By Lemma the profile of u at infinity defined by

u(z') = xNILnim u(r', ry), for any 2/ € RV,

is a non-negative member of L}, .(RV¥"!) and f(u) € L},.(R¥~1). Furthermore, the sequence
of non-negative functions (u,),>; defined by

un(z) = a(', zy +n), for any » € RY,

converges to u in L},.(RY). Also observe that u, € C°(RY) N H._(RY) for any n > 1.

Let us prove that uw € H} (R¥~1) and that w is a stable solution to —Au = f(u) in
D' (RN-1).

Under the assumptions on f, there exists ¢y > 0 such that f/(¢) > 0 on (#,00). Then

()| = f(un) = F ()L <toy + S (un) Lty < 1 oo + /(@) € Lige(RY),

flun) — f(@  in L, (RY), (3.2.7)
by the dominated convergence theorem.

Since —Au, = f(u,) in RY and u, — win L}, (RY), f(u,) — f(u) in L}, (RY), we get
that @ solves —A7 = f(@) in D' (RY). The latter implies that —A7 = f(@) in D' (RN 1),
since w depends only on the first N — 1 variables.

To prove that w € H} (RY™!) we recall that u is stable on RY. Therefore, Proposition 2.5
in [Cab+20| tell us that

1 2
2 N—-2 N
/B(%R) Vul2 < C'R (RN / o u> for any B(z,2R) CCRY,  (3.2.8)

where C’ > 0 is a dimensional constant.
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Set ey = (0,...,0,1) € RY | pick any r > Ry, where Ry is given by item (i) of Lemma
and consider any ball B(z,7) C RY. There exists an integer 7, depending only on z and
r, such that B(z + ney,4r) CC RY for any n > n. Hence, by (with R = r) we
deduce that

1 2
/ |Vun|2 — / \Vu|2 < C/TN72 (N/ u) for any n > n.
B(z,r) B(z+nen,r) 7 JB(z+nen,2r)

Now, for any n > 7, an application of Lemma [3.4.1] (with R = 2r) yields

(] o (Col2n): i
n2<C/N2</ ><C/N2(O> O N2
~/B(Z,T') |vu | o " TN B(Z+n€N:27') “ - " TN 1(f7 )r 9
(3.2.9)

where C7 = C1(f,N) > 0 is a constant (independent of n).

Moreover, if we denote by [u, ] the average value of u over the open ball B(z + ney,r)
then, for any n > n, the Poincaré inequality gives

[ e[ e o=l P42 [ ()
B(z,r) B(z+nepn,r) B(z+nen,r) B(z+nen,r)
1 2
< C’(N)TZ/ |Vul? 4+ C(N)rY (N/ u)
B(z+nepn,r) r B(z+nen,r) (3210)

1 2
_ ) ) N( )
< O(N)r /B . [V + OV (5 /B o
< C(N)P2CyrN =2 + C(N)Co(f, N)*r™N = Co(f, N)r",

where in the latter we have used (3.2.9)), as well as Lemma with R = r, since we also
have that B(z + ney,2r) CC RY.

By summarizing, we have proved that ,
/ |Vu,|? +u2 < Cs(f,N,r) for any n > n, (3.2.11)
B(z,r)

where C3 > 0 is independent of n. Hence, the sequence (u,) is bounded in H} .(R") and

so, we can find a subsequence, still denoted by (u,), and v € H} (R") such that
Uy —> U weakly in  H} (RY). (3.2.12)

The latter and the fact that u,, — win L}, .(RY) immediately imply that w = v € H (RY).
Hence, u € H} (RN71), since u is independent of the variable z .

Next we prove that 7 is a stable solution to —A% = f(@) in D' (R¥~1). To this purpose,
we observe that u, is strictly increasing in RY, hence stable, therefore

/f’(un)cp2 < / IVol?  for any ¢ € C2(RY), (3.2.13)
and so

J1F@le? = [ Fune® +2 [[F @) e < [Vl + [27 00 (3214
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by the convexity of f. Hence, by Fatou’s Lemma, we have
Jir@ig < [1Vel+ [27O) ¢ forany p e CERY).  (3215)

The latter immediately imply that f'(u) € L},.(RY), and so f'(u) belongs to L}, (RN™1)

loc loc

as well as to L} (RY) (since f'(u) only depends on the first N — 1 variables). Also

|f'(un)] = |f,(un)|1{un§to} + |f/(un)|1{un>to}

, : , o (3.2.16)
< N Mz oio) + fF (Un) Lunstoy < A Mzoeoto) + [/ (@] € Lipe(RY)

and so, f'(u,) — f'(u) in L} (RY) by the dominated convergence theorem. Then,
passing to the limit in (3.2.13]) we get

/f’(ﬂ)so2 < / [Vel|?  for any p € C°(RY), (3.2.17)

Now we consider a function n € C2°(R,) such that suppn C (—1,1) and [z n? = 1, and

we insert in the stability inequality (3.2.17)) the test function ¢, (2’ zn) = ¢(2" )0 (zN),
where ¢ € C°(RY"!) and 1, = Tn(*=""). Note that this choice is possible since ¢, is

n

supported in RY by construction. Hence

/RN f'@e¢™n; < /RN Vo *n, + /RN $2(n)?

+

Lo 7@ )< (L Vo )+ (L, ] o) (3218)
o F@< [ VO ([ (] 1))

and the last term in the latter tends to zero, when n — oo, since fR+(n;l)2 = # Ja(n)? <

!/
200 13 0

. Passing to the limit into (3.2.18]) we immediately get the stability of .

n

By summarizing, we have proved that u € H} (RV~1) is a stable solution to —Au = f(u)
in D'(RV-1). Since N —1 < 9, we can apply Theorem 5 in [DF23] to conclude that
u € C*(RN71), ie., uw is a classical stable solution to —Au = f(u) on RV~ We can
therefore invoke Theorem 1 (or Theorem 2) in [DF22| to prove that @ is constant. This
result and the monotonicity of u imply that v is bounded on Rﬁ . The desired conclusion
then follows by applying Theorem 4 in [DF22| (see Theorem H in the Introduction).

Let us now move on to the last statement of the theorem and show that v = 0 if f(0) = 0.
If not, then u = ug(xy), where ug : [0, +00) — (0, +00) is a bounded, positive and strictly
increasing function satisfying the ODE —uy = f(ug) on [0, +00). Let us prove that this
is impossible. Indeed, by the first integral of the ode we get that also v’ is bounded,
and so f(supug) = 0. Since f is non-negative and convex with f(0) = 0, f must be
non-decreasing too, so 0 < f(ug(t)) < f(supug) = 0 for any ¢ > 0. Therefore, —uy = 0,
up > 0 on (0,400) and ug(0) = 0, so that ug(t) = at with @ > 0, contradicting the
boundedness of ug. O
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Proof of Theorem[3.1.4 Unless we add dummy variables, we may and do assume that
N = 10. By the strong maximum principle, either u = 0 (and we are done) or u > 0 and
% > 0 in RY. Thus u is stable on RY and so, Theorem 7.1 in [Cab-+20] tell us that

(3.2.19)

Then, using the second condition in (3.1.12)) we get that

Vp>1 3Cy=CyN,p, R, f,0) >0 such that

(3.2.20)
1@l irio ) < o1+ Nllopmy| ¥ Bl B) cRY,
where Cy = Cy(N, p, Ry, f,0) > 0 is a constant.
Now, the first condition in (3.1.12)) and item (i) of Lemma yield
/ u<Cy VY B(x,2R)) cCRY, (3.2.21)
B(z,Ro)
where C3 = C3(N, f, Rg) > 0 is a constant.
From (13.2.21)) and (3.2.19))-(3.2.20) with R = Ry, we deduce that
Vp>1 3Cy=Cy(N,p, Ry, f,0) >0 such that
(3.2.22)

Fll oy + 1F @l ooy < Ca V Bla,2Ro) CC RY.

Then, by standard interior elliptic estimates, we have

Vp>1 3C5=C5(N,p,Ry) >0 such that

e 103y < O |1l g, + 1 @l oy | VBl 2R0) o RY.
(3.2.23)

Now we choose any p > % in the latter and we apply (3.2.22)) and Sobolev embedding to
get that

[l e o, m0y) < C5 ¥ B, 2Ro) CC RY, (3.2.24)

where C5 = C5(N, p, Ry, f,0) > 0 is a constant.

From the latter we deduce that u is bounded on the half-space {x € RY : xx > 4Ry}
The monotonicity of u then implies that u is bounded on RY. The desired conclusion the
follows by invoking Theorem 4 in [DF22| (see Theorem H in the Introduction).

The last statement of the theorem follows exactly as in the last part of the proof of

Theorem B.1.2
]



Chapter 3. One-dimensional symmetry results for semilinear equations and inequalities
202 on half-spaces

Proof of Corollary[3.1.1. By the strong maximum principle, either v = 0 (and we are
done) or v > 0 and % > 0 in RY. When f(0) > 0, any positive solution to (3.1.1)), which
is also bounded on finite strips, is strictly monotone in the xy direction (see Theorem
3.1 of [Far20]). The desired conclusions then follow by applying Theorem [3.1.2] (resp.

Theorem or Theorem (3.1.4)) O

Proof of Theorem[3.1.5. For any R > 1 and any = € RY set ug(z) := u(Rz) and By =
B(0, R). Then, ug is a stable solution to

—Aug = R*f(ug) in RY,
ur >0 in RY, (3.2.25)
up =0 on ORY.

We can therefore apply Proposition 5.5 in [Cab+20] to (3.2.25) to infer that

1 2
v2<am”(/ ) 3.2.26
/BR/Qme [Vul” < RN JBgrrY v ( )

where C’ > 0 is a dimensional constant.

Now, since f is non-negative and R > 1, we observe that ug also solves
—Aug = R*f(ug) > f(ug) in RY,

thus, in view of the superlinearity condition (3.1.13)) on f, we can apply Theorem 3 in
[Sir21] to ug with @ = BoNRY, T'=0RY N By, w = Q' = BiNRY, A' =1d, A =1,
q:2N,A:w11V/2N,B:H:0,5:1/2,p:1, to get

/ W< CRY, VR>1,
BRmRQ

where C'= C(N, f) > 0 is a constant.
By plugging the latter into (3.2.27)) and recalling that N < 4, we obtain

/ Vu? <C"R®, VY R>1,
BrNRY

for some positive constant C”. Hence, according to Theorem [3.4.1} up to a rotation in the
first N — 1 variables, we have that u(z) = uo(xn_1, zx), where ug € C*(R2) satisfies

—Aug = f(up) in R3Z,
Uo Z 0 in Ri,
ug =0 on ORZ.

Since f # 0 by and f(0) > 0, Theorem 2.5 in [FS17] implies that uy = 0, which
in turn implies u = 0 and f(0) = 0. Furthermore, by plugging v = 0 into the stability
condition we immediately get that f/(0) < 0, and the desired conclusion f’(0) = 0 then
follows from the monotonicity assumption on f. m
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Proof of Theorem |3.1.6] By proceeding as in the proof of Theorem |3.1.5 we immediately

get
1 2
/ Vul? < C'RN- 2( =/ u> . VR>1, (3.2.27)
BpyaNRY RY JBrrrY

where C’ > 0 is a dimensional constant.
Next we use the growth assumption (3.1.14]) to obtain that

1 2 )
(RN /BRﬂRf U) <C(N)R°InR, for R>>1, (3.2.28)

where C'(N) > 0 is a dimensional constant.

The desired conclusion then follows by applying Theorem of the present paper and
Theorem 2.5 in [FS17] exactly as in the last part of the proof of Theorem [3.1.5] (recall
that f # 0 by assumption). O]

Proof of Theorem |3.1.7. By the strong maximum principle, either u =0 or u > 0 in ]Rf )
The desired conclusion will follow if we rule out the latter case. For contradiction, assume

that u > 0 in RY. Since f is a non-negative, convex function with f(0) = 0, the function

ts L ( ) is non-negative and non-decreasing on (0, +00), so lim 10 ¢

€ [0, +00]. Moreover,
f(t)

since f # 0, we necessarily have lim > (. Next we dlstlngmsh two cases:

t——+o0

Case 1 : lim @ = 4-o00.

S——+00

By assumption, there exist a point T = (71, ...,Zy) € RY and an open ball B(z, R) cC RY
such that u is stable in RY \ B(z, R). If we set ¢ = 2% > 0, then :

(i) for any x € {x € RY : zy > ¢} \ B(Z, R + ¢) we have that B(z,¢) CC RY and that
B(z,£) c RY \ B(z, R) and therefore u is stable in B(z, £)

and
(ii) w is stable in the strip {z € RY : zy < 2¢}.

When we are in the situation described in item (i), an application of Theorem 1.2 in
[Cab+-20] provides

||“||Loo(B(x,g)) < C1||UHL1(B(;C7§)), (3.2.29)

where C; = C1(N,¢) > 0 is a constant.
Since f satisfies 1121 (SS) = 400 and B(z,¢) CC RY, we can apply item (ii) of Lemma

B.4.7] to get that

[ uze (3.2.30)
B(z,3)

where Cy = Cy(f, N, ¢) is a positive constant.

From (3.2:29) and (3.2:30) we obtain that u < C;Cy on {z € RY : zy > ¢} \ (B(z, R+ ¢)
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and so, by the continuity of u on B(Z, R + ¢), we deduce that u is bounded in the closed
half-space {z € RY : xy > ¢}.

On the other hand, for any = € {z € RY : zx < ¢}, we have that z € B((2/,0),¢) NRY.
Since w is stable in {z € RY : 2y < 2¢} (see item (ii) above), we can apply Theorem 6.1
in [Cab+20| to obtain that

[ul| oo (B (2 0). )Ry < Csllull 1(B((@r,0),200RY) V2’ € ORY, (3.2.31)

where C3 = C3(N, ¢) > 0 is a constant.

Since f satisfies lim £s)
s—+4o0 $

= 400, we can apply Theorem 3 in [Sir21] to get that

< Cy, vV 2’ € ORY, 3.2.32
/B((x/,O),zc)mM U=t . + ( )

where Cy = Cy(f, N, ¢) is a positive constant.

From and we infer that u is bounded on the strip w := {z € RY : 2y < ¢}
and therefore u is bounded on @ Since f(0) > 0 and u > 0 is bounded, Theorem 3.1 in
[Far20]| ensures that u is strictly increasing in the xy-direction. Therefore, u is stable in
]Rf and we can apply once again Theorem 6.1 in [Cab+20| to obtain that, for any R > 1
and for any z,y € B(0, %) nRY,

|z — y|*

u(z) = u(y)] < Callull poe@y)y =50

where Cy > 0 is a dimensional constant.
By letting R — +o0, we obtain that u(z) = u(y) for any z,y € RY, which entails u =0
in RY, since u = 0 on ORY. A contradiction with u > 0 in RY.

Case 2 : lim @ € (0, +00).
t——+o00

In this case it is easily seen that f is globally Lipschitz-continuous and Corollary 1.3 in
[BCN97a] implies that u is strictly increasing in the xy-direction. Hence, u is stable on
RY and so Theorem 1.2 in [Cab+20] tell us that

el o 0y < Cllullingsmey  forany  Ble, Ro) <C RY, (3.2.33)

where C' = C(N, Ry) > 0 is constant.

From the latter and item (i) of Lemma we deduce that u is bounded on the half-space
{z € Rﬁ x> 2Ry}, therefore, the monotonicity of w then implies that u is bounded on
RY. We can then proceed as in the previous case to achieve a contradiction.

So far, we have proved that u = 0 on RY, the identities f(0) = f’(0) = 0 then follow as in
the proof of Theorem [3.1.5] O]

Proof of Theorem |3.1.8. By the strong maximum principle, either u =0 or v > 0 in Rﬂ )
The desired conclusion will follow if we rule out the latter case. For contradiction, assume
that u > 0 in RY.
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By assumption, there exist a point = = (zy, ..., Zy) € ]Rf and an open ball B(z, R) CcC Rf
such that u is stable in RY \ B(z, R). If we set ¢ = Il > 0, then :

(i) for any x € {x € RY : xy > &} \ B(Z, R + &) we have that B(z,¢) CC RY and that
B(z,£) ¢ RY \ B(z, R) and therefore u is stable in B(z, £)

and
(ii) w is stable in the strip {z € RY : xn < 8¢}

Now we observe that, without loss of generality, we can restrict ourselves to the 10-
dimensional case. Indeed, if u is stable in an open set w C RJI , N <9, then the function
a(y, x) := u(z) is stable in the open cylinder RV x w C R

Hence, from now on, we set N = 10.

When we are in the situation described in item (i), an application of Theorem 7.1 in

[Cab+-20] provides

\V/p >1 dC, = Ol(N,p, E) >0 ||u||Lp(B(x7§~)) < ClHUHLl(B(:r,g)) v B(JT,E) CcC RJ_X
(3.2.34)
Then, using the second condition in (3.1.15)) we get that
Vp>1 3Cy=CyN,p,¢, f,0) >0 such that
(3.2.35)

1 aoe gy < Col 1+ Nallogmsy| ¥ Blane) CCRY.

Since f satisfies Elll @ = 400 and B(z,¢) CC RY, we can apply item (ii) of Lemma

to get that
/B( <Gy (3.2.36)
T,5

where C3 = C3(f, N, ¢) is a positive constant.
From (3.2.34)-(3.2.36) we deduce that

Vp>1 3C,=Cy(N,p,¢c f,0) >0 such that

_ (3.2.37)
HUHLP(B(z,g)) + Hf(U)HLp(B(x,g)) < Cy V B(z,c) cC RY.
Then, by standard interior elliptic estimates, we have
Vp>1 3C5=C5(N,p,¢) >0 such that
(3.2.38)

”uHWQ*P(B(z,l%)) < Cs ||U”LP(B(z,g)) + ||f(u)||LP(B(z,§))} V B(z,c) CC RJI-

Now we choose any p > % in the latter and we apply (3.2.37) and Sobolev embedding to
get that
lull a2y < Cs ¥ Bla,¢) CCRY, (3.2.39)

where Cs5 = C5(N, p, ¢, f,0) > 0 is a constant.
From the latter we see that u is bounded on {z € RY : zy > ¢} \ (B(z, R + ¢) and so, by
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the continuity of u on B(Z, R + ¢), we deduce that u is bounded in the closed half-space
{z eRY : a2y >}

On the other hand, for any = € {z € RY : zx < ¢}, we have that z € B((2/,0),¢) NRY.
Then we proceed as in the first part of the proof, but now we use boundary estimates.
Since u is stable in {z € RY : zx < 8¢} (see item (ii) above), we can apply Theorem 7.2
in [Cab+20| to obtain that

Vp>1 HOGZCG(N,]),E)>O

(3.2.40)
||UHLP(B((:CI,0),25)mM) < 06||U||L1(B((x/,0),85)mmg) Vi e 8Rf
and using the second condition in (3.1.15)) as before, we infer that
Vp>1 3C; =Cy(N,p,¢, f,0) >0 such that
0 , N (3.2.41)
||f(u)||LP(B((x/,o),za)mM) < 7|1+ HUHLP(B((II,O),zz)mM) Vo e dRY.
Moreover, since f satisfies Egrn ! (ss) = 400, we can apply Theorem 3 in [Sir21] to get that

/ u < Cy, V2’ € ORY, (3.2.42)
B((z',0),8¢)NRY

where C7 = C;(f, N, ¢) is a positive constant.
From ({3.2.40)-(3.2.42)) we deduce that

Vp>1 3Cs=Cs(N,p,¢c, f,0) >0 such that

(3.2.43)
[ull Lo (B((@r,0) 20y + L (Wl Lo (21 0) 20)0mY) < Cs v 2’ € ORY.
Then, by standard elliptic boundary estimates on half-balls, we have
Vp>1 3Cy= Cy(N,p,c) >0 such that
||U||sz(B((a:f,o),e)mM) < Cy ||U||Lp(B((x/,o),ga)nM)) + ||f(“)||LP(B((xf,o),2a)mM)) Ve 8Rﬂf.
(3.2.44)

Now we choose any p > % in the latter and we apply (3.2.43) and Sobolev embedding to
get that
[ul| oo (B((2.0).)m2) < Cho Va2’ € ORY, (3.2.45)

where Cg = C19(N,p, ¢, f,0) > 0 is a constant.

From the latter we deduce that u is bounded on the the strip {z € RY : 2y < ¢} and
therefore u is bounded on RY. Then, Theorem 4 in [DF22] (see Theorem H in the
Introduction) implies that u = ug(xy), where ug : [0,+00) — [0,+00) is a bounded,
positive and strictly increasing function satisfying the ODE —uy = f(ug) on [0, +00). Let
us prove that this is impossible. Indeed, by the first integral of the ode we get that also
v’ is bounded, so that f(supug) = 0 and 0 < f(ug(t)) < f(supug) = 0 for any ¢ > 0.
Therefore, —uy = 0, uy > 0 on (0, +00) and uy(0) = 0, so that ug(t) = at with a > 0,
contradicting the boundedness of ug.

So far, we have proved that u = 0 on RY, the identities f(0) = f’(0) = 0 then follow as in
the proof of Theorem [3.1.5] O
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3.3 Proofs of Theorems [3.1.943.1.12

Proof of Theorem[3.1.9 By Lemma we know that u € Lj,.(R¥"!) and so v = —u
belongs to L}, (RY~!) and satisfies

~Av< —f@) <0 in DRV,

v <0 on RN (3:3.1)

Since N —1 = 1,2, then @ must be constant (see for instance Theorem 3.2.18 in [DV24]
or Theorem 3.2.24 in [H6r94]). Therefore, f(u) = 0 and so @ = 0. The monotonicity of u,
then implies u = 0 on RY. O

Proof of Theorem |3.1.1(0) For N = 2,3 the conclusion follows from Theorem |3.1.9, When
N > 4, let us distinguish the case p = 1 from the case p > 1. When p = 1, by the strong
maximum principle either u = 0, and we are done, or v > 0 on Rﬂf . Let us prove that the
latter case does not occur. Indeed, if u > 0, then by multiplying the differential inequality
—Au > u by %2, where ¢ € C}(RY), and integrating by parts we get Jay V|2 > Jay 2.
The latter and the variational characterization of A; (the first eigenvalue of —A with zero
Dirichlet boundary condition) tell us that A;(B) > 1 for any open ball B cC R¥Y. This is
clearly impossible, since A;(B) approaches zero when B is chosen arbitrary large.

When p > 1, Lemma tells us that w € LY (RN¥1) and

loc
—~Au>w" in D (RN (3.3.2)

: N—-1 _ (N-1)
Since 1 <p < = = REET
is a constant (necessarily equal to zero). The monotonicity of u, then implies u = 0 on

RY. O

we can apply Theorem 2.1 in [MPO1] to obtain that @

Proof of Theorem[3.1.11 By the strong maximum principle, either u = 0, and we are

done, or u > 0. Again, by applying the strong maximum principle to B%LV we see that,
either a%v = 0, and we are done, or % > 0 in Rﬂf . The desired conclusion will follow if

we rule out the latter case. For contradiction, assume that « > 0 and a%v > 0 in Rf . The
latter implies that u is stable on RY and so Theorem 1.2 in [Cab-+20] tell us that

lull o gy < Cllullpengy — forany Bz, Ro) CCRY,  (3.33)

where C' = C(N, Ry) > 0 is constant.

The assumption (3.1.20)) and (3.3.3) allow us to apply item (i) of Lemma to deduce

that u is bounded on the half-space {z € RY : x5 > 2Ro}. The monotonicity of u then
implies that u is bounded on RY. As a consequence, we see that 7 is a bounded classical
solution to —Aw = f(u) in R¥~!, N — 1 < 8. We can therefore invoke Theorem 1 (or
Theorem 2) in [DF22] to prove that @ is constant. Therefore, f(w) =0 and so w = 0. The

monotonicity of u, then implies u = 0 on RY. A contradiction.
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If we further assume (3.1.12)), then we can proceed as in the proof of Theorem to
get, once again, that u is bounded on some half-space {x € Rﬂ\: cxy > c¢>0}. Then, we
conclude exactly as in the previous case (note that N —1 < 9). O

Proof of Theorem |[3.1.12. Let us first prove that either u = 0 or v depends only on the
first N — 1 variables. To this aim, as in the proof of Theorem [3.1.11], it is enough to

rule out the case : u > 0 and C,ng > 0 in Rf . For contradiction, assume u > 0 and

o> 0 in RY, then u is stable on RY and so by Lemma we have w € L} (RN-1)

loc

and [ — u,|? < [u]? a.e. on RY. Hence, by the dominated convergence theorem we infer
that u, — @ in L? (RY) and @ solves —A% = @” in D' (RV~1).

loc

Next we prove that @ € HL (RN-1) N LZ*Y(RY) and that @ is a stable solution to
—AT = f(@) in D' (RV-1).

To this end, we recall that u is stable on RY and so, from Proposition 4 in [Far07] (applied
with v = 1) we get

/ gy [Tl b < C'RV2%5 forany B(2,2R) cCRY,  (3.3.4)
B(z,R

where C’ > 0 is a constant depending only on N and p.

Set ey = (0, ...,0,1) € RY and pick any open ball B(z,7) C RY. Then, there exists an
integer 7, depending only on z and r, such that B(z + ney,2r) CC RY for any n > n.
Hence, by (3.3.4) we deduce that
/ |V |? + [u, [Pt = / (Vul? + |ulPt! < OV for any n > f
B(z,r) B(z+nen,r)

From the latter, and by a standard diagonal argument, we can find a subsequence, still
denoted by (u,), and v € HL (RN) N LETH(RY) such that

loc

u, — v weakly in H._(RY),

U, — v weakly in LPTHRN).

loc

(3.3.5)

Since we already know that w, — w in L} .(RY), from (3.3.5) we immediately get
that © = v € HL (RY) N LY (RYN). Hence, w € HL (RN-1) 0 LPFY(RN-1), since @ is
independent of the variable x. The stability of u then follows exactly as in the last part

of the proof of Theorem [3.1.3]

By summarizing, we have proved that @ € H} (RN~1) N LY (RYN) is a stable solution
to —AT =" in D' (RY~1), then Theorem 1.1 in [DDF11] yields that @ € C*(RV~'). To
conclude, we apply Theorem 1 in [Far07] to get that @ = 0. The monotonicity of u, then

implies u = 0 on RY. A contradiction.

So far, we proved that either v = 0 or u depends only on the first N — 1 variables. To
complete the proof we need only to prove the claim in item (i7). To this end, we recall
that all smooth positive solutions to the critical equation —Av = vi=s in RE , with K > 3,
have been classified in [CGS89] and are given by

_K-=-2
2

v(x) = (a+ blx — z]?) r € R¥, (3.3.6)
for some a,b > 0 with 1 = abK (K — 2) and z, € R¥. O
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3.4 Auxiliary results

In this section we state and prove some auxiliary results. They will be used to prove
the main results of this article, but they are also interesting in their own right. Let us
begin with two preliminaries results concerning non-negative solutions to the differential
inequalities in the half-space. The first result is part of folklore, and we state it in a form
useful for our purposes, while the second one deals with monotone solutions.

Lemma 3.4.1. Assume N > 2 and let u € C*(RY) be a solution to

—Au > f(u) in RY,
(auzgo nw .
where f € C°([0, +00)).
(i) If f satisfies
f(t) > At — B for any t > 0, (3.4.2)

where A > 0 and B > 0, then, there exist Ry = Ry(A,N) >0 and Cy = Cy(A,B,N) >0
such that for any R > Ry and any open ball B(z,2R) CC RY we have

/ u < CoRV. (3.4.3)
B(z,R)
(ii) If f satisfies
- f)
tBeroo = +o0, (3.4.4)

then, for any R > 0 and any open ball B(z,2R) CC RY we have

/ w< G, (3.4.5)
B(z,R)
where C; = C1(N, f, R) > 0 is a constant.

Proof. (i) Denote by ¢; the positive first eigenfunction of —A on the open unit ball B(0, 1),
such that maxpg(,1) 1 = 1 and by A; > 0 the corresponding first eigenvalue. For any ball
B(z,2R) cC RY set ¢p.(2) :== ¢1(5%), then

_Aqu,z = rﬁqu,z in B(Za 2R)7
¢r. >0 in B(z,2R),
¢r.=0 on 0B(z,2R).

From (3.4.1) and (3.4.2) we deduce that

At

B(2,2R) ’ B(2,2R) ’ B(2,2R) ’ 4R? JB(2,2R) ’
(3.4.6)
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Set Ry = /55 > 0, then for any R > Ry we get
A A
/ AU¢RZ >~ 12 / ¢Rz + B/ = 7/ U¢R,z + B/ ¢R,za
B(2,2R) ARG JB(2,2R) (2,2R) 2 JB(z,2R) B(2,2R)

(3.4.7)

so that

2B

— OR, 2/ uPR. > mf qﬁ / = inf ¢1/ u. (3.4.8)
A JB(z2R) B(2,2R) zR) B(0,}) B(z,R)

From the latter we get

2B 2B
f 1= . < (inf ¢p) 1= 1, 3.4.9

/B(Z,R) _(31(82)¢1) A B(z,zR)¢R’ _(Bl(g,%)gbl) A JB(z2R) ( )
which implies (3.4.3)).

(ii) For any R > 0 such that B(z,2R) CC RY, we set A = 35 + 1, then by (3.4.4)
there exists B = B(f, A) > 0 such that f(t) > At — B for any t > 0. We can therefore
proceed as in the previous step to get the estimates which, in turns, gives

/ udp,, < / Bog,. (3.4.10)
B(2,2R) B(2,2R)
and thus,
/ w< (ko) 13/ ons < (int 61 13/ . (3.4.11)
B(z,R) B(O (2,2R) B(0 (z 2R)
The latter implies the desired conclusion. O

Lemma 3.4.2. Assume N > 2. Let u € C*(RY) be a solution of

—Au > f(u) in RY,

u>0 in RY, (3.4.12)
>0 in RY,
where f € C°([0, +00)) satisfies
f(t) > At— B for any t > 0, (3.4.13)

where A >0 and B > 0. Then,

(1) (') :=limgy 400 u(2',zy) € [0,400] for any ' € RY"! andw : RN! — [0, +o0]
belongs to L} (RN-1).

(17) The sequence of functions (uy,)n,>1 defined by

un(x) = u(z', zn +n), for any v € R,
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converges to @ in L}, (RV)[]
(iii) f(u) € L} (RN~Y) and u solves
~Au > f(m) in D(RNY. (3.4.14)

Proof. We observe that 4 is measurable and so, (uy),>1 i a sequence of measurable
functions satisfying

0<uy <tupy; <u  onRY, for any n > 1. (3.4.15)

Set ey = (0, ...,0,1) € RY, pick any r > Ry, where Ry is given by item (i) of Lemmam
and consider any open ball B(z,r) C RY. There exists an integer 7, depending only on z
and r, such that B(z+ney,2r) CC ]R_]X for any n > n. Hence, by Lemma we deduce
that

/ u < Co(f, N)r for any n > n,
B(z+nepn,r)

and
/ un:/ u < Co(f, N)r for any n > n.
B(zr) B(z+new r)

The latter and (3.4.15)) then imply that (u,),>; is a well-defined sequence in L}, (RY)
satisfying

/( )ungCo(f,N)rN for any n > 1.
B(z,r

Then, the monotone convergence theorem implies that w, — u in L} _(RY). This proves
items (i) and (7).

Now, for any n > 1 and any ¢ € C®(RY), p > 0, we have 0 < (f(u,) + B)¢g, hence
/(f(ﬂ) 4 B)p < h&g}f/(f(un) + B)p = liminf /f(un)go + /ng (3.4.16)

by Fatou’s Lemma. From the latter we deduce that f(u) € L} . (RY) (and so also in

loc
L (RN=1) since it depends only on the first N — 1 variables) and

1@ <timint [7(m)e. (3.4.17)

As above, pick an open ball B(z,r) such that supp ¢ C B(z,r), then we have —Auw,, > f(u,)
in B(z,r), for any n > n. This property and (3.4.17)) lead to

[ F@e <timint [f(u)e < lminf— [ Auyp = limint — [u,A¢

= lim — [ u,Ap = —/ﬂAgp.

n—oo

(3.4.18)

The latter tell us that —Aw7 > f(@) in D'(RY) and the desired conclusion then follows by
recalling that @ only depends on the first N — 1 variables. O]

" Here, as usual, we have denoted by i the extension of u with the value 0 outside ]Rj\_f .
Also note that, the same convergence result holds true if we replace u, by u,(z) := @(2’, xy + a,,), where
(an)n>1 is any sequence of positive real numbers converging monotonically to +oo.
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The following theorem extends a result by N. Dancer valid for bounded stable solutions
(see item (i) of Theorem 3 in [Dan05]). We remove the boundedness assumption and
also make a slightly weaker hypotheses on the energy growth of the solutions over large balls.

Theorem 3.4.1. Let N > 2 and u € C*(RY) be a stable solution of

—Au= f(u) in RY,
u=20 mn GRJJ\Z,

where f € CY(R). Assume that

/ Vul? = O(R*InR) as R — +oo. (3.4.19)
B(0,R)NRY

Then, either
(i) w is a function depending only on xy,
or,

(7i) (after a rotation in the first N — 1 coordinates) u is a function depending only on
(rn_1,zN) and strictly monotone in the xy_q direction.

The proof of Theorem makes use of the following proposition and of the subse-
quent corollary.

Proposition 3.4.1. Assume N > 2. Let V € C°(RY), A > 0 and v € C*(RY) be a weak
solution to -
—Av=Vv+Xv in RY,
v>0 in  RY, (3.4.20)
v=0 on ORY.

Let w € CYRY) be a weak solution to

—Aw=Vw in Rf,
{ w <0 on ORY, (3.4.21)
such that
/ (wh)> = O(R’InR) as R — +oo. (3.4.22)
B(0,R)NRY
Then,
wt
— = constant in Rf ,
v

where wt = max(w, 0).

Corollary 3.4.1. Let v,w,V and X as in the statement of Theorem [3.4.1. Assume in
addition that w =0 on ORY. Then

w .
— = constant in Rf .
)
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Let us now prove the results stated above.

Proof of Theorem[3.4.1]. For any R > 0 set Bg = B(0, R). As in the proof of Theorem 3
in [Dan05], we prove the existence of a positive function v € C?*(RY) such that

—Av=f(ujv+AIv in REY,
v=>0 on aRi\_f,

with A = thf Ar > 0 where (Ag, ¢r) is a pair eigenvalue-eigenfunction of —A¢r —
—

f'(w)¢r = Arér in B NRY. Note that, since f’ and u are continuous, then f'(u) is

bounded on compact sets of @ and Harnack inequality up to the boundary (Theorem 1.4
in [BCN96]) ensures that (¢r)psp, is uniformly bounded on Br, NRY for any Ry > 0.

Now, for i € {1,--- ,N — 1} we set w = 2%, then w € CY(RY) is a weak solution to

{ —Aw = f'(u)w in REY,

w=20 on 8]Rf,

and, since (3.4.19)) is in force, we get
/ w? < |[Vw|* = O(R*In R) as R — +o0.
BrNRY BrNRY

Hence, according to Corollary we have

ou
81‘,-

for some constants C}.

=Cv ian, for any i € {1,--- | N — 1},

By an orthogonal rotation of axis in R¥~! we may and do suppose that C; = 0 for any
ie{l,N—2}.

NOW either C'y_1 = 0, and u is a function of xy only, or C'y_; # 0 and, since v > 0, then
—CN1U>OlfCN1>O<<OIfCN1<O) ]

8£EN 1

Proof of Theorem[341 Set o := % e C'(RY). Since v and w satisfy (3.4.20) and (3.4.21)),

then o is a weak solution to div(v?Vo) = Ao in RY. Then, by interior elliptic regularity
theory, we have that o € H2 (RY) and

div(v’Vo) = A’c  ae. in RY. (3.4.23)

For any ¥ € C%(RY), let B an open ball in RV~ and T > 0 such that supp(¥) C
B x (=T,T) := C. For any integer m > =, multiply (3.4.23) by o™ ¥? and integrate by
parts over Q,, NC, where Q,, := {(2/,zy) € R : zy > -}, to obtain

ow ov
o V V(o 2\ ot 2 (o Y _ 2 N-1 2>
/ o \I/ )) /Cﬁ(’)Q v (va(ﬂ]\[ w@xN> M ./ \Ij 0.

Im

(3.4.24)
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Next we prove that lim,,_, I,,, = 0. To this end we observe that,

Let us first deal with the term I, ,,. In this case we have

ow
_ 72
]l’m_/B< Y axN>(x 1/m)dx" : /gm

Lo 1Y 12, Rch)lg € LY(B) and ml_i)riloogm(:c’) = 0 for any 2’ € B.

Thus, the dominated convergence theorem implies that

with [gm| < [Jw[[Z,

lim I,, =0. (3.4.25)

m——+00

Now, we focus on the term I ,,,. Since o is not defined up to the boundary, we can not
proceed directly as above. Nevertheless, by Hopf’s Lemma we have 2% > 0 on 8Rﬂf and

oz
so, by a standard compactness argument there exists € > 0 such that "
v . &
a—(m) >e inCNn{(a/,x,) € RY 1 xy < e}, (3.4.26)
TN

which, in turn, implies that

v(z) >exy mCN{(z,z,) e RY :axn <e}. (3.4.27)

Also, since w™ = 0 on IRY we have

wh(z) < wler@rmeey  in CN{(a!,2,) € RY tay < e} (3.4.28)

Now we estimate the term I, for m > max{%, +}. Since

ov
_ T2,
[2’m_/3<0 U=w 83@1\;)(37 1/m)dz’ : /h

and

(' 1/m) = wt(2',1/m) Hw||01(R+mC)@ _ ||w”Cl(R+ﬂC)

fi "e B,
v(z',1/m) — m 5 3 or ey

where in the latter inequality we have used (3.4.27)-(3.4.28)), we deduce that h,, is bounded
on B, independently on m > max{Z, -}. Furthermore, 1_1}111 hm(2') =0 for any 2’ € B,

therefore lim I5,, = 0 by the domlnated convergence theorem. Hence, lim [, = 0.
m——+00 m—>+00
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We also observe that v*(Vo.V(o"0?)) is bounded on RY and zero a.e. outside B x (0,7,
hence [, v*(Vo.V(ot¥?)) — Jry v3(Vo.V(0™0?)), as m — +o0.

Therefore, by letting m — 400 in (3.4.24]), we get that
—/ *(Vo.V(o™U?) > 0. (3.4.29)

Then, by Young inequality we obtain

/NU2|VO'+|2\112 < —2/N V2o (Vo V) < / (0O|Vot]) (2ot |V T))
R RY

+

< 2/ V2|Vt \1/2+2/ VP,
which entails
/ 2|Vot PU? < 4/ V(0 2|V, (3.4.30)
RY RY
For R > 1, let ¥ be defined by
2In(R/|z])
Vr(2) = 1p z(2) + — 5 1eas 5(2),
then A (wh?
w
Vg2 < / . 3.4.31
[, IV < o peay TaP (3.4.31)

Now we use the identity ﬁ = flx\ =+ R2 and the assumption ((3.4.22 m to get

R 2(wT)? +)2
[ Wt ) gt + w)
(BR\Bp)NRY || VR J(BA\B m)nRY 1 (BR\B,m)RY R (3.4.32)

<20’ R+ ChR.

where C' > 0 is a constant independent of R (such that f]_fhﬂw(uﬂr)2 < CR?’InR).

From the latter, (3.4.30)) and (3.4.31)) we deduce that

/N v?|Vo |20 < 4/N V(0 M) VU <48C  for R >>1, (3.4.33)
RY RY
In particular, by letting R — 0o, we get [y v?|[Vo™|? < 48C, that is v?|Vo ™ |* € LY(RY).
Now, from ({3.4.29)), (3.4.33) and Cauchy-Schwarz inequality we obtain

/ Vot P < —2/N V2ot U (Vo V)
BRﬂR+ R+

1/2
< 2(/ 02|VU+|2\II§Z> (/ v2(0+)2]V\I/R|2>
(BR\Bz)NRY (BR\B_ /z)NRY
<2</ 02|va+|2xpg>l/2(/ V(o) VR |2)1 "
N (Br\Bg)NRY BRORN
1/2

1/2 /
< 8\/5</ 112|V0+|2\I/?{> < 8\/6</ 02|va+|2)
(Br\B,/)NRY (BR\B,/z)NRY

1/2
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Finally, since v?|Vo™|? € L*(RY), we deduce from the dominated convergence theorem
that fip,\p ey 0%[Vo™ 2 = 0 as R — 400, and so fpn v*| Vo™ [ = 0. Since v > 0 in

RY, we infer that Vo = 0 almost everywhere in RY and so wl — 5+ = constant in

RY. O
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Propriétés qualitatives et aspects géométriques de so-
lutions d’équations aux dérivées partielles non linéaires
dans des domaines non bornés

Résumé.

Cette these porte sur I’étude qualitative et la classification des solutions de 1’équation de
Poisson semi-linéaire posée sur des domaines non bornés comme, le demi-espace ou, plus
généralement, des épigraphes. Nous avons mis en évidence des résultats de monotonie
en toute dimension et pour des non-linéarités localement ou globalement Lipschitzienne.
Ces résultats reposent sur 1'utilisation de nouveaux principes de comparaison et sur
la, célebre méthode des hyperplans mobiles (introduite par James Serrin) que l'on a
adapté a la géométrie des domaines considérés. Ces nouveaux résultats nous ont permis
de démontrer la conjecture concernant le probleme sur-déterminé de Serrin dans des
épigraphes réguliers et minorés. Enfin, nous avons classifié les solutions éventuellement
non bornées du probleme de Dirichlet homogene de I’équation de Poisson dans le
demi-espace.

Mots clés : Propriétés qualitatives et classification des solutions, Equations aux Dérivées
Partielles (EDP), régularité, comportement a l'infini.

Qualitative properties and geometric aspects of solutions
to nonlinear partial differential equations in unbounded
domains

Abstract.

This thesis focuses on the qualitative study and classification of solutions to the semi-
linear Poisson equation posed on unbounded domains such as half-space or, more
generally, epigraphs. We have highlighted monotonicity results in all dimensions and for
locally or globally Lipschitz-continuous nonlinearities. These results are based on the
use of new comparison principles and the famous moving palne method (introduced by
James Serrin) which we have adapted to the geometry of considered domains. These new
results allowed us to prove the conjecture concerning Serrin’s overdetermined problem
in smooth epigraphs bounded from below. Finally, we classified possibly unbounded
solutions of the homogeneous Dirichlet problem of the Poisson equation in half-space.

Keywords: Qualitative properties and classification of solutions, Partial differential
Equations (PDE), regularity, infinite behavior.




	Remerciements
	Introduction
	Monotonicity results in unbounded domains
	Monotonicity results when f(0) 0
	Monotonicity results independent of the sign of f(0)
	Extensions to merely continuous epigraphs bounded from below
	Some applications to classification and non-existence results

	New comparison principles in unbounded sets
	Sets with good sections
	New comparison principles
	Applications of our new comparison principles

	Flattening results for the Serrin's overdetermined problem (SOP) in epigraphs
	Serrin's overdetermined problem with Allen-Cahn type non-linearity
	Serrin's overdetermined problem with general non-linearity

	Classification results for solutions to semilinear Poisson equation in the half-space

	Perspectives
	Résumé en Français
	Résultats de monotonie dans des domaines non bornés
	Résultats de monotonie lorsque f(0)0
	Résultats de monotonie indépendament du signe de f(0)
	Extensions aux épigraphes de classe G et minorés
	Quelques applications sur la classification et les résultats de non-existence

	Nouveaux principes de comparaison dans des ensembles non-bornés
	Ensembles avec une bonne section
	Nouveaux principes de comparaison
	Applications de nos nouveaux principes de comparaison

	Résultats de rigidité pour le problème sur-déterminé de Serrin (SOP) dans des épigraphes
	Le problème sur-déterminé de Serrin avec une non-linéarité de type Allen-Cahn
	Le problème sur-déterminé de Serrin avec une non-linéarité générale

	Résultats de classification pour les solutions de l'équation de Poisson semi-linéaire dans le demi-espace

	Monotonicity for solutions to semilinear problems in epigraphs
	Introduction and main results
	Some new comparison principles on unbounded domains and their applications to the uniqueness and symmetry of solutions to the semilinear Poisson equation
	Some uniform estimates in unbounded domains
	Proofs
	Extensions to merely continuous epigraphs bounded from below and further observations
	Some applications to classification and non-existence results
	Some examples

	Serrin's overdetermined problems on epigraphs
	Introduction
	Serrin's overdetermined problem with Allen-Cahn type nonlinearity
	Serrin's overdetermined problem with general nonlinearity. The case f(0) 0. 
	Serrin's overdetermined problem with general nonlinearity. The case f(0) <0. 
	A new monotonicity result in any dimension N 2
	The conjecture BCNe when f(0) <0

	Some auxiliary results
	Some uniform bounds
	Some uniform estimates
	Some energy estimates
	Appendix


	One-dimensional symmetry results for semilinear equations and inequalities on half-spaces
	Introduction
	Proofs of results in the case of the semi-linear Poisson equation
	 Proofs of Theorems 3.1.9-3.1.12 
	Auxiliary results


